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NECESSARY CONDITIONS IN GENERALIZED-CURVE PROBLEMS 
OF THE CALCULUS OF VARIATIONS 


By E. J. McSHane 


In a preceding paper’ we have developed the theory of generalized curves 
originated by L. C. Young.”** For the problems of the calculus of variations 
in which a generalized curve is sought which minimizes an integral we have 
developed certain existence theorems. In a subsequent paper we shall obtain 
conditions under which the minimizing (generalized) curve can be shown to be 
an ordinary curve. But for this purpose we must develop the theory of the 
calculus of variations for generalized curves; and it is this development which 
forms the subject matter of the present paper. We shall develop necessary 
conditions for a minimum in problems of Bolza type. 

Our extension of the theory must necessarily include, as a special case, the 
proof of the multiplier rule for rectifiable (ordinary) curves. Such a proof has 
already been given by Graves.’ The non-parametric problem with generalized 
curves has been studied by L. C. Young;* however, Young considered only plane 
problems without side conditions, and we require a more extended theory. 
Moreover, we need a result not obtained by Young; it is important for us to 
know that for almost all ¢ the partial derivatives F,: are constant over the set 
of vectors r carried by the minimizing curve Cj at yo(t). (Young obtained this 
result in a special case.’) Still further, in order to establish our existence 
theorems it is vital to know that the Weierstrass condition is satisfied along the 
minimizing curve, whether or not it is normal. This new form of the multiplier 
rule, including the Weierstrass condition, was first established in this note; the 
subsequent specialization to ordinary curves has already been published.* 


Received November 28, 1939. 

1E. J. McShane, Generalized curves, this Journal, vol. 6(1940), pp. 513-536; henceforth 
referred to by the letters GC. 

?L. C. Young, On approximation by polygons in the calculus of variations, Proc. Royal 
Soc., (A), vol. 141(1933), pp. 325-341. 

3 L. C. Young, Generalized curves and the existence of an attained absolute minimum in the 
calculus of variations, Comptes Rendus de la Société des Sciences et des Lettres de Varsovie, 
Classe III, vol. 30(1937), pp. 212-234. 

*L. C. Young, Necessary conditions in the calculus of variations, Acta Math., vol. 
69(1938), pp. 229-258. 

5L. M. Graves, On the problem of Lagrange, Amer. Jour. of Math., vol. 53(1931), pp. 
547-554. 

® Loc. cit. (footnote 4). 

7 Loc. cit. (footnote 4), pp. 248, 249. 

SE. J. McShane, On multipliers for Lagrange problems, Amer. Jour. of Math., vol. 
61(1939), pp. 809-819. 
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2 E. J. MCSHANE 


I am glad to express my indebtedness to Professor Graves for his careful 
reading of the manuscripts of these papers and for his helpful suggestions. 


1. Hypotheses. Throughout this paper the notation and terminology of GC 
will be retained, with a single exception; the repetition of any affix (Latin or 
Greek) in a term will indicate that that term is to be summed over all the 
values of the repeated affix. 

In this section we collect some definitions and some hypotheses which will be 
assumed satisfied throughout the remainder of this paper. 


(1.1) R is an open set of points in (y, r)-space (i.e., in (y',---,9,7, °°? 
space) such that if (y, r) is in R, so is (y, kr) for all positive numbers k. 
(1.2) The functions f(y, r), o*(y, r) (a = 1, --- ,m < v — 1) are defined on R 


and are positively homogeneous of degree 1 inr. Also, they are of class C", where 
x is at least 1; that is, all their partial derivatives of order < « are defined and 
continuous for all (y, r) in R with |r| # 0. 

(1.3) Derinition. A point (y, r) is admissible if it belongs to R, has |r| # 0, 
and satisfies the equations 


e*(y,r) = 0 (a = 1, ---,m), 
and the matrix 
Il er(y, 7) || 


has rank m. 

(1.4) Derinition. If C*: [y(t), ON[t; &], M] is a generalized curve, we define 
R(C*) to be the closure of the aggregate of points (y(t), r) with ¢in M andr 
carried at y(t). (This actually may depend on the representation and not on 
the curve alone, since rejecting a single point from M may diminish R(C*); but 
this will cause no trouble.) 

Our definition of admissibility of a curve may seem rather stringent. How- 
ever, for the minimizing curve it is the analogue of a condition commonly 
assumed, and there is certainly no loss of generality in restricting the class of 
comparison curves. 

(1.5) Derinition. A generalized curve C* is admissible if every element (y, r) 
in R(C*) is admissible. 

If C* is admissible, the function f(y, r) is continuous on the closed set R(C*), 
and so there is a function fo(y, r) which is defined and continuous for all y and 
all r and which coincides with f(y, r) on R(C*). Then by §3 of GC the integral 


[ont 4000, nia 
exists, where [a, b] is M. But for all tin M the integrand depends only on the 


values of fo(y(t), r) on the set of vectors r carried at y(t), and this is uniquely 
determined by the function f(y, r). Thus the integral above is determined 
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GENERALIZED-CURVE PROBLEMS 3 


uniquely by f(y, r) and the curve C*, and we can designate it by either of the 
symbols 


FC») = [ Mile; fy, ide 


Our next standing hypothesis is 
(1.6) P is an open set in the 2v-dimensional space of points (yi,---,Y1, 


y2 a oe y2), and the functions g(yi , Y2) and V(y Y2) (mu - 1, 17° oF Ss 2v) 
are defined and of class C’ on P. 


(1.7) Co is an admissible generalized curve, given in standard representation by 
the formula [yo(t), Molt; &], Mo], whose end points (yo(0), yo(1)) determine a point 
in P and satisfy the equations 


¥(yo(0), yo(1)) = 0 (u=1,---,p); 


and it gives the functional 
b 
J(C*) = g(a), yo) + f Me; FO, Nat 


(the notation for C* being as in (1.4)) a strong relative minimum’ in the class of 
all admissible generalized curves whose end points (y(a), y(b)) determine a point 
in P and satisfy the equations ¥(y(a), y(b)) = 0. 

(1.8) The matrix 


|| Wii (yo(0), yo(1)), Wz; (yo(0), yo(1)) || (u = 1, oo. Oe i= 1, a v) 


has rank p. 

Our next hypothesis represents an unnecessary restriction on the generality 
of our theorems; the theorems can be established without it. But the loss of 
generality is not very great, and the gain in convenience is so considerable that 
it seems worth while to adopt the restriction. For each admissible (y, r) the 
matrix in (1.4) has rank m, so we can adjoin »y — m rows in such a way that the 
resulting square matrix is non-singular. Our hypothesis is to the effect that this 
can be done once and for all on R(C3). That is, 

(1.9) there are functions ¢”**(y, r), ---, ¢’(y, r), defined and of class C* on R, 
such that the square matrix 


|| eri (y, r) || (i,j = 1, Pay ,») 
is non-singular for all sets (y, r) in R(C9). 
The following statement is an immediate consequence of (1.9) and the closure 
of R(Co). 
(1.10) Coro.tuary. There is a neighborhood U of R(C¢) such that U is contained 
in R and the matrix in (1.9) is non-singular for all (y, r) in U. 


® The concept of the strong relative minimum is the same as for ordinary curves; there 
is a positive e such that J(C*) = J(C3) if C* satisfies the conditions specified in (1.7) and 
the Fréchet distance between the tracks of C* and Cf is less than «. 
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2. Alemma on multipliers. In accordance with custom, for an arbitrary set 
of numbers 2’, \’, --- , \” we define 


(2.1) F(y, 7, 4) = X'fly, 7) + r’e"(y, 7). 
The partial derivatives F,: , F,: are computed from this, the \‘ being treated as 
independent variables. 

Lemma 2.1. For every set of constants d°, c,, +2 Cp there exist functions 
r{(t, r) (¢ = 1, --- , »), defined and continuous on U and of class C** in r for 
each fixed t, such that the equations 


(2.2) Felylt), 7, 06.29) = ex + f° Malt; Fyslyod, r, d(t, Na 


hold for all (t, r) such that t is in (0, 1] and (yo(t), r) is in U. 


In equation (2.2) and all later expressions of this type, we understand \°(t, r) 
to be the constant )’. 

By (1.10), the matrix in hypothesis (1.9) has an inverse || ¥i(y, r) || such that 
each y¥i(y, r) is defined and of class C“* on U. We shall now show that it is 
possible to determine absolutely continuous functions h(t) © < t <1; 


j = 1,---,¥) in such a way that the functions 

(2.3) A(t, 7) = {—R°fei(yolt), 7) + bOI Vi old), 7) 
have the desired properties. By substitution we find 

(2.4) F,«(yo(?), 7, A(t, r)) = A*(), 


while equation (2.2) takes the form 
(2.5) it) =o+ [ Molt; fs — fiver) + h’Oviewl dt, 


the arguments of the functions in the integrand being (yo(¢), r). 

The integrands on the right are measurable and uniformly bounded in ¢ for 
fixed h, and are uniformly Lipschitzian in h for fixed t. Hence” these equations 
have unique solutions h’(t), and the lemma is established. 

Remark. If desired, we may suppose that the A‘(t, r) are defined and con- 
tinuous and of class C*" in r for all and r. The possibility of this extension 
will be established in §18. 


3. Embedding a curve in a family. The generalized curve C? will be said to 
be embedded in a family of admissible curves 


CP : [y(t, b), Malt; 4}, M)), 
where b is (b;, «++ , bg), if the following conditions are satisfied. 


1 Carathéodory, Vorlesungen tiber reelle Funktionen, p. 674. 
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(3.1) For all b in a neighborhood of (0, --- ,0) the curve Cy is an admissible 
generalized curve. 

(3.2) The functions y(t, b) and their partial derivatives with respect to the b, are 
defined and continuous for all t in (0, 1] and all b near (0, --- , 0), and they satisfy 
the equation y(t, 0) = yo(t). 

(3.3) The means M,[t; &] are defined by an equation 


(3.3a) Malt; $] = Molt; *}, 
where 
(3.3b) @*(r) = &(F(t, r, b)); 


the functions #'(t, r, b) are defined and continuous together with their partial deriva- 
tives with respect to the b, for all b near zero and all (t, r) such that (yo(t), r) lies 
in a certain neighborhood U, of R(C3), and for b = (0, --- , 0) they satisfy 


(3.3e) F(t, r, 0) =r’. 
If desired, in (3.3) we could require that the 7‘(t, r, b) be defined and con- 
tinuous, together with their partials with respect to the b, , for all ¢t, r, and b. 


This would not change the content of the definition, as is shown by Lemma 
18.1. We shall use the notation 


i 0 é } 
na(t) 7 oe y (t, b) ’ 
Ob, ‘b=0 
(3.4) . 
pitt, r) = ab, (t, r, b) * 


From (3.3) we see readily that 
(3.5) the vector 7» is carried by Co at yo(t) if and only if #(t, ro, b) is carried by 
CF at y(t, b). 

From (3.5) it follows that for b near (0, --- , 0) the set R(C?) is in an arbi- 
trarily small neighborhood of R(C?), hence in particular is in R. Thus in the 
presence of (3.2) and (3.3), hypothesis (3.1) is equivalent to demanding that for 
each ¢ in My and each b near (0, --- , 0) the functions f(t, r, 6) shall map the 
vectors carried by Cp at yo(t) into the set of solutions of the equations 
¢*(y(t, b), r) = 0. 

In particular, if ¢ is in My and 7 is a vector carried by Co at yo(to), the equations 


(3.6) e*(y(t, b), F(t, To, b)) = 0 
must hold for all b near (0, --- ,0). If we differentiate and set b = 0, this yields 
(3.7) ¢y‘(yo(t), ro) a(t) + ¢7:(yo(t), ro)py(t, To) = 0 (a - 1, soe, mst in M»). 


We now adopt a well-known technique; corresponding to each [n(t), p(t, r)] we 
introduce the functions ¢'(t, r) defined by the equations 


(3.8) S(t, 7) = eyi(yolt), r)n’() + eri(yolt), ret, 7) = (i, G = 1, ++, ») 
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From the preceding, we see that, if C¢ is embedded in a family CP , 
(3.9) the functions ¢)(t, r) are defined and continuous for all t in [0, 1] and all r 
such that (yo(t), r) is in U, and they satisfy the equations 


cT(t, m) = 0 (a=1,---,m;q=1,---,Qq*) 
for all t in My and all ro carried by Co at y(t). 


4. The embedding theorem. We now proceed to establish the embedding 
theorem. 


TueoreM 4.1. Let ¢i(t, r) (q = 1, --- , q*;i = 1, --- , v) be a set of functions 
satisfying (3.9). Let t) be a number in the interval (0, 1]. Let Y*(b) (@=1,---,») 
be continuously differentiable functions of the q* parameters b, , defined for b near 
(0, --- , 0), and such that Y(0) = yo(to). Then Co can be embedded in a q*-para- 
metered family of admissible curves Ce for which 


(4.1) y'(,b) = Y*(b), 
and such that on the set U the equations 


(4.2) gyi (yo(t), r)ni + eri(yolt), r)p(t, r) = Salt, 7) 
. (@=1,---,»;¢g=1,---,q*) 
are satisfied. 


The equations 
(4.3) e'(y, 7) = ¢'(yolt), r) + beat, 7) 


have the initial solutions 7 = r on the set 
(4.4)0 StS 1,y = wt), r such that (yo(t), r) € U,b = 0. 
On this set the Jacobian of the left members of equations (4.3) with respect to 
the 7’ is the determinant of the non-singular matrix in (1.9), and is therefore 
not zero. Hence" equations (4.3) have unique solutions - = F(t, y, 7, b) 
defined and continuous on a closed neighborhood V of the set (4.4) and reducing 
to the initial solution 7 = r on that set. These functions are continuously 
differentiable as functions of y and 6 for fixed t and r. We suppose them ex- 
tended so as to be defined and continuous for all t, y, r and b. 

Consider now the “differential equations” 


(4.5) v= Vo) + | * OMalts#(t, y, 7, b)] dt 


For fixed y and b, the integrands in the right members are uniformly bounded 
functions of t, since the 7’ are bounded; and they are measurable, by Lemma 3.1 
of GC. We wish to show that for fixed ¢ they are continuously differentiable 
functions of y and b. Suppose that ¥(c, r) is a function defined and continuous 


1G. A. Bliss, Fundamental Existence Theorems, The Princeton Colloquium (Amer. 
Math. Soc.), New York, 1913, p. 20. 
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with its partial derivative y, for ec, < ¢ < candallr. If cis in (ec, , c) and e 
near zero, we have by the linearity of Mio 


€ (Malt; Wc + ¢, r)] — Molt; Hc, r)]} = Mult; ele + €, 7) — He, r))] 
= mf i [ ¥-(c + 7, r) ar|. 


In computing this last mean we need consider only values of r carried at yo(t), 
since Milo is independent of other values. For such r we obtain, by the con- 


(4.6) 


tinuity of ¥., lim €" [ ¥(c + 7, r)dr = y¥.(c, r), uniformly on the set of r 
0 


carried. Hence in (4.6) we may let ¢ approach zero and obtain 
d 
(4.7) de Dhol HE, 1)] = Molt; yeCc, r)). 


Applying this in (4.5) we see that the integrands on the right are continuously 
differentiable functions of y and b for each fixed ¢. It follows” that the equa- 
tions (4.5) have solutions y' = y‘(t, b) which are continuous with the partial 
derivatives 

= 

Ob, 
for all ¢ in (0, 1} and all b near (0, --- ,0). In particular, if we set b = 0, the 
functions yo(t) satisfy (4.5), and since the solution is unique, we have 


(4.8) y(t, 0) = yo(t). 


We now define 7‘(t, r, b) to be the function 7‘(t, y(t, b), r, b). Substituting 
in (4.5), we find 


y'(t, b) 


(4.9) v0) = 1 + [i Molt; FU 7, Oat 


If we define SI, as in (3.3), the curves 
Ce: [y(t, b); Melt; &(r)], Mo] 


satisfy (2.8c) of GC, as follows from (4.9), and satisfy (2.8d), by Lemma 3.1 
of GC. The others of conditions (2.8) of GC are easily verified, so that C? 
is a generalized curve. 

Equations (4.3) can now be written in the form 


(4.10) ¢' (y(t, b), F(t, r, b)) = ¢' (yo(t), r) + befall, r), 


valid for all (¢, r) such that (yo(t), r) is in U and all b near (0,---, 0). By 
(3.5), a vector r is carried by Cp at yo(t) if and only if #(t, r, b) is carried by 
Ce at y(t, b). But for such vectors the last term in the right member of equa- 


12 Carathéodory, op. cit. (footnote 10), pp. 672, 682. 
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tion (4.10) vanishes for i = 1, --- , m by (3.9), and the first term vanishes for 
i = 1, --- , m because C} is admissible. Hence 
e* (y(t, b), 7) — 0 (a _ 1, ae a m) 


for all vectors # carried by Cf at y(t, 6), and C} is an admissible curve. We 
have thus verified conditions (3.1), (3.2) and (3.3), so that Cj} is embedded in 
the g*-parametered family Cy of admissible curves. Differentiating both 
members of (4.10) with respect to b, and setting b = 0 yield the equations (4.2). 
Equation (4.1) follows at once from (4.9), and the theorem is established. 

As an immediate corollary to Theorem 4.1 we have 


TureoreM 4.2. Let ¢i(t, r) be a set of functions satisfying (3.9), and 1, (i = 


1,---,»3q = 1,---, q*) @ set of numbers. Then Co can be embedded in a 
q*-parametered family of admissible curves Cy such that (4.2) holds and 
(4.11) n(1) = 1h. 


We need only apply Theorem 4.1 with & = 1 and 
Y‘(b) = bel + yo(1). 
Another corollary is useful. 


Coro.tuary. Under the hypotheses of Theorem 4.1 or 4.2, the functions n,(t) 
and p,(t, r) are uniquely determined. 


From (4.9) and (4.7) we obtain, on differentiating with respect to b, and set- 
ting bi =.see = be = 0, 
. t 2 
(4.12) ni) = ¥i,(0) + [ MMolts eile, D1 at 
0 


In (4.2) we multiply by the inverse yi(yo(t), r) of the matrix ¢g};, obtaining 
(4.13) palt, r) = Wi(yolt), 7) {Ea(t, 7) — eyi(yo), r)ni()}. 
This, with (4.12), yields 
t . t . . 
ni = YE) + [moles vised ae — f° ni(OMole; vi eis ae 
0 0 


This equation has a unique solution,” so that 7,(¢) is uniquely determined. 
By (4.13), p(t, 7) is also uniquely determined. 


5. Computation of the first variation. A set of functions c‘(t, r) satisfying 
(3.9) and a set of numbers 7‘(1) (such a system will henceforth be called an 
admissible weak variation [¢(t, r), 7(1)]) determine, though not uniquely, a family 
of admissible curves Cy in which Co is embedded. We wish to compute the 
first variation 


d * 
a7) |, 


13 Carathéodory, loc. cit. (footnote 10). 
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of our functional (ef. (1.7)) 
J(Co) = g(y@, b), y(1, b)) + FCs), 


(5.1) . # 
F(C*) = I Molt; Fy(t, b), F(t, r, b))} dt. 


The derivative of the first term in J(C*) is easily computed; it is 


(5.2) + 5 is Jui (yo(0), yo(1))n‘(0) + 9vi (yo(0), yo(1))n*(1), 
G(n(0), n(1)), 


where G is simply an abbreviation for the sum preceding it in (5.2). It re- 
mains to compute the derivative of FC ). 

In order to put this computation in a form useful for the next section, we 
define 


u(o) = [ Molt; u(t, 0), #0, r, 0) a, 


where a is an arbitrary fixed number in the interval [0, 1]. Thus if a = 0 the 
function u(b) is F(Ce). Using equation (4.7), we obtain 


vO) =% J ome sule, 0, 1, O)1 a 
(5.3) 
= [ Molt; elu 0), Dust, D + Sulu, B), ARE, x, ] dt, 


so that the derivative on the left is continuous near b = 0. (Evidently the 
same process would show that if there are g* variations [f,(t, r), 7,(1)] the partial 
derivative of u(b) with respect to each b, is continuous near b = 0.) Setting 
b = 0 yields 


(5.4) uw) = f Molt; f,(yold, In’ + frsluol0, 7) o'Ct,*)) dt 
By equation (4.2) with g* = 1, we have 
(5.5) / Molt; AE, 7) ere(yoO, rn" + er(yO, ro'(t 1) — PG jdt = 0. 


If we multiply both members of (5.4) by \° and use (5.5), we obtain, with the 
notation (2.1), 


(5.6) d”u’(0) = / Molt; Fy«(yolt), 7, Aa") + Fes(yo(d), 7, Ao'(t, 7) — N’S"(t, 7) dt. 
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We suppose that for the arbitrary constants \°, c; the functions A‘(t, r) have 
been chosen so as to satisfy equation (2.2). By (2.2) and (2.4) the function 
h'(t) satisfies the equation 
t 
(5.7) KO = e+ | Molt; Fy(yod, r, 0] a 


Hence equation (5.6) can be written in the form 


(5.8) d°u'(0) -/ {n° Oh‘) + h'OMolE; p(t, r)]| — Molt; Ut, r)¢*(t, r)]} at. 





By (4.12), for almost all ¢ the sum of the first two terms in the integrand is the 
derivative of the absolutely continuous function 7'h', so that 


1 1 
(5.9) Nu’) = a ORO — / Molt; »’(t, r)g°(t, 1)] dt. 
In particular, if a = 0 this equation and (5.2) yield 


x9 4 Er) | 
b lb—o 
(5.10) = 
= d°G(n(0), n(1)) + 0‘ (ORO [ Molt; d’(t, rg’ (t, r)] dt. 


6. Strong variations. By Theorem 4.2 each set of admissible weak varia- 
tions [f,(t, 7), m¢(1)] defines a family C? satisfying equations (4.2) and (4.12). 
We now turn our attention to strong variations. By an admissible strong varia- 
tion we shall mean a symbol of the form [t , ro], where 0 S ¢ S 1 and (yo(to), 70) 
is admissible. 

Suppose that we start with the family C; of Theorem 4.2. Let [to , 7»] be an 
admissible strong variation. We adjoin » — m analytic functions 2°(r) (8 = 
m+ 1,---,¥v) such that the matrix 


! Gri (y, r) 
2: (r) 


is non-singular at (yo(t), 7»). By the usual methods we can then show that for 
all b near 0 the equations 


(6.2) yy) =0, Fy’) — &(m) =0 


have a unique solution y = Y(s, b) (the prime denoting differentiation with 
respect to s) which satisfies the initial conditions 


(6.3) Y‘(O, b) = y‘(t, b). 
In particular, at s = b = 0 we have 
¥*(0, 0) = yo(t); 


(6.1) 


‘or 


ith 
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so by the non-singularity of (6.1) we find that 
(6.4) ¥"(0,0) =r. 


We now apply Theorem 4.1 with the following notation. The parameters 
b of the preceding section are fixed at a value near zero; the parameter b of 
Theorem 4.1 will be designated by r. For Y(b) we choose Y(r, b), where 
Y(s, b) is defined by (6.2) and (6.3). In Theorem 4.1 we choose ¢(t, r) = 0. 
Then by that theorem there is a family of admissible curves 


Cri: (g(t, b, 7), Mort; O(r)], M] 
embedding C* and having tracks which satisfy the equation 
(6.5) g'(to, b, r) = Y“(z, b). 


» a ‘ * 
Now for all non-negative r near zero we define a generalized curve C;,, con- 
sisting of the following three ares: 


First are: y' = y'(t,b), OS t Sb, 


Me, lt; O(r)] = MG [t; &(r)]. 
(6.6) Second are: y' = Y‘(s, b),O < s S 7, 
; Me,[s; &(r)] = &(Y’(s, b)). 
Third are: y' = 7'(t, b,r),@ St 1, 
M,,-[t; &(r)] = Ma,,[t; &(r)]. 


From (6.2) and (6.5) we see that the track is continuous, and it is easy to verify 
that the conditions (2.8) of GC are all satisfied. (It would be easy to give a 
single parametrization of the curve, instead of the piecemeal representation 
here adopted, but this is of no importance.) 

For the value of F(C;,) we have 


sc.) = [ " omalts u(t, 0), 1 dt + J” Fu6s, 6), YG, 6) ds 
(6.7) 


+ I Me,- [ts f(G(t, b, 7), r)] dt. 


The second term on the right is readily seen to be of class C’ in 7 and b; so are 
the other two terms, as is shown by an argument like that at the beginning 
of §5. We now differentiate with respect to tr and setb = + = 0. The deriva- 
tive of the last term on the right is calculated by (5.9), with a = &. We 
use (6.4) and (6.2), and recall that ¢(t, r) = 0; also, from (6.5) we compute 
H(t) = Y’(0,0) = mm. The result is 


68) SFC) = WA) a) + r°F(uolle), rd) — ra). 
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If we combine this with equation (5.2), recalling that the initial point of Ce, is 
independent of 7, we obtain 


6.9) 2 ICE), = 2G, a(1)) + RAH) +28F(Uo(), 0) — rdA'CU)}. 


7. Simultaneous use of weak and strong variations. Suppose again that we 


are given qg* admissible weak variations [f,(t, r), ng(1)] (@ = 1, ---, q*), and 
that we are also given several admissible strong variations. We denote them 
by [t,, ral (¢ = g* + 1, --- , 9) and suppose the numbering so chosen that 
(7.1) O S los: S tye S--- SHES 1. 


We apply the above construction g — q* times. First, using the strong 
variations [t, , r.], q = g* + 1, we construct the curve analogous to y = Y(s, b) 
in §6; here we denote it by 


(7.2) y = Yorutt, ). 


Next we construct the analogue of C;,, with 7 replaced by the symbol b,+41; 
equation (6.5) becomes 


(7.3) D'(terss , b) = Yorsi(b), = (b, +++ , Bae). 


The curve C} , b = (bi, --- , byes), is now defined as in (6.6). Next we use 
the second of the collection of strong variations, [t, , r,] with g = g* + 2. In 
constructing the analogue of Y(s, b), or (7.2), we use the tracks g(t, b) of the 
auxiliary curves Cy (b = (hh, ---, bge41)), Which at ¢ = tj+42 are also the tracks 
of the C?}. We obtain a new set of auxiliary curves Ce and a new family of 
generalized curves C}, where b now means (b, --- , bge42). This curve CP con- 
sists of five ares: first an arc of C; with g* parameters b, then an arc of ordinary 
curve (7.2) with q* parameters b, then an are C; with g* + 1 parameters b, 
then an arc of ordinary curve y = Yo +42(t, b, --- , bge41), and finally an are of 
Cy with g* + 2 parameters b. 

Repeating the process, we obtain a family of generalized curves Cy,b = 
(bh, ---, bg). The derivatives 


9 a p* 0 0 
aes — y(0, b) site 
ab, F(Cy), ab, y( ’ b) ’ abe y(1, b) 


are all defined and continuous for all b near 0, if we understand ‘F(C;) to be 
defined formally by equation (6.7). It must, however, be remembered that 
for this to coincide with the ordinary meaning of ‘(C}) we must suppose, as 
indeed we have supposed, that b, = 0 for g = g* + 1, --- , G; for otherwise in 
the second term on the right in (6.7) we are integrating backwards along an 
arc. That is, for r < 0 the second integral in (6.7) represents the negative of 
the integral along the reversed are of y = Y(s, b) from s = 0 to s = 7 instead 
of the integral along the arc from s = + tos = 0. The value of the partial 
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derivative of J(C?) for b = 0 is computed from (5.10) if 1 S q S q*, while if 
q* <q SS @ we have by (6.9) 


(7.4) n 2 (Ch) ig = FO, ne()) + hi(1)ni(1) + {r°f(Yolte), re) — rih‘(t)}. 


8. A convex set defined by the variations. Each admissible weak variation 
[¢(t, r), n(1)] determines an embedding family, and thereby determines a first 
variation 


d * 
db J(Cs) - 
of the integral. It also determines the derivatives of each end function y, for 


8.1 Sv, 8), v1,0))| = #0), 0) = 1, +++, p), 
b= 

where we define 

(8.2) H(m, m) = Vey(yolO), yol))ni + vee(¥0(0), (1) ni 


Thus each admissible weak variation [¢(t, r), »(1)] determines a vector in (p + 1)- 
dimensional space with components 


(8.3) (Sch , ¥'(m(0), n(1)), «+ , (0), (0))). 
bua) 


Likewise, each admissible strong variation determines a family of curves as 
described in §§6, 7, and thereby determines a vector 


d *, | 1 P 
(8.4) (4 s0Ch)|_, #0, aD), ---,¥7@,n(0))). 


Consider the aggregate V of all points (u’, --- , u”) in a (p + 1)-dimensional 
space of points u which are given by (8.3) or (8.4). Let 4 be the vector (1, 
0,---, 0). The aggregate K of all linear combinations bod) + bw: + --- + 
bv, of 59 and vectors v; of V with positive coefficients b; is easily seen to be a 
convex point set. So is its closure K. We now prove 


Lemma 8.1. The origin of u-space is not interior to RK. 


Suppose the origin u = (0, --- , 0) is interior to K. If we choose a simplex 
with vertices u , --- , Upse sufficiently near (0, --- , 0), these vertices will be- 
long to K. We suppose the simplex so chosen that it contains the origin in its 
interior. 

Arbitrarily near each vertex of the simplex there are points of K. We may 
therefore choose p + 2 points of K which are near enough to the vertices of 
the original simplex so that they themselves are the vertices of a simplex con- 
taining the origin in its interior. There is no loss of generality in supposing 
that the u, (k = 1, --- , p + 2) were already so chosen. 
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Since the origin is interior to the simplex, there are positive numbers w, --- , 
Wp+2 such that > w, = 1 and 
(8.5) wu, = 0 (¢=0,---,p;k =1,---,p + 2). 


By definition of K, each vector u, is a sum of the form (suspending the sum- 
mation convention) 


8-1 


(8.6) uz = by05) + ' Zz bavi, 
=8k-1 
in which the v, belong to V, the coefficients 6, and 6; are all positive, and 
0 = » Ss S --- S S8p42. If we substitute these in (8.5) and define 
b, = webs/ de bi..0 (h = S41, vee, & —1LkK=1,---,pt 2), 
we obtain (restoring the summation convention) 
(8.7) — 65) = byw, (h = 0,1,---,8 = Spy2 —1;2 = 0,---, p). 
The rows of the matrix || vj || in (8.7) cannot be linearly dependent. If they 
were, there would exist numbers hk , --- , 1, such that 
lv, = 0 (h = 0,---, 8). 


By (8.7) and (8.6) this would give 
wujl; = 0 


identically in w;,--- , Wp42. But this is impossible; no such linear relation 
can hold, because as the w; vary over all positive numbers the points wu, in- 
clude the whole interior of the simplex with vertices u.. Thus we have shown 
that at least one (p + 1)-square minor of || vj || is non-singular. By renumber- 
ing if necessary, we can bring it about that the minor 


(8.8) || o || (i, h - 0, 1, Pare » P) 


is non-singular. 

Each of the vectors », (h = 0, --- , 8) arises either from an admissible weak 
variation [¢(t, 7), n(1)] or from an admissible strong variation [f,7]. We con- 
struct as in §7 a family of curves C; , where b is (bo, --- , b.), such that at 
b = 0 the vector 


(24h, 2¥,--.2v) 

is vy». The equations 
J(Ct) — J(Co) + u 
¥*(y(0, b), y(1, b)) 


II 
S 


(8.9) 


Il 
o 
« 
.~ 

I] 
a 
3s 
~ 
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have the initial solution u = b = 0, as remarked in §7. The Jacobian with 


respect to by , --- , b, is non-vanishing for u = b = 0, being the determinant 
of the matrix (8.8). Hence the equations have solutions 
ba = bau, dpi, «+ , bs) (h = 0,1,---, p), 


which are continuous and continuously differentiable near u = byy = --- = 
b, = O and there reduce to b, = 0. With the constants 5, of (8.7) we now 
define 


by(r) = byt (k=p+l,---,8), 
ba(r) = ba(z, bpyi(7), ---, bs(7)) (kh = 0,1,---, p). 
Then (8.9) yields the identities 
J(Com) — J(Co) + + = 0, 

¥'(y(0, b(7)), y(1, b(7))) = 0 (u = 1,---, p). 
If we differentiate with respect to 7 and set tr = 0, we obtain, in »-notation, 
vobo(0) + --- + 05b,(0) + vp4ibpr + --- + 086, = —1, 
vobo(0) + --- + vpb,(0) + vpsibprr + --- + vib, = 0 (i = 1,---, p). 


The matrix of coefficients of the b,(0) is non-singular, so on comparing (8.12) 
with (8.7) we obtain 


(8.13) b,(0) = 5, > 0 (h = 0,1, ---, p). 


By choosing 7 to be an arbitrarily small positive number, the track of Cy.) 
can be made to have an arbitrarily small Fréchet distance from the track of 
Co. Moreover, for such 7 all the numbers b,(7) will be positive, the first p + 1 
of them because of (8.13) and the rest because of the definition (8.10). Hence 
F(Chi2) will be the integral of f along C},,) in the usual sense. By (8.11), the 
curves C},,) satisfy the end conditions y“ = 0 and give to J(C*) a value smaller 
than J(C>). This contradicts hypothesis (1.7), and our lemma is established. 


(8.10) 


(8.11) 


(8.12) 


9. Derivation of the multiplier rule. By Lemma 8.1, the origin in (u’, --- , 
u”)-space is not interior to K. However, it is obvious that the origin belongs 
to K. Hence it is a boundary point of K, and through it there passes a hyper- 
plane of support of K. That is, there is a linear function 
(9.1) L(u) = Nu? + eu" (u = 1, ---, p; A’, e, not all zero) 
such that L(u) = 0 for every point u of K. In particular, 5) belongs to K, so 
that 
(9.2) r° = L(&) = 0. 


We suppose that the d° of Lemma 2.1 is chosen to be the A° of (9.1); the ¢; 
will be chosen shortly. Consider now an admissible strong variation [fh , 7]. 
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This gives a vector (u’, --- , u”) defined by (6.9) and (8.4), and for this vector 
the inequality L(u) = 0 takes the form 


(9.3) dG (O, 9(1)) + h'(1)a'(1) + ee", 0(1)) + {A°F(Yo(to), 7.) — roh‘(to)} = O. 


We shall simplify this later. Next, an admissible weak variation [f(t, r), 
n(1)] gives a vector (u°, ---, u”) defined by (5.10) and (8.3). For this vector 
the inequality L(u) 2 0 becomes 


XG (m0), n(1)) + ee HCO), n(1)) + n'OR'O | 


(9.4) 1 
-f Molt; 7(t, r)e(t, r)] dt = 0. 


However, [—{(t, 7), —7(1)] is also an admissible variation; and for this the left 
member of (9.4) changes sign, the inequality remaining valid. This is only 
possible if equality holds in (9.4). 

The number 7'(0) occurs several times in (9.4), and in one occurrence it has 
the coefficient —h‘(0) = —c;. Hence it is possible to choose the c; in Lemma 
2.1 in such a way that the coefficient of 9‘(0) in (9.4) (which is the left member 
of the first of equations (9.5) below) is zero. We suppose the c; so chosen. 
Next, we set ¢’(t, r) = 0(j = 1, ---,v). The left member of (9.4) reduces to 
a linear function of the 7‘(1). Since the 7‘(1) can be chosen arbitrarily, the 
identical vanishing of the linear function implies that all its coefficients are 
zero. Thus far we have shown 


X’gui(yo(0); yo(1)) + eus(yo(0), yo(1)) — es = 0, 
X'gui(Yo(O), yo(1)) + ewyg(yo(0), yo(1)) + h(1)=0 (= 1,-+-,»). 
By virtue of (9.5), equation (9.4) reduces to 


(9.6) [ natt; #6, 9G, Mat = 0. 

If we choose 
g(t, r) = 0 (a = t, +++, my), 
P(t, r) = W(t, 7) (@=m+1,---,»), 


equations (9.6) take the form 
1 

(9.7) [ Molt; *(t, 7)*(, r)] at = 0. 
0 

It follows at once that for almost all ¢ in Mp we have 


Molt; A(t, r)r*(t, r)] = 0; 


whence, by definition, no vector 7 such that any \*(t, r) is non-vanishing can 
be carried at yo(f). Therefore 





— on4 2a 
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(9.8) for almost all t in Mo, all the functions d*(t, r) (8 = m + 1, «++ , v) vanish 
at each vector ro carried by Co at yo(t). 

By rejecting a set of measure zero from My, we can bring it about that (9.8) 
holds for all ¢ in Mo. 

If now we replace the functions \*(t, r) (8 = m + 1, --- , v) by 0, the left 
member of (2.2) remains unchanged at each vector carried. So does the in- 
tegral in the right member, by Lemma 10.1 of GC; and therefore 
(9.9) if we set * = 0, equation (2.2) still holds for almost all t in Mo , provided 
that the vectors r in the left member are carried at yo(t). 

The functions A“(t, r), as pointed out in Lemma 2.1, are continuous in (t, r) 
and of class C*™ in r for each fixed t, provided that (yo(t), r) isin U. It is in 
some respects desirable, though not vital, to extend the range of definition of 
A“(t, r) to all (t, r), preserving the continuity properties described. The possi- 
bility of this extension will be proved in §18 of this paper. 


10. The principal theorem. In defining the Weierstrass E-function it is 
convenient to depart slightly from the usual notation; the departure will not 
affect the meaning. Let r,7 be vectors such that (y, r) and (y; 7) are in R, and 
|r| #0. For arbitrary numbers \’, \’, --- , A” we define 


E(y, r, 4,7) = rfy, 7) — F{r'fs(y, 7) + A* Fy, 7)} 
rly, 7) 7 FF, s(y, r; d). 


(10.1) 


Our principal theorem is 

THEOREM 10.1. Let the hypotheses of §1 be satisfied. Then there exist a 
non-negative constant d°, a set of functions \“(t, r) (a = 1, --- , m) defined and 
continuous for all t and r, and a subset M of the interval (0, 1] with measure mM = 
1, such that if F(y, r, ) is defined by (2.1) the following conclusions hold. 

(1) (DuBois-Reymond relations.) There are constants c,, --- , c, with which 
the equations 


(10.2) Fa(yol, 7, Mt, 7)) = ex + [ Mle; Fys(Yo(D, 7, A(t, r))]ae 


are satisfied for all t in M and all vectors r carried by C¢ at yo(t). 
(Ia) (Transversality condition.) There are numbers e,,--- , €, such that the 
equations 


X"gui(yo(O), yo(1)) + ewys(yo(O), yo(1)) + (—1)*"h'(s) = 0 
(s = 0, 1;2 _ 1, as , ») 


are satisfied, where h'(t) is merely an abbreviation for the right member of (10.2). 
(II) (Weierstrass condition, first form.) For all t in [0, 1] and all vectors r 

such that (yo(to), r) is admissible, the inequality 

(10.4) r'f(yo(t), r) — h'(e)r* 2 0 

is satisfied. 


(10.3) 
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(Weierstrass condition, second form.) For all t in M, all vectors ro carried 
by Co at Yo(to), and all vectors r such that (yo(to), r) is admissible, the inequality 
(10.5) E(yo(to), ro, (to, 70), 7) 2 O 


is satisfied. 
(III) (Clebsch condition.) If f(y, r) and the ¢*(y, r) are of class C’, then 
whenever to is in M and 1p ts carried at yo(to) the inequality 


(10.6) Fy éri(yo(to), To, A(t, 70)) a'r’? = O 
holds for every set of numbers x‘ (i = 1, «++ , v) such that 
(10.7) yri(Yo(to), 7) = 0 (a = 1, +++, m). 


Moreover, for all t) in M and all rp carried by C> at yo(to) the inequality 

(10.8) 1ra°] + > | A*(to, ro) | > O 

is satisfied. The numbers d°, e, are not all zero. For all fixed t, the functions 
A“(t, r) are of class C*" in r (ef. hypothesis (1.2)). 


Conclusion (I) is merely a restatement of (9.9). Conclusion (Ia) is a restate- 
ment of equations (9.5), since c; = h‘(0). In inequality (9.3), the terms in- 
volving 7(1) vanish by conclusion (Ia); thus (9.3) takes the form (10.4). This, 
with (10.1), conclusion (I) and the definition of h(t), yields (10.5). 

As usual, we deduce the condition of Clebsch from that of Weierstrass. The 
numbers & , 79 and 7 being as described in (III), we write the equations 


9° (yo(h), r) = 0 (a id 1, ae m), 
¢" (yo(to), 7) — 7eF+(yo(te), Tox = 0 (8 =m-+1,---,n). 


Since the Jacobian of the left members with respect to the r is the non-vanishing 
determinant in (1.9), these have solutions r* = r'(7) reducing to ™ for 7 = 0 
and of class C’ for r near 0. If we differentiate in (10.9), we obtain 


gi (Yo(to), 7o)r*' (0) = 0 = vFi(yo(to), 0)x"’, 
>i (Yo(to), ro)r* (0) = ¢Fs(yo(to), To)". 
The matrix of coefficients being non-singular, we must have 
(10.10) r'(0) = x’. 
By (10.9), the element (yo(&), r(7)) is admissible, so by (II) we have 
y(t) = X°f(yo(te), r(7)) — r°(7)F,i(yo(to), 70, Ato, 70)) = O 


for all 7 near zero. Because of homogeneity, y(7) vanishes at r = 0, so it has 
a minimum there. Hence 


¥'"(O) = d°friri(Yo(to), ro) w'm’ + A°f,1(yo(to), ro)r*” (0) 
= r” (0) F-«(yo(t), To; A(b ‘ To)) => 0. 


(10.9) 


(10.11) 





en 
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A second differentiation in (10.9) yields 
(10.12) griri (Yo(to), To)a'n? + gri(yo(te), m»)r”’(0) = 0. 


If we multiply by A(t , 7.) and add member by member to (10.11), we obtain™ 
(10.6) for 7 near zero. 

It remains to establish inequality (10.8). Suppose that this is false, and 
that for some & in M and some 17% carried at yo(f) all m + 1 terms on the left of 
(10.8) vanish. We then have 


F,i(yo(t), To, A(to ? T0)) = 0. 


Since t is in M, equations (10.2) hold at & , so h'() = 0 (i = 1,---,v). The 
constant \° being zero, equations (2.5) are homogeneous linear differential equa- 
tions for the h‘(t); and since the h‘(t) satisfy these equations and vanish at t , 
they vanish identically. Equations (10.3) now express a linear dependence 
among the rows of the matrix 


|| Wug(yo(O), yo(1)), — Wag (yo(O), yo(1)) II, 
contradicting hypothesis (1.10). Hence conclusion (10.8) is established. 


11. Geometric interpretation of the Weierstrass condition. The Weierstrass 
condition can be given a geometric interpretation. For each fixed ¢ we consider 
the surface in the (v + 1)-dimensional space of variables (r’, - -- , 7’, u) defined 
by the equation 


(11.1) u = d°f(yo(t), 7). 

Also, we define a hyperplane by the equation 

(11.2) u = Lit, r) = h'(t)r’. 

Then from inequality (10.4), equations (10.2) and the homogeneity of F we find 
at once the following corollary. 


Corouuary 11.1. If t is in (0, 1], the surface (11.1) does not lie below the 
hyperplane (11.2) for any r such that (yo(to), r) is admissible, while if to is in M 
and ro is carried by Co at yo(to) the hyperplane and the surface meet at r = 1%. 


12. Change of parameter. We have not imposed any homogeneity conditions 
on the A“(t, r). However, since Co is represented in terms of standard param- 
eter, all vectors r carried by Co have length |r| = 2(C). Thus if we define 
for |r| > 0 


A(t, r) = A*(t, rL(Co)/| r |), 


the functions \“ are continuous for all ¢ and for all r # 0, and are positively 
homogeneous of degree 0 in r for fixed t. Moreover, \* and \* are equal when- 


14 This proof was suggested by Professor Graves, and replaces one which used the differ- 
entiability of \*(t, r) as a function of r. 
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ever tis in M and r is carried at yo(t), so that we may replace the \* by the \* 
in Theorem 10.1 without injuring any of the conclusions. Thus, if we are 
willing to permit the \°(¢, r) to be discontinuous at r = 0 (and this is harmless), 
we may suppose that they are positively homogeneous of degree 0 in r. 

Under this assumption, F'(y, r, t, \) is positively homogeneous of degree 1 in r, 
and we have the privilege of changing parameter from ¢ to any parameter 
7 = 1(t) such that 7’(¢) is absolutely continuous and r’(t) is positive for almost 
all ¢, as in §4 of GC. 


13. Supporting sets. In the next section, and again in the third paper of 
this sequence, we shall need the concept of a supporting set. This is the exten- 
sion to Bolza problems of the concept of ‘‘S-admissible approach set” defined 
in an earlier paper,” but some slight difficulties are introduced by the dependence 
of the multipliers \“ on the variables r. 


Let yo be a fixed point, and let \° = 0, 1,, --- , 1, be fixed numbers. If the 
expression 
(13.1) e(r) = A°f(yo, r) — rl; 


is negative for some r such that (yo, r) is admissible, we say that (A°, 1) deter- 
mines no supporting set. If (13.1) is non-negative for such r, we define the 
supporting set S[yo, \’, 1] to be the set of all vectors r such that (yo, r) is ad- 
missible and the equation 


(13.2) Af(yo, r) — rl; = 0 


holds. It follows that if (yo, r) is admissible and r is not in S[yo, d°, JJ, the 
inequality 


(13.3) r"f(yo, r) — r'l; > 0 


must hold. 

It is clear that if 7; is a non-null vector in S[yo, \°, J], the function e(r) has 
its minimum value 0 at r = 7; subject to the conditions ¢*(yo , r) = 0. Hence 
by the multiplier rule for functions of a finite number of variables, there are 
numbers A, A“(r:) not all zero such that all the first partials of the combination 


(13.4) Ae(r) + A*(ri)e* (Yo , 7) 


vanish at r,;. If A = 0, this contradicts the assumption that the matrix in 
(1.9) has rank m at (yo, 71); hence A is not zero, and we may choose it to be 1. 
The other multipliers \“(r;) are then uniquely determined. The vanishing of 
the partial derivatives of the combination (13.4) yields the equations 


(13.5) Af-i(yo , m1) + A*(M)eF(Yo, 1) = Li. 


1% E. J. McShane, The isoperimetric problem in parametric form, Trans. Amer. Math. Soc., 
vol. 45(1939), pp. 197-216; in particular, p. 212. 
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The functions \*(r) thus uniquely determined on S{yo , d°, 1] will be called the 
multipliers for S{yo , \°, J. From this definition and equation (13.5) we deduce 


Lemma 13.1. Let S[yo, d°, U] be a supporting set, and let d*(r), --- , X"(r) be 
its multipliers. If as usual we define F(y, r, 4) = d°f(y, r) + A*(r)e*(t, r), then 
the equations 


F,i(Yo 7; d) = |; 
hold for all r in S{yo, d°, U). 
From Corollary 11.1 we readily deduce the following lemma. 


LemMA 13.2. Let conclusions (1) and (II) of Theorem 10.1 hold with multi- 
pliers d°, \“(t, r). Then for each t in M there is a supporting set S(t) = 
Slyo(t), d°, h(t)] which contains all vectors r carried by C} at yo(t). The multipliers 
\“(r) of the set S(t) are identical with the multipliers \“(t, r) for all vectors r carried 
by Co at yo(t). 


Corollary 11.1 states that the supporting set S(¢) exists and that each vector r 
carried by Cp at y(t) is contained in S. (The proof of this corollary used only 
conclusions (I) and (II) of Theorem 10.1.) Equations (10.2) inform us that 
A“(t, r) satisfies equation (13.5). The solutions of the latter being unique, we 
must have A“(¢, 71) = A“(r:) for every vector r carried at yo(t). This completes 
the proof of the lemma. 

Of course it is possible that there may be several independent sets of multi- 
pliers \’, \*(t, 7) with which Theorem 10.1 holds. We are supposing that one 
such set has been chosen; the supporting sets S(t) are then uniquely determined 
foralltin M. It is conceivable that a different choice of multipliers (if possible) 
might have led to a different supporting set S(t). 


14. Analogue of the Dresden corner condition. For an arbitrary constant \° 
and arbitrary functions A“(r) we define the Carathéodory Q-function by the 
equation 


(14.1) Ay, r, 7, A) = r'F,:(y, 7, AF) — FF, i(y, 7, Ar). 


We now proceed to establish a condition involving the Q-function which may 
be regarded as a rather far-fetched analogue of Dresden’s corner condition. In 
this theorem we shall understand the A“(t, r) to be the multipliers for the 
supporting set S(t) of Lemma 13.2; these coincide with the multipliers of 
Theorem 10.1 if r is carried at yo(t), and are defined on all of S(t), even for r 
not carried. 


THEOREM 14.1. Let conclusions (1) and (II) of Theorem 10.1 be satisfied with 
multipliers °, X*(t, r). Then for almost all t in My the equation 


(14.2) Molto ; W(yYo(to), ro, 7, A)] = O 
holds for all vectors ro in the supporting set S(t). 
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By rejecting a set of measure zero from the set M of Theorem 10.1, we may 
bring it about that for all ¢ in M the functions y)(t) and h'(t) are differentiable 
and the derivative of h' is the integrand in (10.2). Let t& be a point in M, 
and 7) a vector of S(t). 

Since 7 is in S(t), the set (yo(to), 7) is admissible. It is therefore possible to 
adjoin functions ¢*(y, r) (@ = m + 1, ---,¥»), defined and of class C’ near 
(yo(to), 70), such that the matrix 


l| eti(y, r) || (i,j = 1, Te ,v) 
is non-singular at (yo(t), 7). By the implicit functions theorem, the equations 
(14.3) e(y,r) = 0, (y, 7) = o(yo(t), 7) 


have solutions r' = 7‘(y) defined and of class C’ near yo(f), and reducing to 7% 
for y = yo(l). The equations 


¢"(yo(t), F(yo(t))) = 0 (a _ 1, ies m) 


are identities for ¢ near & , so by differentiating and setting t = & we find 


(14.4) gy'(Yo(to), To) yall) + vri(yo(to), re)FyHo(lo) = O. 
By conclusion (II) of Theorem 10.1, the inequality 
(14.5) N'f(yo(t), F(yo(t))) — F*(yo(t))h'(t) = 0 


holds for all t near &. Fort = &, the vector ro = 7(yo(t)) is in S(t), hence 
the left member of (14.5) vanishes. Thus the left member of (14.5) has a 
minimum at é , and its derivative must vanish at h : 


r°f,i(Yo(to), 7o)Ho(to) + d°f,i(Yo(to), 7o)Fyi(Yo(to))¥o(to) 
— Fi(yo(to))ya(to)h'(t) — rih*(to) = 0. 


By conclusion (I) of Theorem 10.1 and the choice of & , we have 


(14.6) 


h'(to) = d°f-(yo(to), 70) + A“(ro)eri(Yo(t), To), 
h'(t) = Molto ; Fyi(yo(t), r, A(r))]. 


We substitute these in (14.6); recalling (14.4), we find 
(14.7) — Yo(to)Fy«(yo(to), 70, A(70)) — roMolto ; Fy«(yo(to), 7, A(r))] = 0. 
This, with (2.8c) of GC, implies 
(14.8) Molto ; r°Fys(yo(to), ro, A(ro)) — roFy«(yo(to), 7, A(r))] = 0. 


This is conclusion (14.2) of our theorem. 
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15. Isoperimetric conditions. Let us suppose that to the side conditions 
¢*(y, r) = 0 we add several side conditions of isoperimetric type: 


(15.1) g7(C*) = [ Mt; g7yO,Nldt=" (y=1,---,9), 


where the g” satisfy the usual continuity and homogeneity requirements (1.2) 
and the l’ are constants. By the usual device we reduce conditions (15.1) to 
Bolza form. We introduce new variables y’*’, r’*” (y = 1, --- , g), and impose 
the differential equations 


(15.2) rey + gy, r) = 0 
and the end conditions 
(15.3) y""(a)=0, yb) = -V’. 


Conditions (15.2) and (15.3) are equivalent to (15.1). 

The new rows introduced in the matrices in (1.8) and (1.9) are independent 
of the old ones, so admissibility requirements and hypothesis (1.8) are un- 
altered. The definition (2.1) of F now becomes 


Fly, r, A(t, r)) = fy, r) + A*(t, He*(t, 7) 


15.4 
(15.4) + rt", r){r’*7 + gy, r)}. 


Equations (10.2) are augmented by gq new ones, 
t 
(15.5) Nt 7) = Copy + [ OF = din. 


These hold for all ¢ in M and all r carried at yo(t). Hence we may replace 
\’*(t, r) by the constant c,,, without altering any conclusions in Theorem 
10.1 or later theorems; that is, we may write \’*” (a constant) in place of 
n’*(t, r). 

In (15.4) the terms \”*’r’*” are readily seen to be insignificant. Their 
omission leaves the E-function and the quadratic form in (10.6) unaltered, and 
likewise makes no change in the first » of equations (10.2) and (10.3). Hence 
we may omit them from (15.4), obtaining the familiar result that to isoperimetric 
conditions (15.1) there correspond terms A’g”(y, 7) in the sum F, the conclusions 
of Theorem 10.1 and subsequent theorems remaining valid. 


16. Specialization to ordinary curves. Theorem 10.1 retains some interest 
even after specialization from generalized curves to ordinary curves. 

If in Theorem 10.1 the curve C* is an ordinary curve, we readily verify, by 
the use of Lemma 4.1 of GC, that all the comparison curves used in the proof 
are also ordinary curves. Hence the conclusions of that theorem are valid 
under the hypothesis that C> gives J(C) a strong relative minimum in the class 
of admissible ordinary curves satisfying the end conditions. We then have the 
following theorem. 
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THEOREM 16.1. Let the hypotheses of §1 be satisfied, with the modification that 
in (1.7) the word “‘generalized’’ is everywhere replaced by “‘ordinary”’. Then there 
is a subset M of (0, 1] with measure 1, a non-negative constant \° and continuous 
functions \“(t, r) (a = 1, --- , m) such that for the function 


F(y, r, d) _ rily, r) + r*e*(y, r) 
the following conclusions hold. 
(1) There are constants c; (i = 1, --- , v) such that the equations 
t 
(16.1) F,«(yo(), yo(t), A(t, oO) = ei + | Fy i(yo(t), yo(t), A(t, yo(t))) dt 
hold for all t in M. 
(Ia) There are constants e, , --- , @p such that 


X°gyi(yo(O), yo(1)) + ewWhi(yo(O), yo(1)) + (—1)°"A'(s) = 0 


where h'(t) is an abbreviation for the right member of (16.1). 
(II) The inequality 


holds for all t in M and all r such that (yo(t), r) is admissible. 
(III) The inequality 


(16.3) Firi(yo(t), gol), A(t, go()))a'n’ = 0 
holds for all t in M and all sets (m', --- , x”) which satisfy the equations 
ri (yo(t), yo(t))x* and 0 (a = 1, a ide ,m). 


From this theorem we can readily obtain a theorem on Lipschitzian mini- 
mizing curves for Lagrange problems in non-parametric form.’* The theorem 
obtained is the direct analogue of Theorem 16.1, and we shall not state it in 
detail. It can be regarded as the generalization to Lipschitzian functions of a 
recent proof” of the multiplier rule and Weierstrass condition without assump- 
tions of normality. It can also be regarded as a generalization, so as to include 
the Weierstrass condition without assumptions of normality, of Graves’ proof 
of the multiplier rule” for Lipschitzian minimizing function for Lagrange 
problems, save that Graves did not make the restrictive assumption (1.9). It 
also adds the bit of information that at each point ¢ at which yo(t) is continuous 
the multipliers \“(t, yo(t)) are also continuous. 


16 The device for transforming the non-parametric problem into parametric form is set 
forth in several places; for example, E. J. McShane, The Jacobi condition and the index 
theorem in the calculus of variations, this Journal, vol. 5(1939), pp. 184-206; in particular, 
p. 188. 

17 E. J. McShane, loc. cit. (footnote 8). 

18 Loc. cit. (footnote 5). 
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17. Removal of a superfluous hypothesis. In §1 we commented that hypoth- 
esis (1.9) is a convenience rather than a necessity for our proofs. If we abandon 
it, all our theorems remain valid, but the proofs become somewhat tedious. In 
the absence of hypothesis (1.9) we first subdivide the interval —N < y'‘ S N, 
—2(CS) — 1 Sr’ S LCF) + 1 of (y, r)-space into subintervals so small that 
if one of these intervals contains a point of R(C¢), the matrix of (1.9) can be 
augmented so as to be non-singular on that interval and all its neighbors. 
This partition of (y, r)-space generates a partition of r-space. For each tin My, 
the function Di[t; &] can be represented as the sum of a finite number of func- 
tionals Mn [t; &], each determined by the values of & on just one of the inter- 
vals into which we have partitioned the interval —&(C*) — 1 < r' S$ L(CF) +1. 
Now all our arguments, instead of being made concerning the neighborhood U 
and the mean 9p , are based on the intervals of the partition and the means 
Oo”. Weare thus able to obtain all the conclusions of Theorems 10.1 without 
use of hypothesis (1.9). The later theorems are based on Theorem 10.1, and 
hence also hold without use of (1.9). 


APPENDIX 


18. A lemma on extension of range of functions. In this section we shall 
establish a lemma on the extension of range of definition of functions which we 
have already mentioned in preceding sections. Roughly stated, if a function 
on a closed set can be locally extended so as to be of class C‘”’, it can be extended 
to the entire space so as to be of class C’”’. The lemma seems to have some 
interest in itself, so we shall prove it in a form more general than is really 
needed in this note. 


Lemma 18.1. Let the following hypotheses be satisfied: 

(I) R is a closed set in (x', --- , x™)-space, and f(x) is a function defined and 
continuous on R. 

(II) The numbers ki, --- , kp, 40, +--+ , Gp» are non-negative integers such tha, 


O=a<a<---<Ca=m. 


(II1) To each xo in R there corresponds a neighborhood U (x9) and a function 
(x; xo) defined and continuous on U(x) and such that 

(a) g(x; 2%) = f(x) for all x in RU; 

(b) for each integer q (q = 1, --- , p) the function (x; xo) is of class C“” asa 
function of (x*e-!*)... , 2") wherever it is defined, the other coérdinates x’ being 
held fixed. 

Then there exists a function F(x), defined and continuous for all x, coinciding 
with f(x) on R, and of class C“* in the variables (2**-'*', . -- , x**) for all fixed 
values of the other variables. 


We may suppose the neighborhoods U(x) of hypotheses (III) to be of the 
form 


m—e<ai<ate (¢=1,---,m;e>0). 
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Corresponding to such a neighborhood U(x) we define U(x») to be the interval 
t—-b <2 <2t+4, 


where 6 is the smaller of 1 and $e. 
The z-space can be divided into a denumerable set of unit cubes 


W;,: Mi S a’ S mi + 1, 


where the m,,; are integers. The closed set RW, is covered by a finite number 
of the intervals U(x). The part of W, not contained in the finite sum of 
intervals is closed, and has positive distance ¢«, from R. We cover it with a 
finite number of open intervals of edge less than the smaller of 1 and & ; these 
intervals we call “intervals of the second kind”. The closures of these intervals 
then do not contain any points of R. Now we combine into a single sequence 
all the intervals U;(x) used in covering RW, , RW:, --- and all the intervals 
of the second kind used in completing the covering of W,, Wz, --- , and we 
call the resulting sequence 6, d2,---. Then ps 5; covers the entire z-space, 
and each bounded set of points is contained in the sum of a finite number of 
intervals 6; . 
If 5; is defined by 


§;: a} <2‘ < B} (@¢ = 1,---,q), 
we define h;(x) to be the exponential of 
— 2 be! = ai) + (a — By} 
in 6; , setting h;(z) = 0 outside 6;. This function is of class C”, is positive 
in 6; , and vanishes elsewhere. On each bounded set of z all but a finite number 


of the h;(x) vanish identically. 
Next we define 


w(x) = h,(x)/ > h;(z). 
= 
These functions are of class C”, and 
(18.1) 7. wz) = 1. 


i=l 


Except on 6; , the function w(x) vanishes. 

Each 6; either is one of the neighborhoods U;(z9) or else is of the second kind 
and therefore has no point in common with R. In the first case we define ¢;(z) 
to be the function g(x; x) corresponding by hypothesis (III) to U (2); in the 
second case, we define 9;(x) = 0. 

We now prove that the function 


(18.2) F(a) = »» bebeden 
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has the properties specified in the conclusion. Since on each bounded set the 
sum in (18.2) is really a finite sum and the coefficients w,(z) are of class C™, 
the continuity and differentiability properties of the F are evident. If Z is in R, 


every 5; which contains # is an interval U;(x), so for all such 6; we have 
gi(Z) = f(z), and 


(18.3) w,(t)¢(%) = w;(Z)f(2). 


For the other 6; , which do not contain #, the functions w;(#) vanish, so (18.3) 
is still valid. From (18.3), with (18.1) and (18.2), we at once obtain F(Z) = f(%), 
completing the proof of the lemma. 


Tue UNIVERSITY OF VIRGINIA. 
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EXISTENCE THEOREMS FOR BOLZA PROBLEMS IN THE CALCULUS 
OF VARIATIONS 


By E. J. McSHANE 


This paper is the third of a sequence. The first’ paper of the three was 
devoted to the development of the theory of generalized curves originated by 
L. C. Young, and to the establishment of existence theorems for variational 
problems in which the curves admitted are generalized curves. In the second 
paper’ we studied the necessary conditions satisfied by generalized curves which 
yield strong relative minima for Bolza problems. Here we shall combine the 
results of the preceding two papers to obtain existence theorems in which the 
minimizing curve found is a curve in the ordinary sense, and not a generalized 
curve. The theorems thus obtained are of considerable generality. 

In §$1, 3 we set forth what might be called the every-day assumptions con- 
cerning the functions and curves involved in the problem. §2 contains some 
remarks about the relationship between generalized and ordinary curves. In 
§6 the first existence theorem is stated; its proof occupies §§4, 5, 6. A gen- 
eralization of this theorem is established in §7. In §8 we establish a third 
theorem actually somewhat less general than that of §7, but having the de- 
sirable feature that its hypotheses are stated in terms of the data of the problem, 
without reference to the auxiliary problem of the minimizing generalized curve. 
The remaining two-thirds of the paper is devoted to the proof of corollaries im- 
mediately applicable to large classes of problems, and to the study of particular 
examples. 


1. Assumptions concerning the functions. The principal object of study will 
be a functional 


J(C) = gly(a), y()) + FC) = gly(a), yo) + [| Hy, HO) a 


defined on a class K of curves y = y(t) (a S t S b) satisfying certain equations 
e“(y, y) = 9. 

We now set forth our requirements on the nature of the functions g, f, ¢* 
and the class K of curves. 

Throughout this paper we shall assume that 


(1.1) fly, r) and g*(y, r) (a = 1,---,m < v — 1) are defined and continuous 
for all® y in a closed set E of y-space and for all r, and are positively homogeneous 


Received November 28, 1939. 

1E. J. McShane, Generalized curves, this Journal, vol. 6(1940), pp. 513-536; henceforth 
cited as GC. 

2. J. McShane, Necessary conditions in generalized-curve problems of the calculus of 
variations, this Journal, vol. 7(1940), pp. 1-27; henceforth cited as NC. 

3 As before, y is a »-tuple (y', --- , y”), and likewise r. 
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of degree 1 in the variables r; and if yo is interior to E and ro is a non-null vector 
such that 


¢° (yo, %) = 0 (a= 1,---,m), 


then the first-order partial derivatives of f(y, r) and ¢*(y, r) (a = 1, --- , m) are 
defined and continuous for all (y, r) near (Yo , 70). 


(1.2) If y is interior to E and |r| # 0, and the equations 

(1.3) e*(y,r) = 0 

are satisfied, the matrix 

(1.4) ll ere(y, vr) || (a= 1,---,m;i =1,---,») 


has rank m. 


2. Isomorphs of ordinary curves. We now recall that a generalized curve 
(2.1) C*:[y(Q), M{t; 4], M] 


is an isomorph of an ordinary curve’ if for almost all t in M the functional ON{t; &] 
depends on the value of #(r) at a single point. Each such curve is the isomorph 
of its own track,” in the sense that 


(2.2) [ ont; uo, nla = [ Foo, wo) at 


for every parametric integrand F(y, r). The generalized curve C* satisfies the 
differential equations (1.3) if* the equations 


(2.3) [ onte; | e"O, 1) at = 0 (a = 1, «++, m) 


hold. In particular, if C* is the isomorph of an ordinary curve, by (2.2) and 
(2.3) we have 


(2.4) ¢* (y(t), y(t) = 0 (a = 1, > aes m) 


for almost all ¢, so that the track of C* satisfies the differential equations (1.3) 
in the usual sense. 

Thus if C* is an isomorph of an ordinary curve which satisfies the equations 
(1.3), its track also satisfies these equations and gives the same value to the 
integral of f. Consequently there will be no danger of confusion if we hence- 
forth drop the expression “isomorphs of ordinary curves’ and speak simply of 
“ordinary curves’’. 


3. The class of curves admitted. We shall denote by K* the class of gen- 
eralized curves in which a minimizing curve for J(C*) is sought, and by K the 
4*GC, p. 519. 


5 GC, Lemma 4.2. 
6 GC, p. 529. 
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subclass consisting of the ordinary curves in K*. For simplicity, we restrict 
our attention to classes of curves defined by the following conditions. 


(3.1) P is a closed point-set in 2v-dimensional space. E is a closed point-set in 
y-space. The class K* is the class of all generalized curves 


C*: [y(), Mt; 2], M] 


which satisfy the differential equations ¢* = 0, have tracks lying in E, and have 
end values such that the point (y'(a), --- , y’(a), y'(b), --- , y’(b)) is in P. 

The function g(y: , ye) is supposed to be defined and continuous on P. No 
other requirement is made on g save in $§13-15, where the additional demands 
are specifically stated as hypotheses. 

We shall assume that K*, g, f and the ¢* are such that 
(3.2) There exists a minimizing’ sequence {C*} for $(C*) on K* such that (i) 
the tracks of the C% all lie in a bounded set and (ii) the lengths of the C* are all less 
than a constant (independent of n). 

The next three lemmas exhibit conditions on the data of the problem which 
guarantee that condition (3.2) holds. 


Lemma 3.1. If E is bounded, and 


(3.3) fly, r) > 0 
whenever y is in E and |r| > 0 and equations (1.3) hold, then condition (3.2) is 
satisfied. 


Let E X E be the set of points (y: , ye) of 2v-space such that y, and y2 both 
belong to E. This set is bounded and closed; so therefore is P-(E X E]. On 
this last set the function g(y: , y2) is continuous, hence bounded below, say by a 
number k. Then for curve C* we have 


g(y(a), y(b)) 2 k. 


If {Ca} isa minimizing sequence, the numbers J (C*) are bounded above, say 
by anumberh. Then 


FCT) = J(Cr) — glyn(a), yn(b)) Sh — k. 


Part (i) of (3.2) is evidently satisfied by the {C%}. The set of (y, r) such 
that y is in E, |r| = 1 and equations (1.3) hold is bounded and closed, and on 
it inequality (3.3) is satisfied. Hence on this set f(y, r) has a positive lower 
bound m. By homogeneity, 


f(y, r) = m|r| 


7 That is, a sequence of curves of K* such that J(C*) tends to the greatest lower bound 
of J(C*) on K*. 
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whenever y is in E and equations (1.3) hold. Hence for the curves of the 
sequence {Cx} we have 


e(c2) = f mnalt; [ribet 


b 
<m" / Malt; f(ya, r)] de 


= m'‘F(C*) < (h —k)m™. 


This shows that part (ii) of (3.2) is satisfied, and completes the proof of the 
lemma. 


For unbounded sets E we have the following lemma. 

Lemma 3.2. If 

(i) the track of every curve of K* has a point in common with a bounded set Ey 
in y-space; 

(ii) whenever y is in E, and | r| # 0, and the equations (1.3) hold, the inequality 


fly, r) > 0 
is satisfied ; 
(iii) there are a positive number h and a function y(y), defined and continuous 


together with its first-order partial derivatives for all y in E such that | y| = h and 
tending to ~ as |y|— © in E, such that the inequality 


Sly, r) = | wely)r* | 


holds for all (y, r) with y in E and | y| = h which satisfy equations (1.3); 
(iv) g(yi, Y2) is bounded below; 
then condition (3.2) is satisfied. 


Let {C%} be a minimizing sequence for J(C*). The numbers J(C%) have a 
finite upper bound. By hypothesis (iv), the numbers 


F(Cn) = J(Cr) — g(yn(a), yn(b)) 
also have a finite upper bound. 

Now the proof that all the C% have tracks lying in a bounded set is essen- 
tially the same as for ordinary curves*” if we recall Lemmas 10.1 and 2.2 of GC. 
The proof of Lemma 3.1 then establishes the boundedness of the lengths of the 
G .. It is possible to extend the result slightly ;° we may replace the inequality 
in (iii) by 

f(y, r) = wily)r" 

8S. Cinquini, Sopra l’esistenza della soluzione, etc., Annali della R. Se. Norm. Sup. di 
Pisa, ser. II, vol. 5(1936), pp. 169-190. 

° E. J. McShane, Some existence theorems for problems in the calculus of variations, this 


Journal, vol. 4(1938), pp. 132-156; in particular, §9. 
10 Loc. cit. (footnote 9). 
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if we assume that the initial points of the curves of K* lie in a bounded set, 
and we may replace it by 


Sly, 7) = —Wily)r* 


if we assume that the terminal points lie in a bounded set. 
A corollary of Lemma 3.2 is 


Lemma 3.3. Condition (3.2) is satisfied if (i) the tracks of the curves of K* all 
have points in common with a bounded set, and (ii) the function g(y:, ye) has a 
finite lower bound and (iii) there exists a k > 0 such that the inequality 


kl r| 
(3.4) fly,r) 2 fyl+1 


holds for all (y, r) which satisfy the equations ¢“(y, r) = 0. 


This follows from Lemma 3.2 if we choose" h = 1 and 


¥(y) = k log (|y| + 1). 


4. A fundamental lemma. In §16 of NC, we defined the concept of a sup- 
porting set S[y, \°, 1] and of the multipliers \“(r) defined on such a set. These 
supporting sets have a close relationship to minimizing curves, as Lemma 13.2 
of NC shows. For our purposes we single out a special kind of supporting set 
by the following definition. 

(4.1) A supporting set S,{y, \°, J] with multipliers \“(r), has a first portion 
{last portion] KS, if there exists a closed convex set K in r-space with the fol- 
lowing properties. 

(a) For all non-null vectors r in K, (y, r) is admissible; that is, the equations 
¢*(y, r) = 0 are satisfied and the matrix (1.4) has rank m. 

(b) On K the function f(y, r) is convex. 

(c) KS, contains at least one non-null vector. 

(d) If 7 is a non-null vector in KS, and 7; is a non-null vector in S, — K, then 


(4.2) Q(y, %,71,A) < 0, [(4.2’) Q(y, ro, 71, A) > OI, 
where as usual we define 

(4.3) Q(y, ro, 715) = ro ys(y, 1, M)) — iF y(y, 7, A(r0)), 
(4.4) Fly, 7, d) = fy, 7) + A°e*(y, 7). 


The following lemma is the kernel of this paper. 


Lemma 4.1. Let Co : [yo(t), Molt; &], Mo] be a generalized curve in standard 
representation. Leta < t S B define an arc of C3 which satisfies conclusions (1) 


" Loc. cit. (footnotes 8, 9); also E. J. McShane, Existence theorems for ordinary problems, 
etc., Annali della R. Sc. Norm. Sup. di Pisa, ser. II, vol. 3(1934), pp. 287-315, in particular 
p. 303. 
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and (II) of Theorem 10.1 of NC with multipliers d°, \“(t, r). Let M, be the sub- 
set of My consisting of those values of t such that S(t) has a first portion or a last 
portion. Then for almost all t in M,-[a, 8] all vectors r carried at yo(t) are in the 
first portion of S(t) if it has a first portion, and in the last portion of S(t) if it has a 
last portion. 

For compactness, in the proof of this lemma we shall write Q(r’, r’’) instead of 
2(yo(t), ?, a d). 

We may suppose that the conclusion of Theorem 14.1 of GC holds for all ¢ 
in M, ; this can be brought about by the rejection of a set of measure zero. 
Let ¢ be a point of My, and denote by Q(r) the set of vectors carried by Co at 
yo(t). Suppose to be specific that the supporting set S(t) has a last portion; 
if instead it has a first portion, the discussion requires only trivial modification. 

If the convex set K consists of a half-line, so that S(t) has a “last direction”’, 
the proof is quite easy. Let K consist of the non-negative multiples of a 
vector 79, which we may suppose to have length 


(4.5) |ro| = &(C*). 


The function Q(ro, r) is non-negative for r in S(¢), and in particular for all 
vectors r carried at y(t). By Theorem 14.1 of NC, the equation 


(4.6) Molt; Q(ro , r)] = 0 
holds. Hence by Lemma 10.3 of GC we must have 
(4.7) Q(y,r) = 0 


for all r in Q(#). But by (4.1), this can hold only if every vector r in Q(?) is 
also in K, since S(t) contains Q(t). 

The general case requires a more intricate reasoning. As a preliminary, we 
establish a formula concerning iterated means. If ®(r’, r”’) is a continuous 
function of the 2y variables (r’, r’’), then 


(4.8) Molt; Mot; (r’, r”)]] = Molt; Molt; H(r’, r’”)]]- 


Here the left member denotes the number obtained by computing the mean of 
(r’, r’’) for fixed r’, and then computing the mean of the (continuous) function 
of r’ thus obtained; the right member is analogously defined. The formula is 
evidently true if @(r’, r’’) is the product of a continuous function of r’ and a 
continuous function of r”’, hence it is valid if ®(r’, r’’) is a polynomial in r“’ 
and r’”’. If ®(r’, r’”’) is continuous, it can be approximated uniformly by poly- 
nomials on the set 


(4.9) In| S20), Ir” | S$ 20), 


and the means in (4.8) depend only on the values of @ for such r’ andr’. Hence 
(4.8) is valid. 
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Let us define 
(4.10) d(r) is the distance from r to the closed set K S(t), 
and 
(4.11) ¥.(r) = max [0, 1 — nd(r)}. 


Thus y,(r) is 1 if r is in K S(t) and is 0 if r has distance greater than n™ from 
KS(t). For the moment we define 


B(r’, 1’) = valr’ val?’ Q(7’, r’’). 
By the definition of 2 we find that 
(4.12) &(r’, r’’) oe —(r, r’). 


If we combine this with (4.8), and interchange the symbols r’ and r”’, we 
obtain 


Mo lt; Molt; H(r’, r’”)]] 
—Mo[t; Molt; (r”, r’)]] 
—Molt; Molt; H(r’, r””)I]], 
so that (returning to the original notation) we get 

(4.14) Molt; Molt; val’ wn(r”)Q(r’, r’”)]] = 0. 


Suppose now that the lemma is false. Then some vector 7» not in K is carried 
by Co at y(t). If r’ is in KS(é), the product 


(4.15) {1 — alr’) }Q(r’, r’’) 


is non-negative for all r’” in Q(t); for if r” is in KQ(¢) the first factor is zero, 
and if r’”’ is in Q(t) — K both factors are positive. In particular, the expression 
(4.15) is positive for r’’ = 7). So by Lemma 10.3 of GC we have 


(4.16) Molt; {1 — valr’”)}Q(r’, r’”)] > O (r’ in KS(t)). 


The left member of (4.16) is continuous and positive on KS(t), so its greatest 
lower bound on K/S(t) is a positive number 2e. Hence 
(4.17) If rj is in KS(t), then 

Molt; {1 — yalr”)jQ(ri , r”)] S ec. 


Since Q(r’, r’’) is continuous, there is a positive number 6 such that if 7, 72 
and r” are vectors of length at most £(C>) and |r; — r2| < 4, the inequality 


Molt; Molt; H(r’, ”)]] 


(4.13) 


|Q(rn,, 7’) — Qn, r”’)| <e 


holds. Let U be the 5-neighborhood of the set KS(t). If r’ is in the closure 
U of U, there is a vector r; of KS(t) such that | r’ — r;| S$ 6. Recalling that 
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0 s ¥,(r") S lr’) S 1 forall nand all r’”’, and recalling also that MNo[t; 1] = 1 
and that Q(r;, r”) is non-negative for all vectors r” carried which are not in 
KS(t), we obtain 


Molt; {1 — valr’’)}20r’, r””)) 
> Molt; {1 — valr’”)} {Q(ri, 7”) — «] 
Molt; {1 — valr’”)}Q(ri, r”)] — « 
> Molt; {1 — vlr)}Qri1, 7”) — «2 € > 0. 


(4.18) 


IV 


Consequently, if n exceeds 1/5, the inequality 
(4.19) Ya(r’ Molt; {1 — alr’) }A(r’, r’”)] = 0 


holds for all r’ in Q(t); for if r’ is in U the first factor is non-negative and the 
second is positive by (4.18), while if r’ is not in U the first factor vanishes. 
By Theorem 14.1 of NC, we have 


(4.20) Mo [t; Q(r’, r”)] = 0 


for every 7’ in S(t), and in particular for every r’ in Q(t). Combining (4.11), 
(4.18), (4.19) and (4.20), we find that the function 


(4.21) Yar’ Molt; ¥n(r’”)Q(r’, 7”) 


is non-positive for all r’ in Q(¢) and is negative for r’ in KS(t). Since equation 
(4.14) holds, from Lemma 10.3 of GC we see that no vector of K S(t) is carried; 
that is, KQ(t) is empty. 

Choose now an arbitrary vector r’ of KS(t). By (4.1), the function Q(r’, r’’) 
is positive for all r” in Q(t) — K; that is, for all r” in Q(t). By Lemma 10.3 
of e we have 


(4.22) Mo [t; Q(r’, r’’)] > O. 


But this contradicts (4.20), and our lemma is established. 


5. Another lemma. To establish our principal theorems we shall need one 
more lemma. 


Lemma 5.1. Let t be a point of My. If all vectors r carried by Co at yo(t) are 
contained in a closed conver set K, and (y(t), r) is admissible for each non-null 
vector r in K, and f(yo(t), r) is convex on K, then the relations 


(5.1) S(yolt), yot)) S Molt; f(yo(?), r)] 

and 

(5.2) ¢°(yo(t), yo(t)) = 0 (a = 1,---,m) 
are satisfied. 
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Since K is convex, and 9M is a linear mean, and f(y(t), r) is convex on K, 
by Jensen’s inequality” the point 


(5.3) yo(t) = (Molt; 7’], --- , Mle; 7’) 
is in K, and 
(5.4) S(yo(t), Molt; r'], --- , Molt; r]) S Molt; f(yo(t), vr). 


Since yo(t) is in K, either | yo(t) | = 0 or else (y(t), yo(t)) is admissible, and in 
either case equations (5.2) are satisfied. Inequality (5.4), with (5.3), yields 
(5.1), and the proof of the lemma is complete. 


6. First existence theorem. We are now ready to establish the first of our 
principal theorems. 

THEOREM 6.1. Let the set E consist of the entire y-space, and let conditions 
(1.1), (1.2), (3.1) and (3.2) be satisfied. Let 


Co : [yo(t), Molt; #], Mo] 


be the standard representation of a generalized curve which minimizes” the func- 
tional J (C*) in the class K*; for this curve there then exists at least one set of multi- 
pliers d°, \“(t, r) with which conclusions (I) and (II) of Theorem 10.1 of NC hold. 
Let it be true that these multipliers can be so chosen that for almost all t in Mo the 
supporting set S(t) has a first portion or a last portion. 

Then the track of C> is itself a minimizing curve for J(C*) in the class K*. 

If the hypotheses of Theorem 6.1 are satisfied, so are those of Lemma 4.1, 
the set M, constituting almost all of My. By Lemma 4.1, the hypotheses of 


Lemma 5.1 are satisfied for almost all ¢ in Mo . 
Hence (5.2) holds for almost all t, and the track of Co satisfies the differential 


equations g“ = 0. It has the same ends as Co , 80 it belongs to the clasigk”. 
Since Co minimizes J(C*) on K*, we have 


(6.1) ——_g(yo(a), yo(b)) + l Slye, Ho) dt = g(yo(a), yo(b)) + FC%). 
But integration of both members of (5.1) yields 
(6.2) l Slyo, ie) dt < F(C2). 


This, with (6.1), implies that the members of (6.1) are equal, so that the track 
of Co is a minimizing curve for J(C*) in the class K*. The proof of Theorem 


6.1 is complete. 
It is interesting to observe that we have incidentally proved the following 


corollary. 


12 FE, J. McShane, Jensen’s inequality, Bull. Amer. Math. Soc., vol. 43(1937), pp. 521-527. 
13 Such a curve exists, by Theorem 8.2 of GC. 
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THEOREM 6.2. Under the hypotheses of Theorem 6.1, the set of t for which S(t) 
has both a first portion and a last portion without common points is a set of 
measure zero. 


By Lemma 4.1, for almost all such ¢ the set Q(¢) is not empty and is entirely 
contained in KS(t), where K S(t) is either the first portion or the last portion. 
But then Q(¢) is contained in each of two disjoint sets, and this is impossible. 


7. Second existence theorem. Theorem 6.1 admits of a ready generalization 
to more general classes K*, in which the set E is not required to be the entire 
y-space. 


THEOREM 7.1. Let conditions (1.1), (1.2), (3.1) and (3.2) be satisfied. Let 
Co: [yo(t), Molt; 2], Mo] 


be the standard representation of a generalized curve which minimizes J (C*) on K*. 
For each ty in Mo, let one or the other of the following hypotheses be satisfied. 

(I) The solutions of the equations g*(yo(b), r) = 0 (a = 1, ---,m) forma 
convex set in r-space, and on this set the function f(yo(to), r) is convex. 

(il) The number to belongs to an interval a = t S B (a < 8) which defines an 
arc of Co whose track is interior to E. On this arc (1) and (II) of the multiplier 
rule of Theorem 10.1 of NC are satisfied with multipliers d°, X*(t, r) with the 
property that for almost all t in (a, 8), the set S(t) has a first portion or a last 
portion. 

Then the track of Co is itself a minimizing curve for J(C*) in the class K*. 


Let us suppose that for all ¢ in My the functions yj, ¢*(yo, yo) and Molt; 
S(yo(t), r)] are the derivatives of their indefinite integrals; this can be brought 
about by discarding a set of measure zero. Let t bea pointof My. If hypothe- 
sis @) is satisfied at tf) , by Lemma 5.1 we find 


(7.1) S(Yo(to), Yo(to)) S Molto ; f(yo(t), r)] 
and 
(7.2) ¢° (Yyo(to), Yo(to)) = 0 (a - 1, ae m). 


Suppose then that hypothesis (II) holds at &. By Lemmas 4.1 and 5.1 rela- 
tions (5.1) and (5.2) hold at all points ¢ of the interval (a, 8) save those be- 
longing to a subset of measure zero. The set of all points & at which hypothesis 
(II) holds can be covered by a denumerable set of the corresponding intervals 
(a, 8). Rejecting from each of these the subset (of measure zero) on which 
(5.1) and (5.2) do not both hold, we find that for almost all & at which hypothesis 
(II) holds relations (7.1) and (7.2) are also satisfied. 

The proof of Theorem 6.1 can now be repeated to complete the proof of 
Theorem 7.1. 
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8. Third existence theorem. The two existence theorems already established 
involve hypotheses on the multipliers \°, A“(¢, 7). It is desirable to have a 
theorem involving only the given data of the problem. In this section we 
establish such a theorem. For brevity, we assign the name “ordinary points” 
to the points at which our methods are certain to apply; specifically, we adopt 
the following definition. 


(8.1) A point yo of E is ordinary if it satisfies either one of the two following 
conditions. 

(a) The aggregate of solutions r of the equations g“(yo , r) = 0 (a = 1, --- , m) 
is a convex set, and on it the function f(y , r) is conver. 

(b) The point yo is interior to E, and every supporting set Slyo , d°, l| has either 
a first portion or a last portion. 

Save for the requirement of interiority, (b) is weaker than (a); for if (a) is 
satisfied, every supporting set is contained in the convex set of solutions of 
¢g* = 0, and is therefore its own first (and last) portion. 

Our third existence theorem is 


THEOREM 8.1. Let conditions (1.1), (1.2), (3.1) and (3.2) be satisfied. Let 
every point of E be ordinary. Then if the class K* is not empty, it contains an 
ordinary curve Cy which minimizes J(C*) on the class K*, and a fortiori on the 
subclass K. 


The hypotheses of Theorem 8.1 of GC are satisfied, so there exists a mini- 
mizing curve Co for J(C*) in the class K*. We suppose that 


Co : [yo(t), Molt; #], Mo] 


is the standard representation of C} . Let & be an arbitrary point of the interval 
(0, 1]. If yo(t) is a boundary point of EZ, condition (8.1a) must hold; then 
hypothesis (I) of Theorem 7.1 is satisfied. If yo(é) is interior to E, every point 
in a neighborhood U of yo(t) is also interior to E. Hence at all such points 
condition (8.1b) holds. If [a, 8] is any sufficiently small interval containing & , 
the track of the corresponding are of Cp lies in U. This are minimizes the 
integral of f in the class of arcs joining its ends, lying sufficiently near it and 
satisfying the equations g¢* = 0. Hence it satisfies (I) and (II) of the multiplier 
rule of Theorem 10.1 of NC with multipliers \°, A“(¢, r). Hypothesis (II) of 
Theorem 7.1 must then hold; for every supporting set at y(t) (a S ¢ S 8), and 
in particular the supporting set S(#), must have a first portion or a last portion. 


9. Free problems. The theorems established in the preceding sections apply 
at once to problems without side conditions. For such problems we can choose 
\° = 1; there are no other multipliers, and F is identical with f. All (y, r) with y 
in E are admissible. 

In a previous paper” I have established some theorems for free problems in 


4 E. J. McShane, Some existence theorems in the calculus of variations, III. Existence 
theorems for non-regular problems, Trans. Amer. Math. Soc., vol. 45(1939), pp. 151-171. 
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parametric form, without assumptions of regularity. These theorems are 
obvious corollaries of Theorem 8.1. 


To obtain an example covered by Theorem 8.1 (and not, to the best of my 
knowledge, by any previously published theorem) we consider the integrand 


S(z, y, 2,2’, y’, 2’) = Ukr” + y” + 2”) 
+ A(x, y, z)(x” + y” + 2”), 


where we suppose k > 1. For the set E we take the entire y-space. This 
integrand satisfies condition (3.6), and therefore satisfies condition (3.2), if 
there is a positive number c such that 


(9.1) 


(9.2) 1+ rz, y,2) 2 el + @+y¥ +2)". 
We suppose this condition satisfied; furthermore, we assume 


(9.3) 120. 


If (9.2) is satisfied, f is positive for (2’, y’, z’) ¥ (0, 0, 0), and for fixed (z, y, z) 
the equation 


(9.4) f(x, y, 2,2’, y', 2) = 1 


defines a surface =, in (2’, y’, 2’)-space. This is a surface of revolution about 
the z’-axis. Consider a supporting plane of =;. We may suppose, because of 
the rotational symmetry, that this plane meets 2; at a point with 2’ = 0. It 
is easy to see that if this plane has more than one point of contact with >, , 
it must have more than one point of contact with 2; at which z’ = 0. There- 
fore in seeking supporting sets we may set 2’ = 0. 

Letting z’ = 0 gives us essentially a plane problem, for which (in the usual 
notation) 


F, = (y') fee = Ue (kx? + yy?) + v@(2” + oy”) 


In investigating the sign of this function we may restrict our attention to sets 
with 2” + y” = 1; we then find that F; has a minimum at (+1, 0), and if the 
equation 


(9.5) i/k + ye 2 0 


holds, the function F; is positive save perhaps at (+1, 0). The surface  , is 
then strictly convex, and each supporting set of f consists of a single half-line 
from the origin. 

If inequality (9.5) fails, the intersection of =, with the plane z’ = 0 is a 
dumbbell-shaped curve, pinched in along the z’-axis. This has tangent (sup- 
porting) lines z’ = c,; = constant which meet it at two places. Hence >, has 
supporting planes z’ = constant which meet 2, along a circle 


(9.6) v=o, y” +2” =c = constant. 


pel aD dete mee = 
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Let S be a supporting set defined by equations (9.6). We suppose 
2” + y” + 2” = 1, and compute the 2-function; this is 


(9.7) Q(z, y, 2,2’, y’, 2’, #, 9’, 2’) = Mlci + GP [(y’ — 98, + 2’ — 7). 
Suppose now that 

(9.8) #, + > 0. 

The point 

9.9) =a, y =c@(+2)%, 2’ = ch (O) + 02)7 


is in the set (9.6). Since (9.3) holds and (9.5) does not, \; is not zero. The 
constant ¢, in (9.6) can be chosen positive or negative; we choose the sign of ¢2 
to be the same as that of 4;. Now the Cauchy-Schwarz inequality applied to 
(9.7) shows that (9.9) is the last element of the supporting set (9.6). Thus if 
(9.8) is satisfied, every supporting set at (z, y, z) has a last element. If we 
replace c: by —c2 in (9.9), we obtain a first element. Thus from Theorem 8.1 
we obtain the following result. If A; and Ag are closed point sets in (x, y, z)-space, 
one of which is bounded, and k, l, \4, and ® are such that at each point (x, y, 2) 
conditions (9.2) and (9.3) hold, as well as one of the conditions (9.5), (9.8), then 
the class of curves joining A, to Az contains a minimizing curve for ff dt. 
We may for instance take 1 = 1,k = 2,4. = -1,6 =1-—e 


10. Isoperimetric problems. As we observed in §15 of NC, the isoperimetric 
problem of minimizing ‘f(C*) subject to the conditions $*(C*) = y* (a = 
1, ---,m) can be reduced to a Bolza problem by introducing new variables 
y’**, r’** (a = 1,---,m) and replacing the isoperimetric conditions by the 
differential equations 


(10.1) r’** + g*(y(t), r) = 0 (@ = 1,---,m) 
and the end conditions 
y’**(0) _ 0, y”**(1) ” -7" (a = 1, --- , Mm). 


In the multiplier rule these new variables can be omitted, and the multipliers 
can be chosen to be constants. It is therefore desirable to rephrase the defini- 
tions of supporting sets and first and last elements so as to avoid reference to 
the new variables. 

By definition (§13 of NC), the set Slyo, \°, I] of admissible elements is a 
supporting set if the inequality 


Nf(yo,r) — rl’ 20 (y =1,---,» +m) 


holds for all admissible elements (yo, r), equality holding on S(yo, »°, 2). By 
(10.1), this is equivalent to assuming 


[A°f(yo , 7) + I'*%g"(yo, r)] <. if >0 (a = 1, es ,m;t = a eee ,») 
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for all r, equality holding if (yo, 7’, ---,7’, —g'(yo, r),---, —g"(yo, 7)) is 
in S. The multipliers of the set are then (A°, A*(r)) = (A°, I’, --- 7°"). 
There is a one-to-one correspondence between the points of S and the points 
of a set So in the 2y-dimensional space of points (y, r), obtained by omission of 
the last m coérdinates of the points of S. We shall henceforth refer to So as 
the supporting set. Thus Sp is a supporting set at yo, with multipliers \’, 
\’,---, A", if there is a linear function I'r’ such that F(y, r, 4) = A°f + A%g* 
coincides with Ir’ on Sp and exceeds l'r‘ for r not in So. 

Suppose next that S(yo, A’, 1) has a first portion K. If r; and rz are points 
of (v + m)-space both belonging to K, by the convexity of K the point }(r; + 
re) is also in K, hence is admissible. That is, 


(B(ri + r2), ed. (rt + r2), = 4(g'(yo , ri) + g' (Yo ’ re), Par a 


— 3(9"(yo, 1) + g(yo, 72))) 
is admissible, so that 


g"(yo, (71 + 72)) = 3lg"(yo, 71) + g*(Yo, 72)]. 


If we project K on (y, r’, --- , 7”)-space by omitting the last m codrdinates, we 
obtain a convex set Ky. The preceding equation then implies that the inte- 
grands g“(y , r) are linear on Ky. Conversely, suppose that Ko is convex and 
the g* are linear on Ky. The set K of points (yo, 7’, --- , 7, —g'(yo, 7), ---,— 
g” (yo , T)) with (yo , r) in Ko is the linear image of a convex set, and is therefore 
convex. 

The new variables y’**, r’** vanish from the definition of the 2-function; so 
for isoperimetric problems definition (4.1) is equivalent to the following. 


yt 


(10.2) A supporting set So with multipliers \* has a first portion {last portion] 
KoSo if there exists a convex set Ko in (r', --- , r’)-space with the following properties. 
(a) On Ko the functions g*(y, r) are linear and the function f(y, r) is convex. 
(b) KoSo contains at least one non-null vector. 
(ec) If ro ts a non-null vector in KoSo , and r; is in So — Ko, then 


Q(y, To, 1, A) <0 [Q(y, ro, 71, 4) > O}. 
Consider, for example, the problem of minimizing 


(10.3) §(C) = [ (kx? + y* + 20 (k > 1) 


in the class of curves C joining two fixed point sets A; , Az (one of them being 
bounded) and giving a constant value y to the integral 


(10.4) 9) = [ (x, y,2)(2” + y® +2 at. 


We suppose that #, and %, never vanish simultaneously, so that condition 
(9.8) holds for all (2, y, z). 
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On every minimizing sequence ‘F(C) is bounded, so the length &(C) is bounded, 
and hypothesis (3.2) holds. We must show that every point of (x, y, z)-space 
is ordinary. Where ® vanishes condition (8.1la) is readily seen to hold; there- 
fore we need consider only points at which @ ~ 0. Suppose then that S is a 
supporting set at (zx, y, z), and let Ay = 0, A, be the multipliers for S. Define 


F(z, Yy; 2, 2, y’, A Xo ’ 1) = ho(kex” + y” + 2”)! 
+ A(x” + y”® + 2”), 


and let l, , 2 , ls be the respective constant values of F, , Fy, F» over S. By 
definition of supporting sets (NC, §13), 


F(z, Y, 2, 0, 1, 0, Xo, Ax) 2 h-1, F(z, Y, 2, 0, -1, 0, No , An) 2 l,-(—1), 


(10.5) 


whence by adding we find 
(10.6) ho + AyP(z, y, z) = O. 


If equality holds in (10.6), then F vanishes if x’ = 0 and is positive elsewhere. 
In this case the plane x’ = 0 is a supporting set. If the left member of (10.6) 
is positive, but (9.5) fails (with 1 = Xo), there are supporting sets which are 
circular cones with vertex at (0, 0, 0) and axis along the z’-axis; the supporting 
set z’ = 0 corresponding to equality in (10.6) may be considered as belonging 
to this type. As shown in §9, since inequality (9.8) holds, these sets have a first 
portion and a last portion. Also, as in §9, if inequality (9.5) holds, each sup- 
porting set consists of a single half-line issuing from the origin. Thus in all 
cases every supporting set has a first portion and a last portion, and so every 
point of (x, y, z)-space is ordinary. Therefore, by Theorem 8.1, if there exist 
curves C joining A; to Az and having S(C) = y, this class of curves contains 
a minimizing curve for F(C). 


11. An existence theorem for isoperimetric problems. Many interesting iso- 
perimetric problems involve integrals whose integrands are closely related. 
We now prove a corollary of Theorem 8.1 applying to such problems. 
Specifically, we are to minimize an integral ‘(C) in the class of curves for which 
certain integrals $'(C), --. , 8"(C) assume assigned values. The relationship 
between the integrands is that there are a function ¢(y, r) and a set of functions 
h°(y), --- , h™(y) such that 


Sly, r) = W(y)ely, 7), 
g°(y, r) a h*(y)ely, r) (a saat 1, a , m). 
For such systems we shall prove the following theorem. 


THEOREM 11.1. Let the following hypotheses be satisfied. 

(I) The function o(y, r) is defined and satisfies condition (1.1) for all y and r, 
and if |r,;| # O the inequality 
(11.2) S(y, m1, 7%) = ly, 7) — ripri(y, 1) = 0 
holds. 


(11.1) 
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(II) The inequality 
(11.3) g(y,r) >0 


holds whenever |r| > 0. 
(III) The functions h*(y) (y = 0, 1, --- 
for all y, and the matrix 


, m S&S v) are defined and of class C’ 


h”(y) || 
(11.4) | af | 
| hey) | 
has rank m + 1 for all y. 


(IV) K is the class of all rectifiable curves satisfying a set of end conditions such 
as described in (3.1). 


(V) The numbers y', --- , 7" are constants such that the equations 
b 
(11.5) SC) = [ Meu, i)d=1 — (@=1,-++,m) 


are satisfied by at least one curve C: y = y(t) (a S t S b) of the class K. 

(VI) Condition (3.2) is satisfied. 

Then the subclass of K consisting of those curves of K which satisfy equations 
(11.5) contains a curve C on which 


b 
FC) = [ Madey, wat 

assumes its least value. 

This theorem will follow at once from Theorem 8.1 if we can show that every 
point y is ordinary. 

Hypothesis (I) implies that ¢(y, r) is a convex function of r for each fixed y. 
Let us denote by K(7ro) the set of all r for which the equation 
(11.6) gly, 7) — r'gri(y, ro) = 0 


holds. This is the set of r on which the convex function ¢(y, r) coincides with 
one of its supporting planes, so it is a convex set. 

Let S be a supporting set at y, with multipliers \° = 0, A*, not all zero. In 
accordance with our usual notation we write 


F(y, r, 4) = ATH" (yey, 7). 


If r, are non-null vectors of S, each derivative F,: has the same value at r and 
at? From this, on multiplication by 7’, we obtain 


(11.7) rA"(y) fey, 7) — Fer(y, r)} = 0. 


Suppose first that the factor \”h”(y) is different from zero. Then the second 
factor must vanish, so that every non-null vector r of S is in K(f). On K(F) 
the function ¢(y, r) coincides with a linear function by (11.6), so S is its own 
first and last portion. 
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Suppose next that 
(11.8) NA (y) = 0. 


Then F(y, r) is identically zero, and S is the whole r-space. We calculate 
(remembering (11.8)) 


(11.9) Q(y, 7, #7, A) = r'NhE(yely, 7) — FNAK(y)eLy, 7). 
Denote by m the maximum value of the function 
(11.10) rH,, HH, = Why), 


on the bounded closed set of points r such that ¢(y, r) = 1, and let this maximum 

be attained at m. The numbers H; cannot all vanish; if they did, equations 

(11.8) and (11.10), with hypothesis (III), would imply \° = --- = A” = 0, 

and this is impossible. It follows that the linear function r'H; can assume 

both positive and negative values on the surface ¢(y, 7) = 1, so that m is positive. 
By the homogeneity of ¢(y, 7) and the definition of m, the inequality 


(11.11) rH; — mely,r) <0 


holds for all r, equality holding at 7. Hence all the partial derivatives of the 
left member of (11.11) must vanish at 7 , and we have 


(11.12) H; = m¢,i(y, 7%) (¢ = 1,---,»). 
By virtue of (11.10) and (11.12), equation (11.9) yields 


Ay, To, 7, d) = meri ly, ro) [roo(y, 7) = Poly, ro)] 
(11.13) ; 
aes me(y, rolely, 7) = F'gri(y, ro)]. 
Recalling that m is positive and ¢(y, 7») is 1, we see that this last expression is 
positive unless 7 belongs to the convex set K(7o) on which ¢(y, r) (and with it 
f(y, r) and all the g*(y, r)) is linear. That is, K(ro) is the last portion of S. 
We have now shown that every point y is ordinary, and the proof of Theorem 
11.1 is complete. 
For an example, let K be the class of rectifiable curves joining two fixed 
points P,, P: of the (z, y)-plane and having assigned moments about the 
coérdinate axes: 


b b 
i x(t)(x® + y)'dt = mn, | y(t)(x® + y)'dt = pr. 


It is not difficult to show that this class is not empty. In the class K we seek 
a curve of least length. We take 

"> @* + yy, he = 1, hi = z, he = y- 
The matrix (11.4) is 
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which is non-singular. The other hypotheses of Theorem 11.1 are readily 
verified, so the minimizing curve exists. 

It is interesting to observe that the functions f, g* enter symmetrically into 
all the hypotheses of Theorem 11.1 except hypothesis (VI), which concerns the 
existence of a convergent minimizing sequence. 


12. Problems with a single side-integral. In a recent paper’ (henceforth 
referred to as IP) I have established existence theorems of some generality for 
isoperimetric problems involving a single side-integral. We are now in a posi- 
tion to generalize these theorems in several respects, and at the same time to 
shorten their proofs. For brevity, we shall content ourselves with indicating 
the changes which are to be made in the paper cited, retaining the notation of 
that paper. 

In §2 of IP the definition of ordinary point (2.1) is to be replaced by the 
definition (8.1) of the present paper. The hypotheses of Theorem 2 of IP 
guarantee the existence of a minimizing generalized curve, 


in the class of generalized curves satisfying the end conditions and giving 
§(C*) the value 1. We suppose that (12.1) is the standard representation of 
Co , and for 0 < ¢ < 1 we define 


elt) = [ Molt; Flco(t), r)] at, 


v(t) = I Molt; G(eolt), r)] at, 
(12.2) 


elt) = [ Fle, &) at 


y(t) = I Geo, 4) dt. 


The set E is the subset of (0, 1] on which all four integrals in (12.2) have deriva- 
tives equal to their respective integrands. 

We abandon §3 of IP. Lemma 1 of §4 is merely Jensen’s inequality, since 
the hypothesis is that aF(z, r) + bG(z, r) is a convex function of r. As a sub- 
stitute for Lemma 2 of IP we prove 


Lemma 12.1. For almost all t) such that z(t) is an ordinary point the relations 
(12.3) g' (to) = golte), —-¥'(to) = yo(t) 
are satisfied. 


15 E. J. McShane, Some existence theorems in the calculus of variations, V. The iso- 
perimetric problem in parametric form, Trans. Amer. Math. Soc., vol. 45(1939), pp. 197-216. 
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If zo(&) is a boundary point of the set (called S in IP, called Z in this paper) 
and is ordinary, then at z(é&) the function F(z, r) is convex and G(z, r) is linear. 
In this case (12.3) follows from Lemma 4.1. 

Consider now any arc z = a(t), a S ¢ S 8B, of the minimizing curve interior 
to the set S. On this are the multiplier rule of Theorem 13.1 of NC is satisfied 
with multipliers \° = 0, A’, not both zero. By Lemma 4.1, for almost all points 
t at which the supporting set S(¢) has a first or last portion K.S(¢) (in particular, 
for almost all & such that zo(é) is ordinary), the set of all vectors carried at. 
2o() is contained in that first or last portion. By definition, the function 
f(2(t), r) is convex and the function g(zo(é), r) is linear on K; so for almost 
all such & we can again apply Jensen’s inequality to establish (12.3). 

We can choose a denumerable set of intervals [a; , 8;] such that the sum of the 
ares z = z(t) (a; S t S B;) covers the part of the track of C> interior to the 
set called Sin IP. For almost all ¢ in each [a; , 8;] such that z(t) is ordinary 
the relations (12.4) hold; hence these relations hold for almost all ¢ such that 
z(t) is ordinary and interior to the set. As the relations have been established 
for ordinary boundary points, the proof of Lemma 12.1 is complete. 

The remainder of the proof of Theorem 2 of IP, through §5, requires no 
change, save the remark that yo and yu are to be regarded merely as two symbols 
for (Co), i.e., the greatest lower bound of ‘F(C*) on the class of curves allowed. 

Theorem 3 of IP can also be generalized; in fact, in (7.3) of IP we can define 
M,(z) to be the g.l.b. of M,(z, A) for all sets A which are supporting sets at z 
and have neither first nor last portion. We omit the proof. 

Theorem 4 of IP is already contained in the preceding theorems; for our 
present supporting sets are by definition “&-admissible”’. 


13. Mayer problems. For problems of Mayer, which are Bolza problems 
with f = 0, Graves” has established existence theorems (both for the parametric 
and non-parametric forms) which at first glance would not seem related to the 
theorems of this paper. We shall now see that Theorem 6.1 has a corollary 
which is closely related to Graves’ theorem and overlaps it considerably, though 
neither theorem includes the other. 

We shall consider problems in which the set E is the entire y-space and one 
particular minor of the matrix || g7: || is non-singular. In such problems we 
can solve the equations g* = 0 for m of the variables r‘ (say r""’, --- , 7", n = 
v — m) in terms of the other variables, r', ---,r", y',---,y’. If wedesignate 
r"** by p* (a = 1, --- , m) and correspondingly designate y"** by 2“, the equa- 
tions ¢*(y, r) = 0 take the form 


(13.1) h*(y,z,r) — p° = 0 (a = 1,---,m). 
The distinctive assumptions on these functions which are used in establishing 
our corollary are the following. 


16 L,, M. Graves, The existence of an extremum in problems of Mayer, Trans. Amer. Math. 
Soc., vol. 39(1936), pp. 456-471. In this paper there are references to earlier papers by 
Mania concerning the problem of Mayer. 





(1 





ing 


ath. 





EXISTENCE THEOREMS FOR BOLZA PROBLEMS 47 


(13.2) The end conditions on the curves of the class K do not involve the final 
values of the z*(t). 


In the terminology of §3, the set P of admitted end values (y; , 21, y2, 22) is 
such that if (y: , 21 , ye, 22) isin P, so is (y: , 21 , ye , 2) for all sets of numbers 2% . 


(13.3) For each point in P, all the partial derivatives 4g/dzz are defined, continuous 
and non-negative, and not all of them are zero. 


(13.4) For all (y, z, r) the partial derivatives 
his(y, 2, r) (a # B;a,8 = 1,---,m) 
are non-negative. 
(13.5) For all (y, z, r) with |r| > 0 and all? the inequalities 
&"(y, z, 7,7) = h°(y, z,?) — Ph%s(y, z, 7) > 0 (a = 1, ---,m) 
hold unless ? = kr, k 2 0. 
Our corollary is as follows: 


THEOREM 13.1. Let the functions h*(y, z, r) be defined, continuous and posi- 
tively homogeneous of degree 1 in r for all (x, y, r), and of class C’ for |r| > 0. 
Let hypotheses (3.1), (3.2), (13.2), (13.3), (13.4) and (13.5) be satisfied. Then 
in the class K there is a curve Co: y = y(t), z = 2(t) (a S t S b) which minimizes 
g(y(a), 2(a), y(b), 2(b)). 

The hypotheses of Theorem 13.1 guarantee the existence of a minimizing 
generalized curve 


Ce : [yo(t), zo(t), Molt; P(r, p)I, M)J. 


We suppose that ¢ is the standard parameter. The function F(y, z, r, p, d) 
has the form 


F = xr“(t, r, p){h*(y, z, 7) — p*}. 


If as usual we denote by S(t) the supporting set containing the vectors carried 
at (yo(t), zo(t)), by Lemma 13.1 of NC we find that each F,: is constant over 
S(t). That is, by definition of F the multipliers \* for S() are independent of 
rand p. By Lemma 13.2 of NC, these coincide with the multipliers of Theorem 
10.1 of NC for all vectors carried. Hence for almost all ¢ the A“ are functions 
of ¢ alone. 

The DuBois-Reymond relations include the equations 


(13.6) Fre = —d*(t, 7, p) = ¥"(0), 
where we change the notation of GC slightly by writing 
t 
Vv") = ca + [ Molt; Fee] dt 
(13.7) : 
= cat Molt; x?hee] dt 








48 E. J. MCSHANE 


Equations (13.6) hold (by Theorem 10.1 of NC) for all ¢ in a set M comprising 
almost all of [0, 1] and for all r carried at (yo(#), zo(t)). Hence we may replace 
A“ by — ¥*(é) for all ¢, r and p without affecting any of the conclusions of Theorem 
10.1 of NC. In particular, equation (13.7) takes the form 


(13.8) - ee [ POE at 


where for brevity we have written 
(13.9) wa (t) = Molt; hEa(yo(t), zo(t), r)]. 


(This is defined on My ; elsewhere we can define it arbitrarily, setting it equal 
say to 1.) 

Equations (13.8) are equivalent to a set of differential equations, obtained 
by differentiating both members, together with the end conditions y“(0) = c.. 
Hence by a known property of such equations we can state 


(13.10) The solutions y*(t) of equations (13.8) either never vanish simultaneously 
on the interval 0 S t S 1 or else they are all identically zero. 


The curve Co minimizes g on the subclass of K* consisting of those curves 
C*: [y(0), z(t), OM; ®(r, p)], M] 
which satisfy the end conditions 
y(a) — yo(0) = 0, 
(13.11) z(a) — a(0) = 0, 
y(b) — yo(1) = 0. 
Hence from the transversality conditions in Theorem 10.1 of NC we obtain 
(13.12) X'geg(yo(O), 20(0), yo(1), zo(1)) + ¥%(1) =O (a= 1,---,m). 
Since ° is non-negative by Theorem 10.1 of NC, and the expression which it 
multiplies in (13.12) is non-negative by hypothesis (13.3), this implies 
(13.13) y*(1) <0 (a = 1,--+,m). 


Moreover, \° must be positive. For if \” is zero, all the y*(1) vanish by (13.12), 
so all the y*(¢) vanish identically by (13.10). But now by (13.6) \’ and all the 
\*(t, r, p) vanish for all ¢ in M and all (r, p) carried at (yo(t), zo(¢)), and this con- 
tradicts Theorem 10.1 of NC. Since )° is positive, there is no loss of generality 
in assuming that \° = 1. Again by hypothesis (13.3), not all the derivatives 
0g/dzz are zero, so by (13.12) not all the numbers ¥“(1) are zero. We have thus 
shown 


(13.14) At least one of the numbers y*(1) is negative. 


Next we establish a lemma concerning the solutions of equations (13.8). 
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Lemma 13.1. If the functions y°(t) satisfy equations (13.8), and all the numbers 
y"(1) are negative, and the functions us (t) (a * B; a, 8B = 1,--- , m) are non- 
negative, then the functions y(t) are all negative on the entire interval 0 S t S 1. 

Suppose that the lemma is false. There is then a number & in the interval 
[0, 1] such that some one of the y“(t) vanishes at & , while all y“() are negative 
for & < ¢ S$ 1. We abandon the summation convention. For almost all ¢ 
in (&, 1) we have 


() = -y Vue) => —¥" us («@=1,---,m), 


by (13.8) and the hypotheses. For such ¢ the function y“(é) is negative, so this 
implies 


(13.15) VOWO = —veO 


for almost all ¢ such that & <¢< 1. Choose a number + such that & < 7 S 1, 
and integrate both members of inequality (13.15) from 7 to 1. We obtain 


(13.16) log |¥*(1) | — log |v") | = — J wtaes [Jus lat 


This implies that log | ¥“(7) | has a finite lower bound, so that all the y*(é) are 

bounded from zero on the interval & <¢< 1. But this contradicts the assump- 

tion that one of these functions vanishes at é& , and so the lemma is established. 
As a corollary to Lemma 13.1 we have 


Lemma 13.2. If the functions y*(t) satisfy equations (13.8), and the numbers 
¥°*(1) are non-positive and the functions y(t) (a * B; a, B = 1,---, m) are 
non-negative, then the functions y“(t) are non-positive on the interval 0 S t S 1. 

Let y(t, €) be the solutions of (13.8) with initial values y*(1, «) = y*(1) — «. 
By Lemma 13.1, the functions y*(¢t, e€) are negative on [0, 1] for all positive «. 
Since the solutions of the differential equations are continuous functions of the 
initial values, as « tends to zero the negative-valued functions y“(t, «) tend 
uniformly to y“(t, 0) = y*(é), so that these are non-positive. 

We have already seen that if the hypotheses of Theorem 13.1 are satisfied, 
so are the hypotheses of Lemma 13.2. So by Lemma 13.2 and (13.10) we have 


(13.17) The functions y*(t) are non-positive, and at no point t in [0, 1] do they 
all vanish. 


The final step in our proof is to establish the following statement. 


Lemma 13.3. For all t in M, there is only one vector (ro, po) carried by Ce 
at (yo(t), 20(t)). 


Let (ro , po) and (r, p) be non-null vectors carried at (yo(t), zo(t)). By (13.1) 
the vector 7 is non-null; otherwise (7 , po) would be null. Likewise r is non-null. 
By Theorem 10.1 of NC, 


F,«(yo(t), zo(t), To» Po» d) _ F,i(yo(t), zo(t), Tr, Py d) (i ad 1, ts n). 
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Recalling that the multipliers (A°, \*) are (1, —y“(d)), we see that this becomes 
—¥"*(Ohri(yo(t), zo(t), 7) = —¥"(hri(yo(t), zo(?), 7). 

If we multiply both members of this equation by r‘ and sum, by virtue of the 

homogeneity of h* we obtain 

(13.18) —y"(t){h*(yo(t), zo(t), 7) — r“hri(yo(t), zo(t), 70)} = 0. 

By Lemma 13.2 and hypothesis (13.5) each term in the sum (13.18) is non- 

negative, so each is zero. Not all the y“(é) are zero; say y(t) = 0. Then the 

vanishing of the corresponding term in (13.18) implies 

(13.19) h*(yo(t), zo(t), r) “04 r +*(yo(t), 2o(t), To) = 0. 


By hypothesis (13.5), there is a non-negative k such that r = kro. By equa- 
tions (13.1) and the positive homogeneity of the h*, it follows that p = kpo. 
Hence (r, p) lies on the half-line (kro, kpo), kK 2 0. Since (ro, po) and (r, p) 
both have length £(C>), they are identical, and Lemma 13.3 is proved. 

Now by definition C? is an ordinary curve, so the track y = yo(t), z = zo() 
(0 s ¢ S 1) isa minimizing curve for g in the class K. The proof of Theorem 
13.1 is complete. 


14. A second theorem on Mayer problems. Another theorem similar in type 
to Theorem 13.1 is the following. 


THEOREM 14.1. Let the functions h*(y, z, r) be defined, continuous and posi- 
tively homogeneous of degree 1 in r, and of class C’ for |r| > 0. Let hypotheses 
(1.3) and (13.2) be satisfied, and also the following three hypotheses. 


(14.1) For each point in P all the partial derivatives dg/dzz are defined, continuous 
and positive. 
(14.2) For all (y, z, r) the partial derivatives 
hie(y, 2, 7) (a  B;a,8 = 1,---,m) 
are non-negative. 
(14.3) For all (y, z, r) with |r| > 0 and all? the inequality 
S*(y, z, 7,7) = h*(y, 2,7) — Phisly, z, r) = 0 


is satisfied. 
Then in the class K there is a curve C which minimizes g(y(a), z(a), y(b), 2(b)). 


As before, equations (13.12) hold, and imply \° > 0. But now (13.12) and 
(14.1) imply that 
(14.4) v7(1) <0 (a = 1,---,m). 


From hypotheses (14.2) we deduce as before that 


ug (t) 2 0 (a = B;a,8 =1,---,m;0 StS 1). 


Now by Lemma 13.1 all the functions y¥*(¢) are negative for all ¢ in (0, 1). 
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As a substitute for Lemma 13.3 we prove 


Lemma 14.1. For all tin M, the supporting set S(t) is its own first (and last) 
portion. 


Let (ro, po) and (r, p) be non-null vectors in S(t). As before, equation 
(13.18) holds, and each term in (13.18) vanishes. But no factor y*(¢) is zero, 
so this implies 


(14.5) h*(yo(t), zo(t), 7) — r’h:(yo(t), zo(t), ro.) = 0 (a = 1,---,m). 


By hypothesis (14.3), the function h*(yo(t), zo(t), r) is a convex function of r. 
By (14.5), if (r, p) is in S(t), the vector r lies in the set K, (necessarily convex) 
on which the convex function h* coincides with the supporting linear function 


r ré(yo(t), zo(t), To). 
Hence all solutions r of (14.5) lie in the convex product set 
Ko = Ky, Ke see | 


We now define K to be the set of all vectors (r, p) such that r is in Ko and 
equations (13.1) are satisfied. Since the h* are linear on Ko, the set K is the 
linear image of the convex set Ko, and is therefore convex. On it the equa- 
tions (13.1) hold, by its definition, and on it the integrand f is convex, being 
identically zero. We have seen that if (r, p) is in S(t) equations (14.5) hold, 
so that ris in Ky and (r, p) in K. Hence S(t) is contained in K. Finally, S(é) 
is its own first and last portion, and the lemma is established. 

Now the hypotheses of Theorem 6.1 have all been shown satisfied, so the 
conclusion of that theorem holds. This completes the proof of Theorem 14.1. 


15. Continuity properties of the solutions of Mayer problems. The hypothe- 
ses of Theorem 13.1 imply more than the existence of a solution; they also 
guarantee certain continuity properties of the solution. For the sake of a slight 
gain in generality we state these properties in a separate theorem. 

THEOREM 15.1. Let hypotheses (1.1), (3.1), (13.2), (13.3), (13.4) and (13.5) 
be satisfied. Let Co: y = yo(t), z = z(t) (0 S t S 1) be the standard representa- 
tion of a curve interior to E which furnishes a strong relative minimum for g(y(a), 
z(a), y(b), z(b)) in the class K. Then the functions y(t) and z(t) and the multi- 
pliers \*(t) have continuous first derivatives, and the curve Cy is normal. Moreover, 
if the functions h* are of class C* (x > 1) for |r| > 0 and the inequalities 


hyiri(yo(t), zo(t), yo(t))é'&’ > 0 (a = 1,---,m) 


all hold except when the vector & is a multiple kyo(t) of yo, the functions yo(t), 
zo(t) and “(t) are of class C*. 


By Theorem 16.1 of NC, there are bounded measurable functions \“(t) such 
that the function 


Fly, z, 17, Pp, d) = A“(t) {h*(y, z, r) -- p} 
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satisfies the conclusions of that theorem. In particular, for all ¢ in a subset 
M of {0, 1] with measure 1 the DuBois-Reymond relations hold, whence 


(15.1) Fa = —d"() = ¥"() = ca + l r*(i)hPa(yo, 20, yo) dt. 


This permits us to assume 
(15.2) MH=-V*) Ostsla=1,---,m); 


this may alter the definition of \* on a set of measure 0, but such a change is 
of no importance. We define 


(15.3) ug (t) = hzs(yo(t), 2o(t), yo(t)). 
As in §13, we find that the ¥*(¢) are non-positive and never vanish simultane- 
ously. 


In (15.1) we used m of the » = m + n DuBois-Reymond equations. The 
others are 


(15.4) Fy = “(OAM (yo, z(t), yo) = ce + [ “hy: dt, 


valid for all tin M. We now show that the function yo(t), regarded as defined 
on M, is uniformly continuous. Suppose this false. It is then possible to find 
two sequences ¢, , f, of points of M converging to a limit point & in [0, 1] (not 
necessarily in M) such that 


(15.5) lim yo(ts) =r, lim yon) = F ¥ 


On M the vector yo has length £(Co), so from (15.5) we at once deduce 
(15.6) |r| = |#| = 2). 


The functions A“ are continuous by (15.1) and (15.2); hence by (15.4) and 
(15.5) 


A (to) hPi(yo(to), zo(ta), 7) = lim A*(ta)AF(Yo(tn), Zo(tn), Yo(tn)) 
(15.7) to 
= AAS dt; 

G+ I 
and likewise 
to 

(15.8) A*(LdnE (olla), zl), #) = cx + ff r*HSaL. 
Thus the left members of (15.7) and (15.8) are equal. If we subtract them and 
multiply by 7;, we find 
(15.9) A"(to) {h"(yo(to), 20(to), 7) — FAP: (yo(to), zo(to), r)} = 0. 


The y* are non-positive, so the A* are non-negative. The factors in braces in 
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(15.9) are non-negative, by (14.5). Hence each term must vanish. Some one 
A“(t), say A“(t), is not zero; hence 
(15.10) h*(yo(to), Zo(to), #) — F'hes(yo(to), Zo(to), 7) = 0. 
By (13.5), this implies that? = Kr,k 2 0. Recalling (15.6), we see that 7? = r, 
and this contradicts the original assumptions that 7 ~ r. We have therefore 
shown that Yo is uniformly continuous on M. 

From this it follows that there exists a function r(¢) continuous on [0, 1] 
and equal to y(t) on M. Hence 


yi) = yO) + [ *(t) dl, 


so that y'’(t) is everywhere equal to the continuous function r(0). 
From the differential equations (13.1), written in the form 


(15.11) 25 (t) = h*(yo(t), zo(t), yo(t)), 


we see that z) also is continuous. From the differential equations (15.1) it 
follows that ¥“*(t) also has a continuous first derivative. In fact, if we anticipate 
a part of the proof of the last sentence of our theorem, if the functions yo and zp 
are of class C“’, the functions y(t) are of class C“"”, because of (15.3); so by 
known properties of solutions of linear differential equations the functions 
¥*(t) will be of class C“’, and so will their negatives, the \“(t). 

In the proof in §13 that \° is not zero we used only the DuBois-Reymond and 
transversality conditions. We therefore have shown that there are no multi- 
pliers (0, A“(t)) with which C, satisfies those conditions. That is, Cy is a normal 
curve. 

Let us temporarily return to the notation of §§1-8. The matrix 


F igi Gri 
’ 


| 
(15.12) R= | P " 
| Pri 





| 


in which the arguments are (yo(t), yo(t)), is necessarily singular; if we multiply 
its vy + m columns by coefficients (c; , --- , ¢,4m) proportional to (y'’,--- , y’”’, 
0, --- , 0) the combination is a null vector. If no other linear combination of 
the column vanishes, R has rank vy + m — 1. In this case the curve C> is said 
to be non-singular. From the classical theory of the calculus of variations it 
is well known that if Cy is of class C’ and is non-singular, and the functions 
fly, r) and ¢*(y, r) are of class C’, then Cy must be of class C”’. To complete 
the proof of our theorem it is then sufficient to show that when the hypotheses 
in the last sentence of Theorem 15.1 are satisfied, the curve Cy is non-singular. 

For the present problem, the p* enter F linearly, so the partial derivatives 
F, i, and F,«,8 are all zero. The matrix R of (15.12) takes the form 


| 0 0 —d8se 
(15.13) R=|| 0 Fries h% 
Sy, i 0 | 








’ 
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where 63, is the Kronecker delta. Let C,,---,C,,di,---,dn,@1, +++, be 
coefficients such that on multiplying each of the columns of R by the correspond- 
ing coefficient and adding the sum is zero. From the vanishing of the upper v 
components of the sum we see that the e, all are zero. The vanishing of the 
next m components implies 


Fi, d; = 0 (¢ =1,---,m). 
We multiply by d; and add. On recalling the definition of F, we find that 
(15.14) A“()heiri(Yo, 20, Yo) did; = O. 


The \* are non-negative; and so are the quadratic forms they multiply, by 
hypothesis. Hence each term vanishes. At least one of the A“, say A*(é), is 
not zero; hence 


(15.15) hiiri(yo , 20, Yo) did; = 0. 
By hypothesis, this implies that there is a k such that 


Turning to the last »y components of the linear combination, using the homo- 
geneity of the h*, and recalling (15.11), we find 


0 = C.(—8y) + dhs 
= —C, + kyd' (AT (yo , 2, Yo) 
= —C, + kh"(yo, 20, yo) 
= —C, + keq’(t). 
Therefore 
(15.17) C, = keg’ (1). 


This, with (15.16), shows that the multipliers (C,, d;, ea) are necessarily pro- 
portional to (zo, yo, 0), and the matrix R of (15.13) has ranky + m— 1. We 
have thus shown that Cy is non-singular and completed the proof of Theorem 
15.1. 


16. A remark concerning the determination of supporting sets. In order 
to verify the hypotheses of Theorems 6.1, 7.1 and 8.1 we must find the sets S 
which are supporting sets at given points y. The finding of these sets is made 
more difficult by the dependence of the multipliers \“(r) of the set S (which in 
Theorems 6.1 and 7.1 are the multipliers A“(¢, r) for C3) on the variables r. 
Accordingly, we shall show that under certain conditions these multipliers are 
actually independent of r. 

If at a point yo one component r* of r enters linearly, with a non-zero coefficient, 
in one of the functions ¢“(y, r) (say ¢*(y, r)), the equation ¢*(yo , r) = 0 can be 
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solved for 7* and used to eliminate r* from f(yo , 7) and all the functions ¢"(yo , r), 
a #a. We thus have the situation: 


(16.1) At y = yo the function ¢*(y, r) has the form hr* + g(r), where h ¥ 0 
and g(r) is independent of r*. 
(16.2) Aty = y all the functions f(y, r) and ¢“(y,r) (a = 1,---,a—l,a+l, 
- , m) are independent of r*. 
Our aid to computation is 


THEOREM 16.1. If the functions f(y, r), e“(y, r) satisfy conditions (16.1) and 
(16.2), and S is a supporting set at yo , with multipliers \*(r), the multiplier d*(r) 
is independent of r. 


As usual, we define 


(16.3) Fly, r, d) = Xf(y, 7) + A*(e*ly, 7). 
By the definition of supporting set, there is a constant c such that the equation 
(16.4) Fy(yo,7, A) = 


holds for all non-null vectors in S. But by (16.1) and (16.2), equation (16.4) 
has the form 


(16. 5) AM(r)h = c. 


Since h ~ 0, this implies that \*(r) has the same value c/h for all non-null vectors 
in S. 

Another remark on the application of our theorems concerns finite side condi- 
tions. If one of the ¢*(y, r), say ¢’(y, r), is independent of the r, it can be 
replaced by the equations 


(16.6) ¢yi(y)r’ = 0, 


the initial condition ¢*(y(a)) = 0 being imposed. But this device causes trouble 
in our theorems. For if we choose \° = 1 and choose all other ’s equal to 0, 
we find that the whole r-space is a supporting set and 2 vanishes identically. 
Hence if (16.6) is included among the side conditions, no point y can be ordinary 
unless it happens that the solutions of the other equations 


¢'(y,r) =0 (a=1,---,a—la+l,---,m) 


form a convex set on which f(y , 7) is convex. 

As a result, if the side conditions include equations independent of the r, it 
seems desirable to use these equations to eliminate some of the y and their 
derivatives, thus transforming the problem into one with fewer variables and 
no finite side conditions. This will be illustrated in the next section. 


17. An example. We conclude with an example in which there are three 
side conditions, one of which is a differential equation, one a finite equation and 
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one an isoperimetric condition. In this problem, as is usual in brachistochrone 
problems, the integrand has an infinite discontinuity, and also it is not quite 
trivially evident that condition (3.2) is satisfied. Briefly, we seek a curve 
joining two fixed points, lying in a surface immersed in a resisting medium, hav- 
ing an assigned moment f x ds and assigned initial and terminal velocities, for 
which the time of descent of a particle is the shertest possible. 

Let = be a surface defined by an equation 


(17.1) y = Y(z, 2), 


where Y(z, z) is defined and of class C” for all x and z. 
The effect of the resisting medium is to produce a frictional retardation R(v) 
depending on the velocity v. We assume that 


(17.2) R(v) is defined and continuous for v 2 0 and has a continuous derivative 
R'(v) for allv > 0; 

also, we assume that 

(17.3) R(v) > 0 and R'(v) 2 0 for all v > O. 

If we choose our units so that the acceleration due to gravity is 1, a particle 
traversing the curve 


(17.4) C:2 = zr), y = y, z = zd) (a sts b) 
under gravity has a velocity v(t) which satisfies the equation” 

(17.5) vb + 2+ Role +7 + ZF = 0, 

the z-axis being supposed vertical. The time of descent of the particle is 
given by 

(17.6) F(C) = [ ve + 9 + FY dt. 


Consider now the problem of determining that curve which joins two fixed 
points of the surface = for which the time of descent of a particle is least, subject, 
to the following conditions. 


(17.7) The curve lies in the surface =. 

(17.8) The initial and final velocities of the particle have assigned values. 
(17.9) Equation (17.5) is satisfied. 

(17.10) The integral 


b 
[ ale? + f° + ZP at 
has an assigned value +. 


17 Bolza, Vorlesungen tiber Variationsrechnung, p. 577. 
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For this problem we prove that if the class K of curves satisfying conditions 
(17.7), (17.8), (17.9) and (17.10) contains a curve for which F(C) is finite, it 
contains a curve which minimizes F(C). 

Our first step is to transform the problem so as to rid ourselves of the finite 
condition (17.7). From (17.1) we obtain 
(17.11) y = Yt + Y,2, 
so that 
(17.12) [#@ +7+27} = ¢(z,2,4,2 =[(% + 24+ (Ya+ Ye)". 


The function ¢ is positive unless ¢ and 2 vanish, and its &-function is positive 
except for the trivial vanishing. Our problem is now to minimize 


b 
§(C) / i*ele. 4. 0a 


subject to fixed end values for x, y, and v, to the isoperimetric condition 
b 
(17.13) / tydt = y, 


and to the differential equation 
(17.14) w+ 2+ Riv)¢e(z, z, z, 2) = 0. 


This is a problem in three-space, with codrdinates (x, z, v). We replace (2, 2, 0) 
notationally by (£, ¢, 7). 
The corresponding generalized-curve problem is to minimize 


b 
5(C*) = [ Mnlt; vO, 200, &, Dat 


in the class K* of generalized curves 
C*: [x(i), 2(2), v(), M(t; HCE, ¢, 0), M] 
which satisfy the following conditions. 


(17.15) The ends (x(a), z(a), v(a)) and (x(b), z(b), v(b)) have the values required 
for curves of K. 


(17.16) For almost all t, the equation 


un + § + Riv)go(x(), 2), &, $) = 0 
holds for all vectors carried at t. 


b 
(17.17) [ Mt; xe] dt = 7. 


We shall show that condition (3.2) is satisfied. This proof uses only equation 
(17.16) and the boundedness of x(a), y(a), z(a) and v(a); omission of the require- 
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ment that the track of C* lie in the surface (2) would merely simplify the proof 
slightly. 
On integration, equation (17.16) yields (with (17.3)) . 
t t 
J onte; ona + f onte; shat s 0. 


When we recall that ON {t; vn] = vv’ and ON{t; ¢] = 2’ for almost all t, this yields 


(17.18) 4{o'(t) — v°(a)} S —[e(t) — 2(a)). 
If we define 
(17.19) 0) = f Mle; oe, 200, & Dla, 


we readily prove 

Ut) = | 2() — 2(a) |, 
so that (17.18) implies 
(17.20) v(t) < (a) + 2H}. 
Substituting this in the definition of F(C*) gives 


FC) = f Mle; eee, 2, & Dlae 


(17.21) = [ v ‘id dt 


> [ w@ + orn ae 


= [v*(a) + 21(6)}' — v(@). 
From (17.20) and (17.21) we deduce 


(17.22) On every subclass of K* on which v(a) and (C*) are bounded, I(t) and 
v(t) are also bounded. 


From the definition of ¢ we at once see that 
(17.23) P+ s [olz, z, & dP. 
This, with (17.16), yields 
(17.24) ln| =v" [5 + ROG, z, & ) | So "'(RO) + De. 
Combining this with (17.23) gives us 
(17.25) P+ Pty s (1 t+0%(RO) + D'}¢, 
or, since a +b! > (a + b)', 
(17.26) [P+ P+ a} s (1 +0"(R@) + De. 
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By (17.22), on every minimizing sequence l(t) and R(v(t)) are bounded. 
Choose a minimizing sequence, and let M be an upper bound for J(t) and 
R(v(t)) + 1 on all the curves of the sequence. From (17.26) we obtain 


cr) =f ones e+ +a at 


(17.27) < [ Mt; g] dt + f (R(v) + LONI t; vg] dt 


= M+MS(C*). 
Hence the curves of the minimizing sequence have uniformly bounded lengths, 
and condition (3.2) is satisfied. 
It is now possible, as in §8 of GC, to choose a convergent minimizing sequence 
{C*} in K*, with a limit curve Cp in K*. Let C? be given in standard repre- 
sentation by the formula 


Ce: [xo(?), 2o(t), vo(t), Molt; v1, M)). 
We cannot at once conclude that 


(17.28) F(Co) = » = lim F(C2), 


because of the discontinuity of the integrand of $(C*) at v = 0. To avoid 
this difficulty we define 


(17.29) &,,(C*) = [ Mt; {max (v, 1/m)}~* o(z,z,&, ¢)]dt (m= 1,2,3,---). 


The integrand here is continuous, and does not exceed that of . Hence 


(17.30) Fn(Co) = lim Fa(C%) S pw (m = 1, 2, ---). 
no 
As m increases, the integrand of ,, is non-decreasing. So by a familiar theorem 
in Lebesgue integration theory, 
F(C3) = lim Fa(Co) S ps. 
m-—?o 
The curve C? is in K*, so by its definition the number y cannot be less than 
$(Co), and equation (17.28) is satisfied. We have therefore established the 
existence of a minimizing generalized curve for ‘(C*) in the class K*. 
Since y(z, z, —, ¢) is positive for every vector carried, by (17.12), at each ¢ 
of Me such that v(t) = 0 we have 


(17.31)  OM[t; {max (v(t), m™')}"e(ao, zo, & $)] = mM {t; ge] > @. 


Hence inequality (17.30) implies that vo(¢) is positive for almost all ¢ in Mo. 
The set of t on which v(t) vanishes is closed. Hence the part of Co on which 
v is positive can be regarded as the sum of a denumerable set of arcs of Ce 4 
corresponding to intervals a; S ¢ S 8; (i = 1, 2, --- ), along each of which the 
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function v(t) is positive. Our task of showing that Co is an ordinary curve 
will therefore be complete as soon as we have shown that each are a S ¢t S B 
of C> along which w is positive is an are of an ordinary curve. 

Consider then such an are. If (£, ¢, 7) satisfies (17.16) and is not (0, 0, 0), 
then (é, £) is not (0, 0), so near (£, ¢, 7) the left member of (17.16) and the 
integrand in ‘f(C*) are of class C’. Thus hypothesis (1.1) holds. Condition 
(1.2) is satisfied, as is easily verified. If now we can show that at each ¢ in 
[a, 8] the supporting set S(¢) has a first or last portion, by Theorem 6.1 the 
are a < t S B of Co will be an ordinary curve, and our statement that a mini- 
mizing curve exists will be justified. 

Consider therefore a point ¢ in [a, 6]. The supporting set S(¢) has multi- 
pliers Xo, Ar, Ae(t, & ¢, 7) such that the partial derivatives with respect to &, 
¢ and 7 of 


F(z, zZ, 0, é, f, n; d) = hw ‘o(z, z, g, ¢) + Are 
+ do(t, g, f, n)[vn + c + Riv)¢] 


are constant on the class of all non-null vectors of S(t). By Theorem 16.1, 
de(t, &, ¢, m) is independent of £, ¢ and 7; we redesignate it by \2(¢). There are 
two cases to be distinguished. 


(17.32) 


Case 1. The equation 
(17.33) hoy + At + Ae(4)R(v) = 0 
is not satisfied. 
Let (£, ¢, ») and (&, fo, m) be non-null vectors belonging to S(t). Then 


the partial derivatives of F with respect to ~, ¢ and 7 have the same values for 
these two sets, so that 


oe (2, Zz, g, g) = ¢:(z, z, fo, bo), ¢r(2, Zz, g, g) boat ¢r(z, z, fo ’ bo). 
Since ¢ is positively homogeneous of degree 1, this implies 
¢(z, z, g, g) sae fyo:(z, z, fo ’ fo) _ Ser(z, z, £o ’ fo) = 0. 
The left member of this equation is the &-function for yg, and its vanishing 
implies that & = ké and { = kf, k > 0. This, with (17.16), implies that 
nm = kn. It follows that the entire set S(t) consists of a half-line (KE, kf, kn), 
k = 0. It is then its own first and last portion. 
Case 2. The equation (17.33) is satisfied. 


If we compute the partial derivatives of F with respect to &, £ and n, we see 
that they are constants. Therefore the set S(t) contains every vector (&, £, 7) 
such that (x(t), z(t), v(t), &, ¢, 7) is admissible. We shall show that S(¢) con- 
tains a last portion. 

Because of the homogeneity of the Q-function, it is sufficient to compute it 
for vectors such that 


(17.34) (2, z, &, 5) = oz, 2, &, fo) = 1. 
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Under this assumption, recalling (17.16) and (17.33) we compute 
Q(z, z, v, & , 0, & , $0, mo, A) 
(17.35) = (—dw™* + o(t)R’(v))(n — m0) + U(E — &) 
= (Aov* — Aa(t)R’(v))v'(F — So) + a(E — &). 
It is not possible that the equations 
(17.36) ds = 0, 
(17.37) hv” — e(t)R’'(v) = 0 


both hold. For if (17.36) holds, equations (17.33) (with A; = 0) and (17.37) 
are linear homogeneous equations for \) and d:, and their determinant must 
vanish, since \), A:, and A2(¢) cannot all vanish at any ¢. But this deter- 
minant is 


v 'R'(v) + v Rv), 


and the first term is non-negative and the second positive, so it cannot vanish. 

Now, since the coefficients of £ — {) and & — & do not both vanish, as in 
§11 (from (11.8) on) we see that there is a vector (¢, £) such that the final 
member of (17.35) is positive unless (£ , fo) = (&, ¢). If we determine 7 by 
(17.16), the half-line (ké, kf, kn) through the vector thus determined is the last 
portion of S(t). 

Thus in both cases S(t) has a last portion, and the proof of the existence of a 
minimizing curve is complete. 

Of course a minimizing curve still exists if the conditions are relaxed, pro- 
vided that we still demand the boundedness of z(a), y(a), z(a) and v(a). If 
we omit the isoperimetric condition (17.13) and leave v(b) free, we have the 
well-known problem of the brachistochrone on a surface in a resisting medium. 
The requirement that the curve lie in the surface (17.1) may also be dispensed 
with. If we dispense with the resisting medium, the analysis fails, since (17.3) 
is not satisfied. But then v can be eliminated from the integrand in F, and we 
get the familiar form 


F(C) = [ (@ +9 + 2)/(@ — 2} dt. 


To this the analysis in §11 applies, even if we impose, say, the isoperimetric 
conditions 


b 
[ a@t e+e aay, 


b 
[ +7 + 27} d=. 
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AN ANALOGUE OF THE STAUDT-CLAUSEN THEOREM 


By L. Car.itz 


1. A set of rational functions B,, of an indeterminate z is defined by means of 
: 3 = . Bn t” 
v(t) m=0 Jm ‘ 
where the several quantities involved are defined as follows. Put 


[k] = 2" — 2, 


pn(k~1) 


Fy = [k[k — 1)” --- [1] » =), 
L, = [k][k — 1] --- [1], Lo = 1; 
the function in the denominator is given by’ 
Vv) = > oS r. 
Further for 
m = a + ap" + --- + ap™ (0 S a <p’), 
write 


gm = Fo°Fy'--- Fe", go = 1. 


Thus B,, is defined for all m = 0 and vanishes if m is not a multiple of p" — 1. 
From the formula 


1 Bn ™m n 
where the summation extends over all primary polynomials E = E(x) with 


coefficients in GF(p"), and where 
(x”” s Pir) 


lk P 





= lim 
kao 

it follows that 
B,, # 0 for p" — 1|m. 


In discussing properties of B,, we therefore assume that m is a multiple of 
p" — 1. Note that the coefficients involved in B,, lie in GF(p), that is, are 
integers (mod p). 


Received October 10, 1940. 
1See this Journal, vol. 1(1935), pp. 137-168. 
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The following theorem on the fractional part of B,,—analogous to the Staudt- 
Clausen theorem for the Bernoulli numbers—was proved some time ago:” 


For given m > 0, the system 


s—1 s—1 
-— = } 2 ap", p™ -ia ym a4, 
i=0 i=0 
(1.1) nk—1 s—l 
a= 2) asp’, p-ie p> aij, ai 2 0, 
= i= 


is either (i) inconsistent, or (ii) consistent for a single value of k, in which case the 
a; , ai; are uniquely determined. In case (i) Bm is integral; in case (ii) 


Bu = Gu -e D5 (p” ¥ 2)," 


where G,, is integral, the summation is over all irreducible P of degree k, and 


(— sync. +++8a,) 
e= e 


I (cj!) 


The purpose of the present note is (1) to replace the conditions (1.1) by the 
following simpler conditions: 





m = 1 Bap" (0 < & < p), 
(1.2) 
nk(p — 1) = X Br, p™ — 1|m; 


and (2) to simplify the original proof—more precisely the proof of Theorem 8 in 
that paper. 


2. We first show that systems (1.1) and (1.2) are equivalent. If we assume 
that (1.1) is satisfied, it follows almost immediately that (1.2) holds. For put 


(2.1) Bri¢s = Oi; (0 Sj < nk); 
then 


> Bap” al , opt — i p b> jp = > pa; =m; 
Xe = 2 Daw = 2 — 1) = kp — 1); 
m= ap™ = Ya =0 (mod p™ — 1), 


so that the several parts of (1.2) are verified. 


? This Journal, vol. 3(1937), pp. 503-517. 
3 That is, a polynomial. 
‘For p" = 2, see p. 517 of second reference. 
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Conversely, assume that (1.2) is satisfied. We may put 


s—l nk—1 
(2.2) m = > ap", a = p> aj’, 0Sa;Sp-—1; 


clearly (2.1) holds. From p™ — 1|m and the first of (2.2) it follows that 
(2.3) p™ —1| Ya. 


Next write 


(2.4) Lai = Dap’ = Lap’, 
2 


i i 
where for brevity 
gE = p Qj. 
Again by (2.1) 


DBs - De Batis - De aij - Dé: 


and therefore, by one of the conditions in (1.2), 


nk—1 
(2.5) > ¢, = nk(p — 1). 
,— 
From (2.3) and (2.4) follows 
nk—1 , 
(2.6) 4 iP = po(p™ — 1), 
— 


where yo is an integer > 0. Multiplying both members of (2.6) by p and 
eliminating p™ on the left, we get 


cop +++) + ene ep + ena = a(p™ — 1), 


where yu; is an integer > 0. Continuing in this way we get the following system 
of equations: 


(2.7) cop? + ee) + enk—jap | + ene j H+ + ena’ = u(p™ — 1) 
(0 <j < nk - 1), 


where yu; is an integer > 0. We shall show that 4; = 1. For adding cor- 
responding members of (2.7) we get 


> «6D vp’ = LDui-(p™ — 1), 


so that 


De = (P- 1) Dw. 





Com 
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Comparison with (2.5) leads to 


nk—1 
D mj = nk; 
j=0 
but since each yu; 2 1, it follows immediately that 
(2.8) ay = 1 (0 Sj = nk —- 1). 
Now using the j-th and (j + 1)-th equation in (2.7) we get 
€nk—j-1 = Pej — Hin = DP — 1 (j < nk — 1), 
by (2.8); finally «& = p — 1 in view of (2.5). Thus we have proved 
«= Laj=p-1 0 Sjsnk-)})), 
and therefore the last equation in (1.1) is verified. 
Note that for given m the first equation in (1.2) uniquely determines 6, , 
and it is easy to check whether the remaining equations in (1.2) are satisfied. 


Incidentally it is evident from the second equation that if a k exists it is neces- 
sarily unique. 


3. We employ the same notions that were used in the former paper. In 
particular we shall call the series 


<) 
An 
Ze 2. =f, 
m=0 Jm 
where the A,, are integral, an H-series. Thus the sum, difference and product 
of two H-series is again an H-series. Let H,; denote an H-series without con- 


stant term; we have the result that H}/9x is an H-series. 
By the congruence 


M 
es 
3 
“3 
I 


A! 
=> = t” (mod P) 
we shall understand the system of congruences 
An = A, (mod P) (m = 0,1, ---). 
Then by the result quoted we have 
H?™“ =0 (mod P), 
for P irreducible of degree k; more generally we have 
(3.1) H} =0 (mod P) (A 2 p™), 


since in this case g, is a multiple of F; . 
We are now able to give a simplified proof of the following lemma (which 
may be considered the principal point in the proof of the main theorem). 
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Lemma. For P irreducible of degree k, 


(3.2) vu) = (o> - oy ——",. 
Put 
(3.3) v= = a (—1)*¥;, 
where 
i= Ee 


Then we have 


” dated 


FRis; 
ee 


Fae It 
kit+i+ 


=> (— "ag 
=> (-— 1)" 


; ” sia 
=(§+0D (-p*4,— (mod P), 
kitd+l 
where as above [k] = 2” "* _ + Thus we see that 
(3.4) P” = [j + lis: (mod P) 


for] < k — 1, while for 7 = k — 1 we have 
P", =0 (mod P). 
Now from (3.4) follows 
ve = Fh, 
e” = [2\y?” = Fae, 
and generally 
(3.5) 3” = Fi; (mod P) 
for j < k; for 7 = k the congruence becomes 
’" =0 (mod P). 
Since F; # 0 (mod P) forj < k, we get from (3.3) and (3.5) 


(3.6) vad SP ve” (nod P). 


Turning now to (3.2), put 
yet = (yey 
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and substitute from (3.6). Then we get 


p” p"™—1 
yr = ( o- Fe + ++) Of — ...)”"*... 


prk—} 


= Yo + R, 


where R stands for the sum of the other terms obtained by expanding the 
product in (3.7). Clearly each term in R involves vi, where \ = p™, and there- 
fore by (3.1) each such term = 0 (mod P). We have therefore 


vy" = yi" (mod P), 


so that we have proved the lemma. 


(3.7) 


4. As an instance of the use of (1.2) we may easily show that for given k > 0 
there exist infinitely many m satisfying (1.2) and therefore also (1.1). Indeed 
it suffices to put 

B=p—1 (0 Sh S nk - 1), 


nk—1 p™ pee 1 

(4.1) m= 2) Bp” = (p — 1). 
h=0 p-1 

If now we take 

(4.2) \} =1 (mod nk), 

but otherwise arbitrary, then 


nk—1 nk—-1 


m=(p-1) LD p=Q-) DLP 
h=0 h=0 
=p" —1=0 (mod p™ — 1); 
also 
nk—1 nk—1 
B. = (p— 1) DY 1 = nk(p — 1), 
h=0 h=0 


so that (1.2) is verified. 
From the above we have the following corollary to the main theorem: 
For fixed k > 0 there are infinitely many B,, with fractional part 


1 
deg P<t P" 


In general it suffices to take m as given by (4.1) and (4.2). However, for 


p" = k = 2, we take 
=2*'4+2 > = 1 (mod 2). 


Dvuxe UNIVERSITY. 











ARC-SPACES 


By J. W. T. Younes 


Introduction 


In the study of the structure of a continuous curve, G. T. Whyburn intro- 
duced and widely applied the notion of a cyclic element.’ One of the interesting 
results of the theory is that, if each cyclic element of a continuous curve is con- 
sidered as a point of a hyperspace (that is, we may say, if the continuous curve 
is reduced modulo cyclic elements), then this hyperspace displays a dendritic 
structure. This phrase is not usually intended to imply that the hyperspace 
is a space in any well-defined sense. In fact, it serves only to draw attention 
to the similarity between cyclic chains and ares, and above all to the property 
that the cyclic chain between any two points is unique. As a matter of fact, 
the hyperspace usually bears no resemblance to a Peano space. In this the 
situation is quite different from that encountered when we have an upper semi- 
continuous partition of a Peano space; for, if we reduce the Peano space modulo 
the elements of the partition, the resulting collection can be topologized so as 
to be a Peano space again. 

An example will serve to illustrate the point. Consider two tangent circles 
in the zy-plane. Here we have exactly three cyclic elements (one degenerate 
and two true) so that the hyperspace consists of three points. What is the 
meaning of the terms space and are when applied to a situation of this sort? 

One sense in which we may speak of the collection of cyclic elements as a 
space, and more particularly a dendrite, follows as a consequence of some general 
results obtained by R. L. Moore.” More recently, some unpublished results of 
A. D. Wallace might be applied to this situation. 

It may be said that our main purpose is to consider the question outlined 
above. In doing so a study will be made of spaces (known as arc-spaces) 
satisfying a certain set of axioms in terms of the notions of point and are. We 
shall attempt to parallel the essential features of the work of Whyburn on 
Peano spaces so as not to have to go into detail where the proofs are of a standard 
character. 


Received July 21, 1939; in revised form, July 27, 1940. This paper was begun while 
the author was in residence at Charlottesville. He wishes to take this opportunity to 
thank Professor G. T. Whyburn for offering him the facilities of the Department of Mathe- 
matics at the University of Virginia. 

1 For a bibliography of the literature up to the year 1930, see C. Kuratowski and G. T. 
Whyburn, Sur les éléments cycliques et leurs applications, Fund. Math., vol. 16(1930), 
pp. 330-331; and also G. T. Whyburn, On the structure of continua, Bull. Amer. Math. Soc., 
vol. 42(1936), pp. 71-73. 

?R. L. Moore, Fundamental Theorems Concerning Point Sets, Rice Institute Pamphlets, 
vol. 23, no. 1, 1936; especially p. 74. 
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An are-space will be found to display a definite structure in terms of its 
cyclic elements, and when these are considered as points of a hyperspace, the 
hyperspace can be ‘“‘topologized” so as to be an are-space. In fact, the hyper- 
space will be found to be a dendrite in the sense that there is one and only one 
are joining any two points of the hyperspace. The hyperspace of the hyper- 
space will be a dendrite and a repetition of the process yields no essentially 
different space. We shall proceed to develop these remarks by considering 
first the well-known concept of ordered set. 


I. Preliminaries 


1.1. Suppose that a denotes a set of distinct elements z, y, z, ---. The set 
a is said to be ordered if there is a binary relation R defined for distinct elements 
of the set a such that: (1) If z and y are distinct elements of a, then either 
rRyoryRe. (2) fxeRyandy Rz,thenzRz. It follows that z R y ex- 
cludes y Rx; for, otherwise x Rx by (2) and R is defined only for dis- 
tinct elements. 


1.2. If z Ry, then z is said to precede y and y is said to follow x. An element 
of a which is not preceded by any is called the first element of a; one which is 
not followed by any is called the last. Any ordered set in which we are interested 
will have both a first and a last element. If a is the first and b the last element 
of an ordered set a, then by a(a, b) will be understood the system consisting of 
the set a together with the ordering relation R. 


1.3. It is convenient to replace the notation z R y by the equivalent form 
x < y [a(a, b)], or y > zx [a(a, b)]. One reason for doing this is the following. 
Another binary relation R™* may be defined in a as follows: x R™ y means 
y Rx. This is called the reverse order and now b is the first while a is the last 
element of the set. This newly ordered set is denoted by a(b, a) and the nota- 
tion x R™ y is replaced by x < y [a(b, a)], or y > x [a(b, a)]. 


1.4. If it is necessary to consider the set of elements in a(a, b) without any 
reference to their order, then the comma in the notation is omitted and the 
symbol a(ab) is used. Thus a(ab) = a(ba) because they consist of the same 
elements. As a rule this care to distinguish between the ordered set a(a, b) 
and the set a(ab) will not be necessary. 


1.5. Two ordered sets a;(a; , b:) and a(az , be) are said to be the same (nota- 
tion: a;{a; , b:) = ae(a2, be)) if and only if (1) a;(ajb:) = ae(aebe), (2) r < y 
[a;(a; , b:)] implies x < y [ae(ae, be)). 

1.6. If a(a, b) is an ordered set, and x < y [a(a, b)], then by the segment 
a(x, y) of the ordered set a(a, b) we shall mean the ordered set whose elements 
consist of all z’s such that x < z S y [a(a, b)], and whose order is defined by 
the convention that u < v [a(z, y)] if and only if u < v [a(a, b)).’ 


3’ By z S y [a(a, b)] we mean that either z = y or z < y [a(a, b)}. 
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1.7. If a:(a, x) and a(x, b) are ordered sets having only z in common, then 
their sum [a;(a, 2) + ae(z, b)] is understood to be the ordered set a(a, b) whose 
elements are [a;(az) + ae(xb)] and whose order is defined as follows: u < v 
[a(a, b)] if and only if uw # v and in addition one of these three conditions is 
fulfilled: (1) u < v [a;(a, x)], (2) u < v [ae(z, b)], (3) u € a:(az), v € ae(zxb). 


1.8. If Eis any subset of the set a(ab), we say E has an order relative to a(a, b). 
In fact, if z, y e E, then x R y if and only if x < y [a(a, b)]. We can speak of a 
first and last element of E along a(a, b) if such elements exist. The ordered set 
a(a, b) is said to be well ordered if each of its non-null subsets has a first element. 
Our principal interest will be a property which may be called a modification of 
this. Suppose that we are given a class K of ordered sets whose elements are 
chosen from a set 1. The class K is said to be proper if for every a(a, b), 
a(c, b) « K, the set of points common to both has a first element along a;(a, b). 


1.9. Mention should be made of what is known as a cut of a(a, b). A cut 
[L, U] of a(a, b) is a classification of all the elements of a(a, b) into two non- 
vacuous sets Z and U such that if le and wel’, thenl < u [a(a, b)]. A cut 
is said to be localized unless there is no last element in L and no first element 
in U. 

II. Arc and arc-space 

2.1. Let the symbol 1 stand for a set of elements (called points) which will 
be denoted by the small Latin letters a, b,c, ---. Suppose that there is given 
a class K of ordered subsets a(a, b) composed of two or more distinct elements 
of 1. Suppose further that each a(a, b) contains a first and last element which 
we shall denote generically by a and b respectively. 


2.2. It is agreed that any ordered set a(a, b) ¢ K will be called an are from a 
to b, while the class K will be called the class of ares in 1. The term are will be 
applied to an ordered set of elements in 1 only if it is in K. 


2.3. If x < y [a(a, b)], a(x, y) ¢ K, a:(zy) C a(ab), then the are a;(z, y) is 
called a subare of a(a, b) from x to y. The points a and b of the’ set a(ab) are 
known as end points of the are a(a, b). The notation a(ab)° is used to mean 
the set [a(ab) — (a + b)] which is called the interior of the arc a(a,b). If a(ab)° = 
0, then a is said to be adjacent to b and the relationship is denoted by a/b.‘ 


2.4. If the set of elements of 1 together with the class K satisfy the following 
axioms, then the system consisting of points and ares is known as an arc-space. 

Al. Symmetry of arcs. If a(a, b) ¢ K, then a(b, a) « K. 

A2. Existence and uniqueness of subarcs. If x < y [a(a, b)], then a(z, y) « K 
and is the only subare of a(a, b) from z to y. (See §§1.6 and 2.3.)° 


4 The concept is similar to the primitive concept of contiguity used by R. L. Moore, 
loc. cit., p. 1. 

5 By a(z, y) we understand a subarc of a(a, b). If we wish to deal with another arc 
from z to y, the notation a(z, y), a’(z, y), etc. will be used. 
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A3. Completeness of space. Every cut is localized. (See §1.9.) 

A4. Finite additivity of arcs. If a,(a, x) and ae(z, b) are ares and have only 
x in common, then their sum is an are. (See §1.7.) 

A5. The set K is proper. (See §1.8.) 

A6. Connectivity of space. Any two points of 1 are end points of some arc. 


III. Some consequences of the axioms 


The axioms are clearly abstracted with the properties of ordinary ares in 
mind. Some of the more immediate consequences are presented below. 


3.1. THEoREM. No proper subset of an arc can constitute an arc with the 
same end points. 


The proof is made by using A2. 


3.2. THEoREM. [If two arcs a,(a, b) and a(x, y) have the property that a(ab) = 
ae(ry) but ar(a, b) # a(x, y), then a2(x, y) = ay(b, a). 


Proof. First suppose that b S x < y S a [a(b, a)]. By A2, a(z, y) isa 
subare of a(b, a) from z to y. But a(zy) C a;(ba) = a(xy), hence by §3.1, 
a,(z, y) = a(x, y). It follows that a,(b, a) = a(z,y), Ifa Sr<ysb 
[a(a, b)], a similar argument shows that a2(z, y) = a:(a, b), and this is ruled out 
by hypothesis. 


3.3. If there are two arcs a;(a, x) and ae(z, b) such that they have only z in 
common, then their sum is an are a(a, b) by A4. Now z ea(ab) and so there 
are unique subares a(a, x) and a(z, b). Using A2, we easily see that a;(a, x) = 
a(a, x) and a(z, b) = a(z, b). 


3.4. By definition, a/b if and only if there is an are a(a, b) such that a(ab)’ = 
0. A priori, there is no reason to suppose that there should not be another 
arc, say a;(a, b) such that a;(ab)° ~ 0. Because of A2 we are able to prove 
the often applied 


Tueorem. If a/b, then there is no arc a(a, b) such that a(ab)’ ¥ 0. 


Proof. If there were such an are a(a, b), then a + b C a(ab). But because 
a/b, a and b in this order constitute an are from a to b, and this is contradictory 
to §3.1. 


Coro.tiary. If a/b and b/c, then a/c is false. 


Proof. If a/c, then a and ¢ in this order form an arc fromatoc. But by A4 
there is an are a(a, c) consisting of a, b and c in this order. 


3.5. A point z is said to be adjacent to y along a(a, b) if x < y [a(a, b)] and z/y. 
The reader will readily be able to construct examples in which a point may be 
adjacent to any number of points. One such is the following. Let the points 
of the space consist of the points on the circumference of the unit circle and 
the center 0. Let a and b represent points on the circumference. Ordered sets 
of the following type make up the class K. (1) a, 0, b. (2) 0,a. (3) a,o. 
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It is easily verified that this is an are-space with every point on the circum- 
ference adjacent to the center.’ 
In particular, however, we have the following easily proved 


TuHeorEM. If x/y along a(a, b), then x is not adjacent to any other point 
along a(a, b). 


3.6. In the study of Peano spaces an important property of ares is that if 
an arc from a to b and an are from d to c have a point in common, then unless 
a is the same point as c, there is an are from atoc. A similar situation exists 
in arc-spaces. 


THEOREM. (Given a;(a, x), ae(x, b) and a # b, there is an arc a(a, b) such that 
a(ab) C [a;(ax) + ae(xb)]. 


Proof. Using A5, suppose that z is the first point of a;(a, x) which belongs 
to a(x, b). Ifa # z ¥ b, then a(z, b) has no point other than z on a,(a, z). 
By A4, a(a, b) = [a,(a, z) + ae(z, b)] isan are. If z = a or b, the theorem is 
obvious. 


Corouiary. If an arc a(a, b) guaranteed by the hypothesis of the above theorem 
is such that a(ab)’ = 0, then a/b along a,(a, x) or b/a along a2(b, x), not both. 


Proof. Suppose that a/b is false along a;(a, x) and b/a is false along a2(b, x)- 
Then using the method of the theorem we get an are a’(a, b) which has at least 
one interior point. This is impossible by §3.4. On the other hand, if a/b 
along a;(a, x) and b/a along a2(b, x), consider a;(b, x) and a2(a, xz). It is true 
that ae’ a(bx) and be’ ae(ax); hence the method of the theorem gives an are 
a’(a, b) which must have at least one interior point. This is again impossible. 


IV. Examples of arc-spaces 


One example of an arc-space has already been given. Perhaps the most 
natural example is that of a Peano space with the ordinary interpretation of are. 
In this section attention will be fixed on the independence of the axioms and a 
few more examples of arc-spaces. 


4.1. We shall exhibit a space satisfying all the axioms except A5. The 
reader will have no difficulty in constructing similar examples to show inde- 
pendence on the part of the other axioms. 

In the zy-plane consider the set of points (0, —1), (0, 1), (x, 0) forO < x $1. 
This set of points will constitute the points of the space. We shall completely 
describe the class K if we describe all the arcs between any two points as end 
points. If a and 6} are on the z-axis, then a(a, b) is unique and is the segment 
of the z-axis from a to b with the ordering taken from the axis itself. If a = 
(0, —1), 6 = (0, 1), then a(a, b) = a,b. To conform with Al, a(b, a) = b, a. 
In case a = (0, —1), and b is a point (x; , 0) on the z-axis, a(a, b) consists of the 


6 This also gives an example of different arcs which have the same interior. 
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set a + E[0 < x S 2,], where a is the first point and the ordering of the other 


points is taken from the z-axis in increasing order of magnitude. a(b, a) con- 
sists of the reverse order. If a = (0, 1) and b is on the z-axis, a similar defini- 
tion of a(a, b) is adopted. But now the are from (0, 1) to (1, 0) has no first 
point in common with the are from (0, —1) to (1, 0), though the other axioms 
are satisfied. 


4.2. The example of this section will later serve as an explanation for the 
unusual definition of a true cyclic element. 

The points of the space are those in the zy-plane which satisfy the inequality 
1s2°+y <4. Ifaand b are on the same ray, then the segment of this 
ray joining them is the unique are a(a, b). If a and b are both on the circle 
xz + y° = 1, then the arc of this circle joining a to b in the counterclockwise 
direction is an arc a(a, b). That joining a to b in the clockwise direction is 
another. Suppose a is on the inner circle but b is not. If xz is the point where 
the ray containing 6 cuts the inner circle, then we have previously defined a 
unique a(z, b) and two possible ares a;(a, x), a2(a, x). The ordered set [a;(a, 
xr) + a(z, b)] is an are a;(a, b) fori = lor 2. (See §1.7.) The reverses of these 
ordered sets constitute arcs from b to a. If neither a nor 6 is on the inner 
circle, or on the same ray, then we define the ares a;(a, b) for i = 1, 2 similarly 
using three steps and always employing segments of rays to get to the inner 
circle. It is not difficult to see that this is an arc-space. 


4.3. For our final example the points of the space are the points (z, y) of the 
open square 0 < x < 1,0 < y < 1 and the origin. If a and b are in the open 
square, any ordinary arc in the open square is an are a(a, b). If a is the origin 
and b is any point in the open square, an arc a(a, b) consists of an are in the 
ordinary sense, which, however, must have an initial segment from a lying on 
the line y = x. The reverse of such an arc is an are from b toa. It is again 
not difficult to see that this is an are-space. 


V. Connected sets 


5.1. A set E is said to be connected if a, be E and a # b imply that there 
exists an arc a(a,b) C E. In particular, if Z consists of a single point, then E 
is connected. 

Using the theorem of §3.6, we easily prove the following 


TueoreM. If I is a collection of connected sets and there is a connected set E 


such that every set G eT has a point in common with E, then E + >G is connected, 
where the summation is taken over all the sets G in T. 


5.2. If a e E, the component S, of E containing a is the set consisting of a and 
all points z such that there exists an arc a(a, x) C EZ. It is a simple matter 
to prove the following 


TuHroreM. If S,-S, + 0, then Ss = S. 
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THeorEM. S, is the maximal connected subset of E containing a. 


5.3. A point z is said to cut the space (set E) between a and b if x ¥ a, b and 
the components S, and S, of 1 — x (E — 2) are distinct. A point z is said to 
cut the space (set E), or is said to be a cut point of the space (set E), if it cuts 
the space (set EZ) between two points. 


THEoREM. If x cuts the space between a and b and a(a, b) is any are from a 
to b, then x € a(ab). 


Proof. If the theorem is false, then there is an are a(a, b) such that x e’ a(ab); 
i.e., a(ab) C1 — x, and so S, = S, by §§5.1 and 5.2. But then x does not cut 
the space between a and b. 


5.4. THeorem. If every arc a(a, b) between a and b is such that it passes 
through a fixed point x # a, b, then x cuts the space between a and b. 


The proof is immediate. 


5.5. THeorem. If we have 2/22 along a(a, b) (see §3.5), then for any a’(a, b) 
it is true that 2/2, along a’(a,b). In particular, if z; # a, b, then z; cuts the space 
between a and b fori = 1, 2. 


It is easy to see that a contradiction of the theorem leads to a contradiction 
of §3.4. 


5.6. THEoreM. If y €a(ab)° does not cut the space between a and b but there 
is at least one point which follows y on a(a, b) and does cut the space between a 
and b, then there is a first such point. 


Proof. LetxeLif x S y [a(a, b)], or if, for x > y [a(a, b)], a(y, x) contains 
no points which cut the space between a and b. Let z¢«U otherwise. By A3 
we get a point z such that w > z [a(a, b)] implies that a(z, w) contains a point 
cutting the space between a and b, while y < w < z [a(a, b)] implies that a(y, w) 
contains no such point. Consider any a,(a, b). If we use A5 on a(z, b) and 
a,(a, b), the above property of z in conjunction with §5.3, and §5.5 if necessary, 
it follows that z €a,(ab). Therefore, by §5.4, z cuts the space between a and b. 
Hence y < z [a(a, b)}] and z is clearly the first cut point following y. 


5.7. DEFINITION. a is said to be conjugate to b (notation: a ~ b) if for any 
a ¥ a, b the components S, and S, of 1 — z are identical.’ 


Remark. If a/b, then a ~ b. 


5.8. A point z is said to be an end point of the space if it is an end point of 
every are which contains it. 


5.9. THroreM. If a point is conjugate to no point and is not a cut point, then 
it is an end point. 


Proof. Let y be the point. If the theorem is false, then there exists an arc 
a(a, b) which contains the point y and y ¥ a,b. As y is not a cut point, y ~ b 


7 See Kuratowski and Whyburn, loc. cit., p. 306. 
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or it is conjugate to the first cut point between y and b. (See §5.6.) This is 
contrary to hypothesis. 

We cannot assert that an end point is not conjugate to any point as it might 
be adjacent to some point. 


5.10. The relationship of conjugacy is obviously reflexive and symmetric, 
though not transitive. However, we do have the following 


THEoREM. Jf a ~ x ~ b and y cuts the space between a and b, then x = y. 


Proof. If y # x consider 1 — y. Nowa ~ az, hence S, = S,. Butz ~b 
and so S, = S,. Therefore S, = S,, and this is contrary to hypothesis. 


Corotuary. Ifa~xz~banda~wy~b, zx # y, thna~ b. 


VI. Cyclic elements 


If we examine the example of §4.2, we see that every point, with the excep- 
tion of those on the outer circle, is a cut point. If we define a true cyclic ele- 
ment as the totality of points conjugate to a non-cut point which is not an end 
point, then in this case we find there are no true cyclic elements.’ It seems 
desirable, however, for the inner circle of our space to be considered as a true 
cyclic element. The definition adopted brings this about and is at the same 
time equivalent to the above cited definition in a Peano space. 


6.1. A true cyclic element is the totality of points conjugate to each of two 
distinct points which are conjugate to each other. That is, if a # 6, anda ~ b, 
then they generate a true cyclic element M (a, b) defined by the rule that x « M(a, 
b) if and only if a ~ z ~ b.” 

A degenerate cyclic element is a cut point or an end point. 


6.2. THroremM. If x, ye M(a, b), and x # y, then x ~ y and M(a, b) = 
M(z, y). 


Proof. x~a~yands ~ b ~ y, therefore x ~ y by the corollary to $5.10. 
Hence the notation M(z, y) is justified. If z¢M(a, b), thenz~a~a2,z~ 
o~z2,andsoz~ «2. Similarly,z ~ y. Therefore ze M(z, y). Hence M(a, 
b) C M(z, y). Similarly, M(z, y) C M(a, b). 

We shall conclude by stating a sequence of theorems which follow in as 
simple a fashion as the above. 


6.3. Furorem. If M(a,b).M(c,d) Dx + y (x # y), then M(a, b) = M(e, d). 
6.4. THrorem. If M(a, b)-M(c, d) = 2, then x cuts the space. 
6.5. THEorEeM. The cyclic elements cover the space. 


8 A treatment of cyclic elements using this weak transitivity was given by T. Radé at 
the April meeting of the American Mathematical Society in Chicago, 1939. 

® See Kuratowski and Whyburn, loc. cit., p. 306. 

10 In a Peano space this definition of a cyclic element is equivalent to that of Kuratowski 
and Whyburn, loc. cit., p. 306. 
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VII. Sets of type 
7.1. A set H is of type H if it fulfills the following condition: 
(@): If a and b are two distinct points in E, then every arc a(a, b) is contained 
in EB." 
The empty set fulfills condition (@) vacuously, as does any set consisting of 
but a single point. 
7.2. THrorem. If Z isaconnected set and H is of type KH, then Z-H is connected, 


7.3. THeorem. If x cuts H, a set of type K, between a and b, then x cuts the 
space between a and b. 


7.4. It will be noticed that we deviate somewhat from the usual procedure 


in the study of cyclic elements in a Peano space by considering sets of type 
: » A £ % 


instead of sets of type @. This difference is unavoidable as we have no concept 
of closure in an are-space. The frontier point of a component of the comple- 
ment of a set of type @ played an important réle in the cyclic element theory. 
To get to the analogous situation we proceed in the following way. 

If ae H, b « S, (where, unless otherwise stated, H is of type and S, is the 
component of 1 — H containing b) and a(a, b) is any are from a to b, then a 
point z is said to have property (f) on a(a, b) if z ea(ab) and x > z [ala, b)] 
implies xz e S, , while x < z [a(a, b)] implies x ¢ H. 

THEeorEeM. If ae H and beS,, then on each a(a, b) there is a point z having 
property (f) on a(a, b). 

Proof. Let xeL if x = a, or afar) CH. Otherwise rel’. By A3 there 
is a z such that if x < z [a(a, b)], then a(axr) C H; and if x > z [a(a, b)], then 
a(azr) € H. In the first case x eH. In the second, suppose that xe’ S,. In 
the event xz ¢H property (¢) is contradicted as a(ar) € H. Therefore ze’ H 
and soxeS,. But a(z, b) joins z of S, to b of S,in 1 — H. This means 
S, = S,. Therefore x « S, and the theorem is proved. 


Coro.tiary. The point z defined above must belong to H or to Sy . 

7.5. THrorem. If ae H, b € S, and on a certain a(a, b) there are two points 
21 < 2 [a(a, b)] having property (f), then z:/z2 and z € H, 2. € S,. 

Proof. a(z:, 2) = 2, 2; for if there were a point w e€a(zz)°, then w < 
22 [a(a, b)] and so weH, but w > 2 [a(a, b)], hence we S,. Since 2 < Zz 
[a(a, b)], 21.¢ H and me S. 

Coro.tuary. There cannot be three points with property (f) on a(a, b). 


7.6. THEorEM. [f z; € a:(ab), 2; € a2(ab), and z; has property (f) on a;(a, b) for 
i = 1, 2, then z; has property (f) on a3_;(a, b) fori = 1, 2. 

Proof. Suppose a ¥ z; ¥ b fori = 1, 2,and 2 < z[a(a, b)]. Thenza < z 
[ae(a, b)]; for if z2 < 2; [ae(a, b)], then 2, « H, but 2; < 22 [a;(a, b)] implies z2 € S . 


11 See Kuratowski and Whyburn, loc. cit., p. 317 and p. 321. 
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Now ay(z:z2)° € S,, and ae(zz2)° C H. It is a simple matter to show that 
a2(2:22)° = 0 and so both are empty, for otherwise property (¢) is contradicted. 
The theorem now follows. The other cases may be handled similarly. 


7.7. THeoreM. If z has property (f) on a(a, b) and a, e H, b; € S,., then there 
exists an arc a'(a; , b;) such that z has property (f) on a’(a; , b:). 


Proof. Let the points be distinct. Take any a(a; ,a) C H and a(b; , b) C 
S,. Now a(a;, a) and a(a, z) contain an are a;(a,, z) C H + z, by §3.6, 
while a2(b; , b) and a(b, z) contain an arc a(b,,z) CS +z. But by A4, [as(a,, 
z) + ay(z, b;)] forms an arc a’(a; , b;) and z has property (f) on it. The proof is 
similar in the other cases. 


7.8. THEorEM. If z, has property (f) on a:(a, b) and z has property (f) on 
az(a, b), then z; € a3_;(ab) and z; has property (f) on as_;(a, b), fori = 1, 2. 


Proof. Suppose a ¥ z; ¥ b (i = 1,2). Nowif z ¢’ a(ab), consider ae(z: , 6) 
and a;(z,, b). We have an are a(ze, 21) C ae(ze, b) + ai(z, b) by §3.6. If 
a(zez:)" = 0, then a,(a, b) contains z and z,, by §§3.7 and 5.5. Hence 0 ¥ 
a(zez:)” C S,. Similarly, a2(z2, a) and a(z,, a) contain an are a’(z,, z;) such 
that 0 ¥ a’(ze:)’ CH. 

Now a(z, 21) and a’(z, z:) have only their end points in common, and it 
follows by the use of §3.4 that a’(z:z:) must contain at least two points. But 
this contradicts property (¢). Hence z¢a;(ab). Similarly, z; €a:(ab). By 
§7.6 it follows that z; has property (f) on a3_,(a, b) fori = 1, 2. The proof is 
similar in the other cases. 


Coro.tiary. If z has property (f) on a(a, b), then z has property (f) on any 
a(a, b), and z cuts the space between a and b if z ¥ a, b. 


Coro.tiary. If z has property (f) on a(a, b) and a, eH, b; e S,, then z has 
property (f) on any a(ay , b;). 


7.9. The results of the above section show that if we are given a set H of 
type K and a component S of the complement of H, then a point z having 
property (f) along a certain are a(a, b) with one end point in H and the other 
in S, will also have property (f) along any are with one end point in H and the 
other in S. In other words, while the definition of a point z having property 
(f) along a(a, b) implied that the property was relative to the arc, we now see 
that it is really a property asso¢iated with the sets H and S. A point z of the 
above character will in the future be called a frontier point between H and S. 
In this new terminology we see that (1) there exists a frontier point between 
H and S, (2) it must belong to H or to S, (3) there can be at most two frontier 
points, (4) in case there are two, one belongs to H while the other belongs to S, 
and the two are adjacent. 

The two theorems below follow immediately from the above discussion. 


7.10. THEoreM. Ij z is a frontier point between H and S, and aeH, be 8, 
a, b ¥ z, then z cuts the space between a and b. 
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7.11. Derinition. If z eS is the only frontier point between H and S, then 
z is known as a stray frontier point between H and S. By H* we shall under- 
stand the set H together with all of its stray frontier points. 


THEoREM. If z isa stray frontier point between H and S, then it is not adjacent 
to any point of H. 


7.12. Lemma. If x¢H and S isa component of H — z, thena(a,r) CS +2 
for any arc a(a, x) if aeS. 


Proof. If S is degenerate, S = a and therefore afar) =~ a+2rCS+2- 
If S is non-degenerate, suppose y €a(az)’. If there is no such y, the theorem is 
obvious. Consider a(a, y). Since H is of type KH, a(ay) C H, and as z é’ a(ay), 
a(ay) CH — z;i.e., a(ay) C S. Therefore a(ax) C S + z. 


7.13. THeoreM. If x eH and S is a component of H — gz, then S + x is of 
type H. 

Proof. If S is degenerate, the theorem is obvious. If S is non-degenerate, 
take two distinct points a, b e (S + x), and consider any a(a,b). Now a(ab) C 
H, and if ze’ a(ab), then a(ab) C S. If x € a(ab), then afar) C (S + x) and 
a(xb) C (S + x) by §7.12. Therefore, a(ab) C (S + z) and the theorem is 
proved. 


7.14. For a set H of type KH the operation of adding the stray frontier points 
is quite similar to the operation of taking the closure of a set in ordinary topologi- 
eal spaces. One difference is that whereas E has a meaning in a topological 
space for every set E, the set H* is defined only if H is of type K. 

The reader will have no difficulty in showing that if H, and H, are of type KH, 
and H,-H, ¥ 0, then H, + Hz is of type KH. From this it follows that (H,; + 
H:)* = Hi + H?. Itisalso true that 0* = Oand p* = pforanypel. Finally, 
H* is of type H and in fact (H*)* = H*. This leads one to hope for an extension 
of the operation H* to sets which are not necessarily of type , an extension 
which will make the operation formally identical to the operation of taking the 
closure of a set. 

In this connection a result which will be applied later is that if H; D H2, 
then Hi > H? . 


VIII. Characteristic properties of cyclic elements 


By the cyclic chain from a to b (a ¥ 6) we mean the set C(a, b) = [][H, where 
the product is taken over all sets H of type H containing a and b.” 

It is evident that for any two points a and b there is one and only one cyclic 
chain C(a, b), and it is a set of type H. The meaning of C*(a, b) is clear from 
§7.11. 


12 See Kuratowski and Whyburn, loc. cit., p. 311. For Peano spaces the definitions are 
equivalent. 
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8.1. THEorEM. If a ~ b anda = b, then there are no cut points of C(a, b). 


Proof. Suppose x«C(a, b), x # a, but possibly zx = b. Let S, be the 
component of C(a, b) — x containing a. Now (S, + 2) is a set of type KH by 
§7.13, and as a ~ b it follows by §7.3 that be (S,+ 2x). Therefore, (S, + z)D 
C(a, b) by definition. But (S, + x) C C(a, b). Hence S, = C(a, b) — x and 
there are no cut points of C(a, b). 

Remark. The reader familiar with the theory of cyclic chains in a Peano 
space will recognize this proof as standard. One of the results of Kuratowski 
and Whyburn is that if a ~ b then M(a, b) = C(a, b)." We shall see that this 
formula has to be somewhat modified in an arc-space. In fact, let us consider 
the example of §4.3. If z denotes the origin while a and b are points in the 
open square, then C(a, b) is the open square and M(a, b) is the whole arc-space. 
Hence M(a, b) # C(a, b). The correct formula is that of §8.3. Notice that 
z is a stray frontier point of C(a, b). 


8.2. THEorEM. If a ~ b anda = b, then there are no cut points of C*(a, b), 
The proof is made by using §§8.1 and 7.11. 


8.3. THrorEM. Ifa ~ banda = b, then C*(a, b) = M(a, b). 


Proof. We shall first show that M(a, b) C C*(a, b). If x & C*(a, b), then 
xz eS, a component of 1 — C(a, b). Hence there is a frontier point z between 
C(a,b) and S,. (See §7.9.) Ifz =z andisastray frontier point, then z e C*(a, 
b); hence if z = 2, it is not a stray frontier point. This means that there is 
another, z; ~ a say, between C(a, b) and S, which cuts the space between 
aandz. Hence a is not conjugate to z and so z e’ M(a, b). 

On the other hand, if z # z and z + a say, then a is not conjugate to z and 
ze’ M(a, b). Hence M(a, b) C C*(a, b). 

It is easy to see that C*(a, b) C M(a, b); for, if z e C*(a, b), then by §8.2, 
x ~aand z ~ b, and this means that z e M(a, b). 


Coro.tiary. A cyclic element M contains a frontier point of any component 
of 1 — M. 


8.4. The relation between cyclic elements and connected sets is expressed in 
the following 


THEOREM. A non-degenerate connected set E is a true cyclic element if and 
only if it contains no cut points of itself and is saturated with respect to this property.” 


Proof. Suppose E is a true cyclic element M(a, b) and a proper subset of a 
set A. By §6.2 no point of E cuts it so we have only to prove that some point 
of A cuts A. We may assume that A is connected, otherwise the fact is estab- 
lished. Take zxeA, xe’ M(a, b). Now z is not conjugate to a or it is not 


13 See Kuratowski and Whyburn, loc. cit., p. 311. 
14 A set is said to be saturated with respect to a property if it has the property but is 
not a proper subset of any set having the property. 
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conjugate to b. Suppose that some point cuts the space between zx and a. 
Since A is connected, this point must be a point of A and must cut A. (See 
§5.3.) 

To prove the sufficiency, take a ¥ b;a,b¢« EH. No point outside EZ can sep- 
arate a from b. Moreover, for pe EZ, E — pis connected. Hencea ~ b. In 
fact, ifreH, thenz ~aandz~b. Thus E C M(a,b). On the other hand, 
no point of M(a, b) cuts M(a, b) and so E cannot be a proper subset of M(a, b) 
by hypothesis. Hence E = M(a, b). 


IX. Sets of type and cyclic elements 


9.1. It is important to know something of the structure of sets of type K. 
In this connection we have the following 


THeoreM. If a connected set E has the property that any cyclic element having 
two points in E is contained entirely in E, then E is a set of type K. 


Proof. Suppose that the theorem is false. Then there exist a pair of points 
a, b « E and an arc a(a, b) containing a point p which is not in E. Take any 
a(a,b) C EF. There is at least one such arc since EZ is connected. There is a 
first point of a(p, a) in common with a(b, a) and this point cannot be b, as 
b e a(p, a), nor can it be p, as pe’ a(b, a). Call it a,eH. There is a first 
point on a(p, 6) in common with a;(a; , b) and this point is distinct from a, and 
p. CallitbeH. Now a(a,, bi) and a(a; , b;) have only a; and 6; in common. 
Hence a; ~ }; and p is conjugate to both. Therefore p « M(a;, b:), but M(a,, 
b,) C E by hypothesis. 

Remark. E need not be a set. of type H which has the additional property 
that E = E*. 


9.2. THeoreM. [If H is of type KH, and a cyclic element M(p, q) has two points 
in H, then M(p, q) € H*. 


Proof. Suppose that p,qeH. Now M(p, q) = C*(p, q). But C(p, q) is 
contained in H by its very definition, and this implies, by §7.14, that 
C*(a, b) C H*. 


X. Cyclic chains and cyclic elements 


10.1. Following the customary notation, let K(a, b) be the set of points cut- 
ting the space betweenaandb. Let X(a,b) = a+ K(a, b) +b + 3M, where 
the summation is taken over all cyclic elements M having two or more points 
in common with a + K(a, b) + b. 

Consider any are a(a, b). Now a+ K(a, b) + b is contained in a(a, b) and 
so it is ordered with respect to a(a, b) (see §§5.3 and 1.8). But more than this, 
it is easily seen that the ordering of a + K(a, b) + b is independent of the are 
a(a, b) in the sense that it is the same with respect to any two ares a;(a, b), 
fori = 1,2. In this fashion a + K(a, b) + 6 constitutes an ordered set which 
we shall designate by (a, b). Two points of (a, b) are called consecutive if 
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there is no point of (a, b) between them. One might expect that by consider- 
ing ‘K(a, b) as an arc from a to b we again get an arc-space, but this is not the 
case as A4 certainly does not hold. However, the following statements can 
easily be proved. 


10.2. If a true cyclic element M has two points in common with some a(a, b), 
it contains exactly two consecutive points of (a, b). 


10.3. Each pair of consecutive points in (a, b) is contained in a true cyclic 
element. 


10.4. If two true cyclic elements in X(a, b) have a point in common, it is a 
point of (a, b). 


10.5. If x « K(a, b), it is contained in at most two true cyclic elements of 
X(a, b). 


10.6. Any point on a(a, b) belongs to at least one and at most three cyclic 
elements in X(a, b). 


10.7. Any are a(a, b) is contained in X(a, b). 
10.8. X(a, b) is connected. 


10.9. Given any are a(a, b) and an are a(p, q) with the property that it 
has a non-vacuous interior in X(a, b) and that at most p and q are points of 
a(a, b), then a(p, g) is a subset of a single cyclic.element in X(a, b). 


10.10. Of a somewhat more difficult character is the following 


TuHeoreM. If acyclic element M has at least two points in common with X (a, b), 
then it is in X (a, b). 


Proof. Suppose that the theorem is false. Consider the case in which M 
has no points in common with K(a,b). Then it has exactly one point in common 
with each of two distinct true cyclic elements M, and M; in X(a, b). If M; 
has a; and b; in K(a, b), and M.M; = p; for i = 1, 2, we shall show that 
P2™~a,,b,. Take any z ¢1 distinct from p,anda,. If z ¥ p:, thenas p,~ p; 
and p; ~ a, it follows that p. and a; are in the same component of 1 — z. If 
xr = pr, then p, ~ a; and as p, e’ K(a, b), there is an arc omitting p; and joining 
a, to ag. Therefore p2 and a; are in the same component of 1 — z. Hence 
D2 ~ a. Similarly pp ~ b,. Therefore p; , p2 ¢ Mi, by §6.1, andso M = M, 
by §6.2.° Hence M does have points in K(a, b). The proof is similar in the 
other cases. 


10.11. THzorem. X(a, b) D C(a, b). 


Proof. X(a, b) is a connected set having the property that if any cyclic ele- 
ment has two points in X(a, 6) it is contained entirely in X(a, b). Hence by 
$9.1, X(a, b) is a set of type KH containing aandb. Therefore, by the definition 
of C(a, b), X(a, b) D C(a, b). 
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10.12. THzorem. X(a, 6) D C*(a, b). 


Proof. Let z be astray frontier point of C(a,b). Then z e’ a(a, b) C C(a, b). 
Let p € a(a, b) and consider any arc a,(p, z). There is a first point of a;(z, p) 
which is also on a(a, b). Callitg # z. Now0 ¥ a(zq)° C C(a, b) C X(a, b). 
Hence by §10.9, a(z, g) belongs to a single cyclic element in X(a, b). 


10.13. THzoreM. X(a, b) C C*(a, b). 


Proof. C(a, b) is a set of type containing a and b. Hence C*(a, b) con- 
tains any cyclic element having two points in common with C(a, b) by §9.2. 
Hence C*(a, b) certainly contains X(a, b). 


10.14. As a consequence of §§10.12 and 10.13 we get the following 
TuroremM.” X(a, b) = C*(a, b). 


The importance of this theorem is that for any two points in 1 the set X(a, b) 
when considered as a class of cyclic elements, is unique. 


XI. The hyper-space = 


11.1. If the class of cyclic elements of 1 is considered as a class of points, we 
call it a hyper-space 2. Strictly speaking, the term hyper-space should not be 
applied until we have defined the meaning of the term arc for this collection of 
elements. We proceed to do this in such a fashion that the six axioms for an 
are-space are satisfied, and, in addition, the space has the property that there is 
only one are between any two points. Such an arc-space is called a dendrite. 

A point in 2 will be denoted by a capital Latin letter enclosed in brackets; 
e.g., [A]. A will denote the set of points in 1 which constitute the cyclic element 
denoted by [A] when it is considered as an element of >. 


11.2. If [A] ¥ [B] are two points of 2, then by an arc from A to B in 1 which 
is proper at A we mean an arc a(a, 6) with the following properties: (1) ae A, 
beB. (2) If A is non-degenerate, then at least two points of A are in a(a, b). 

To obtain an are proper at A, take ae A, be B, a # b, and consider an are 
a(a,b). Ifa = A, then a(a, b) is proper at A. If this is not the case, then two 
cases arise: (1) be A. (2) be’ A. In (1), a(a, b) is proper by definition. In 
(2) a may be the only point of a(a, b) in A. If so it is a frontier point. Pick 
aj # a,a,¢eA. Now any arc a(a;, b) contains a by §7.8 and so is proper. 

By a proper are from A to B we mean an arc proper at A and also at B. 
That the definition is non-vacuous may be shown as above. It follows that 
if A is non-degenerate, then any proper arc from A to B contains a frontier of A 
belonging to A, and so a cut point. 


11.3.. If a(a, b) is a proper are from A to B, consider [X(a, b)] as a collection 
of cyclic elements, not as points of 1. That is, [X(a, b)] consists of: (1) the 
cyclic elements in K(a, b), each of which is a point cutting the space between 


18 See Kuratowski and Whyburn, loc. cit., p. 316. 
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aand b. (2) The true cyclic elements which have two points in common with 
‘K(a, b). (3) The cyclic element a, in case a = A. (4) The cyclic element b, 
in case b = B. 

Using the facts of Part X we see that the elements [X(a, b)] have a definite 
order relative to the proper arc a(a, b). In fact, let us say [P] < [Q] [a(a, b)] 
if and only if the first point of P-a(a, b) precedes the last point of Q-a(a, b) 
along the are a(a, b). 

It is easy to see that the order above defined is independent of the proper are. 
In other words [X(a, b)] both in content and order depends only on A and B. 
It may further be shown that the first element is [A] while the last is [B]. 

We shall speak of the set of cyclic elements [X(a, b)], defined and ordered 
as above, as an are a([{A], [B]) from [A] to [B] in 2. 

It will be noticed that A6 is obviously satisfied, and in addition there is a 
unique are between any two points of 2. 

In what follows, we shall see that for this definition of arc in = the six axioms 
of §2.4 are satisfied. In doing this the general plan will be to work with a proper 
are a(a, b) in 1 and from its properties derive the analogous ones for a({A], [B]). 
The two sections below will serve to illustrate this remark. 


11.4. Suppose [P] and [Q] are elements of the are a({A], [B]) and [P] < 
[Q] [a({A], [B])]. There is a proper are a(a, b) from A to Bin 1. If p is the 
first element of P-a(a, b) and q is the last element of Q-a(a, b) on a(a, b), then 
a(p, q) is a proper are from P to Q. Now [X(p, q)] is simply the totality of 
cyclic elements [R] of [X(a, b)] such that [P] S [R] S [Q] [a([A], [B])] and the 
ordering is consistent with the ordering of the cyclic elements in [X(a, b)]. 
Hence A2 is satisfied in >. 


11.5. Next, suppose that the elements of an are a([A], [B]) in = are divided 
into two non-vacuous classes L’ and U”’ such that L’ + U’ = a({A], [B]), and 
[P] « L’, [(Q] « U’ implies that [P] < [Q] [a({A], [B])]. 

Let a(a, b) be a proper arc from A to B and consider the points of 1 on a(a, b). 
Let x ¢ L if the last cyclic element in X(a, b) containing z is in L’. Let rel’ 
otherwise. By §10.6 every point on a(a, b) must belong to at least one and can 
belong to at most three cyclic elements of X(a, b). By A3 there is a last point 
in L or a first point in U, possibly both, along a(a, b). 

If there is a last point in L, then there is clearly a last element in L’. If there 
is no last point in L, then there is a first point zin U. The last cyclic element 
of X(a, b) along a(a, b) which contains z does not belong to L’; for, if it did, 
then z would be a point of L. On the other hand, no cyclic element of X(a, b) 
whose last point along a(a, b) precedes z can belong to U’. Hence one of the 
cyclic elements containing z is the first of U’. (There may also be a last element 
of L’.) Hence A is satisfied in =. 


11.6. The two preceding sections illustrate the general method of proof 
in showing that = is an are-space. = satisfies the axioms, roughly speaking, 
because any proper arc in | satisfies the axioms. 
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It follows rather easily that [A]/[B] if and only if one is a degenerate cyclic 
element contained in the other. 


11.7. If we describe the operation of considering the hyper-space of an arc- 
space as reducing the arc-space modulo cyclic elements, then this operation can 
be applied effectively only once, in that after one application the hyper-space is a 
dendrite and remains a dendrite through further applications of the operation. 
An objection might be raised, in that while the character of the succeeding 
spaces does not change, since they are all dendrites, the number of points in a 
space may increase. For example, consider the Peano space consisting of two 
tangent circles as an are-space. The hyper-space consists of three points of 
which one is a cut point and the other two are end points. But each end point 
is adjacent to a cut point and so we have two true cyclic elements in =. The 
hyper-space of = accordingly has five points, and so on. 

The trouble is, of course, that we consider adjacent points as constituting a 
cyclic element. If we rule that a true cyclic element must consist of more than 
two points, then the theory goes over with hardly the change of a word and it is 
now possible to assert the final 


TuHeorEM. Reduction of an arc-space modulo cyclic elements leaves the hyper- 
space unchanged. 


Tue Onro State UNIVERSITY. 














FUNCTIONS GENERATED BY DEVELOPING POWER SERIES IN 
CONTINUED FRACTIONS 


By A. MARKOFF 


This paper, although published long ago, remains unknown, evidently be- 
cause of language difficulties. It contains important results concerning zeros 
of orthogonal polynomials, results susceptible of further developments. In 
view of the ever-growing interest in the field of orthogonal polynomials, it seems 
desirable to make this work of Markoff accessible to a larger group of readers 
by means of an English translation. The translator has adhered faithfully to 
the original, except for employing Perron’s notation for continued fractions, 
the abbreviation [ai,jJ¢"° for the determinant 





| ao Qi ees Qn-1 | 
ay) Qe eee An 
| ’ 
| &n—1 an *e* Qen—2 
and ;,;{a:,,Jo" for the same determinant with the column a; , aj4;,--- and 
the row a; , a@j41, --- crossed out. In addition, he has numbered formulas and 
theorems in order to facilitate references. 
Let 
So , Si , Se 
1 eating — — eee 
(1) = + z + Z + 


be a power series arranged according to integral negative powers of the variable z. 
By successive divisions it is possible to transform it, as is known, into the 
continued fraction 


1 1 

(2) 3 et a Pager re 
lq \ge 

where gi, 92, --- are polynomials in z. 


These polynomials evidently depend also on the parameters Sp , S; , Se, --- 
We assign to the parameters 








(3) . So ’ Si alll Som—2 ’ Sem—1 
real values for which none of the determinants 
So S: 
A, =S8S Ae = z trey A, = [S in 
1 0» 2 Si, Se p+qi0 
vanishes. 


Received October 26, 1939. Originally published in the appendix to Memoirs (Zapiski) 
of the Imperial Academy of Sciences, vol. 74, no. 2(1894), pp. 1-30. Translated from the 
Russian by J. Shohat of the University of Pennsylvania. 
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Such being the case, q:, G2, ---, Qe,» -**» Ym are polynomials in z of the 
first degree. Accordingly, transforming, by the known rule, the fractions 


Fe nt ener. eee. oe. Pane 


q'igm la’ "lige Ie? ge Ie 


into ordinary fractions 











(4) gilt) ox(t) | eel) | gm(2) 

¥i(z)’ yo(z) ¥ie(2) ” Ym(x)’ 
we may take 
(5) v(x) = Pow + Pret + Poet? + +--+ Pras’ 
and determine the ratios 

. P Pir 

from the equations 
(7) SiPow + SinsPiax +--+ + SinePen = 0 (i = 0,1,--- 


The latter are equivalent to the condition that in the product 


wofs +54... 


x 
the terms in x", x *, --- , x * vanish. Whence, 
_1)-# 
(8) Py o UP 
Ak 
The function y;(z) once determined, it is easy to determine also 
(9) ou(t) = Qo + Qruet t+ + Quer, 
which equals the integral part of the product 
So , Si \ 
ata) + z + ae 


In fact, this last condition yields the following formulas: 
Qoe = SoPiz + SiPon + +++ + SraPrx, 
aX = SoPan + +++ + SeoPex, 


(10) 


| qm 


»& — 1 


The coefficient P;,,, remains as yet undetermined. This ambiguity, of course, 
disappears in the expression for the fraction ¢gx(r)/¥x(z). Moreover, if the 
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numerator and denominator of the fraction ¢»(z)/W~m(x) are to be determined 
by the known formulas 


(11) ¥i(z) = qi, Yo(z) = Geyalz) — 1, -++, Ym(Z) = Gmbm—a(Z) — Ym-2(z), 
gi(z) = 1, ga(z) = @, +++, Gm(Z) = Gmem—1(Z) — Ym-2(Z), 
the following equation must be satisfied: 
(SoPi4 + SiP2n + --- + SeaPen)Powa — Pow(SoPiza + SiP2an 


+--+ + SeePiinua) = 1, 


(12) 


i.e., 


(13) ex(O)¥rs(0) — gra(O)¥(0) = 1. 


At this point, it is helpful to introduce the determinant 


| | S&S 

| 

[S; pe Set 
(14) s=| re 

Sx 

ager « 





and its minors A,,; of the first order. A;,; means (—1)**? times the determinant 
obtained from A by crossing out the column S;, Sis:, Sise,--- , Sizen, 0 
(1, fori = k) and the row S;, Sj, --- , Sjxx forj = 0,1, 2,---,k — 1; for 
j = k we cross out the last row 0, 0, --- , 0, 1. 

With these notations, the ratios 


Pox Pir Pye 
15 5 ew roe : 
(15) Pus’ Per Pex 


may be written in the form of fractions 





Dow Are Ar—1k 
(16) ose” Be 





and the ratios 


Porras Para Py-2e-1 
’ 5 °o lor 
Pyraka’ Pras Py-ae-i 


(17) 





in the form of fractions 








Aoe-1  Are—t Ax—2,e-1 
1 arene ’ eee ’ ~ e 
(18) Oe’ Apa Ar- 
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The equation (13), or its equivalent equation (12), we now rewrite as follows: 
(SoArx + SyAa% + +++ + Sp-2Anae + Sp1Ax,x)Ao,e—1 


(19) 
— (SoA + SiAexa + +++ + Sy Ag—ae_s Aor = Ar Ara ’ 
Pre Praa-a 


or 
So(A1,4A0,n-1 — AoeAr,e-1) + Si(Ae2,4eAon-1 — Ao,e Aen) + +> 


(20) AA 
+ Sy-2(Ac—1,44o,z-1 — Ao An—te—-1) + SrtA x Aona = on 
Pre Praia 


On the other hand, as is known from the theory of determinants, 


Ai. Mona — Aox.Are—a [S.J 
= i+jJ2 








A 
Ao: Ao,k-1 — Aor Aeon = 
Ae,kAo,k—1 . orAstt _ _ S.J, 
(21) As,xAo,n-1 — Ao,cAsz—1 _ (S..32°> 
A = 3klSizih , 





As-rn40.2-1 — Aer As-1,0- ” . 
k—1,k40,k—1 z kOk—1,k-1 oa (—1)* * 1S" 4 





and 
Sol Siz ie”? — SiewlSiedi | + --- + (—1)* See eealSin sl 

+ (—1)* "Si [Si4,J** = Og = A. 
Therefore, condition (13) yields the following equations: 


Ay Axa Ar-1 
PyiiiPi. = —. 
(22) k Pix | er k—1,k—14 k,k A: 
Moreover, we must put P;,, = So’ = Aj’ in order to get ¢;(x) = 1. 
We thus find successively: 


Ai A} AA; 
P22 = an’ 8 = Ata? ee FSS 's 
and in general, 
(23) Paa = AiAs +++ Ata Poyioy. = AsAé --- An 








Ai AS +++ Age Acys 


The functions y¥x(z), ¢x(z) are now completely determined. Finally, we derive 
91, 92, °** 5 Gey *** »y Gm as integral parts of the fractions 


vit) volt) —— e(@) (2) 
1’ y(t)’ elt)’ —” Yona)” 


AZ AG -+- Agoda 
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We notice, without further discussion, that the coefficient of z in the expres- 
sion for gx is Pixe/Praz-a- 
Now turn to the roots of the equation 


(24) v(x) = 0, 


which we denote by z;,, , each particular root specified by the index 7. We now 
represent the fraction gx(x)/yx(x) as’ 





Rix 
(25) ee 
where 
(x; Py) 
(26) 2, « S. 
: Ve(Zi,n) 


Expanding the sum (25) according to negative powers of z and keeping terms 
nvolving powers of 1/z less than 2k + 1, we must get 


S&S ,8 Su 
he ba 


x 
We thus get the equations 
(27) D Riverine = 8, (l/=0,1,---,2k — 1), 


which serve to solve the problem about the increase or decrease of the zeros of 
(24) under some specified variation of the numbers 


(28) So, Si,-++, Sora. 
First, we limit the parameters 
(29) So, Si, +++ , Sem—2 
by the inequalities 
(30) he > @ te > O--+, a PO Q+>>, ba OO 
With such limitations, all coefficients Pi;, Po2,---, Pee,---, Pmm are 


positive, as seen from (23). Thus, the sequence 

Wm(X), Wm—1(2), > ++ , Wel), Hea(Z), +++ , a(x), 1 
has all properties of a Sturm sequence, and none of the equations 
(31) Ym(t) = 0, Yma(z) = 0, ---, w(x) = 0, --- , Wiz) = 0 


has imaginary or multiple roots. Moreover, the numbers 








32 Rix = on (tea) = : 7 
(32) 1“ We(Zie) — We-a( in) a (Tix) 


are positive, since Yx-:(zi,.) and ¥i(zix) have the same sign. 


1 We exclude the case of multiple roots. 
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It is readily seen that all roots of each equation (31) are positive, if to the 
inequalities (30) we add 


(33) Si > 0, [Sis]t > 0, cae (Siz; = > 0. 
The subsequent discussion is confined, for brevity, to the zeros of the equation 
(34) ¥m(z) = 0 


which we denote by z;. We also replace R;,» by Ri. We proceed to solve 
the following problem: What are the variations of the zeros {z;} of the equation 
(34) under infinitely small variations of the parameters (3)? In other words, 
we wish to form the derivatives dz;/dS, and to determine their sign under the 
limitations stated above. 

To this end, differentiate the equations (27). We get 








(35) > Rat" dz; + D x} dR; = dS, (l = 0,1, ---, 2m — 1). 
Form the determinant 
0 0 1 1 
1 1 TM Xm 
221 ci ya x kak 2, 
(36) ay vine nin “een won Ba 
lei ras lem zi ae zi, 
(2m —1)ai™"* «-- (2m — ae? fe .... 
and its minors D;,; of first order (¢ = 1, 2,---,m). Here D;,, is obtained from 
D by crossing out the column 0, 1, 22; , 323, --- , (2m — 1)z3"~ and the row 
let, lay", ---, Wk" ai, 2b,---, 2. With these notations, (35) gives 
dz; i+l+1 D,, I 
(37) R; as, = (-—1) D° 


It remains to present D;,, and D in the simplest possible form. Here the 
determinant 





1 1 1 1 1 1 
hy tb tm x Ie Im | 
(38) f=) @€ -- © @ @ + & 
a, es ee et ee ae 
involving m arbitrary quantities t, , &, --- , tm proves useful. In fact, a simple 


expression is known for 7’, namely, 
(39) T = (Im _ Lm—1) (Lm = XLm-2) = (Im _—. th) (Lm—1 = Lm-2) ied (t = th), 
and 


(40) = Go), torte 
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We thus find, without much difficulty, 
(41) D = (—1)'""*? (2m — tm-1)"(2m — Zm-2) = ++ (Ze — 21)‘. 


Furthermore, if we arrange 7 according to powers of ¢; and denote by 
(—1)**'"7;,,, the coefficient of t} , then D;,: is 





( gr Ts. ) 
Ot; Ate eee Ot;_1 Ote41 eee Otm bpeery, ces bpm yp meeimys bp i ts tse lm em 


and (—1)'*'7;,:/Ti2m-1 is the coefficient of tj in the expansion in powers of 
t; of the product 


(42) (ti — 4)(ti — b) «++ (ti — Gea) (4i — bins) «++ (4 — tm) (ti — ta) «+ (Cs — Dm). 
Hence, (—1)'*'D;,: equals the coefficient of ¢} in 
(ti — 21)(ti — 2) ++ (ti — Dia)(ti — Tiga) --- 
(t; — m)(ti — t1)(ti — Ze) --+ (ts — Lm) 


(43) 


multiplied by 


(44) ( ali T i2m—1 ) 
Ot; Ate +++ Otj_sOtj41 +++ Otm bpezye ses bg —peeim— as be timei¢ie ss: teem 


On the other hand, we have the following expression for 7';,2m—1 : 





T iom—1 = (Lm — Lm-1) + +> (Lm — bigs)(Zm — bin) +++ (bina — t-a) 


+++ (4 — &)(b — t). 


(45) 


This, combined with the above results, yields 
; Cin 
{yn(xi)}*> 


where C;,; is the coefficient of z' in the expansion in powers of z of the product 


(46) (—1)'"Dir = (— 1)?" (ay, — m1) "(em — Zm—2)* + ++ (22 — 21)! 











(47) Pim(z — m)° +++ (@ — 2-4)"(e — 2)(@ — tint)’ +--+ (2 — tn)? = Yn(z) 
t— % 
Hence, 
: C; 
48 anki pte -_ D ° ’ i,t , 
(48) —_ , {Ym (i) } 
dr ¢_yyittn Dir _ Cin 
- Bas, OD Gar 


Assume now that the determinants (30), as well as (33), are all positive. 
Then all quantities 


(50) ai, Ri, (—1)'"Cin 
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are positive too, whence 


(51) (—3)"™ a — (—31)*"* 


We have thus established the following 
THeorEM I. As long as the determinants 


Cia 


——;-_—, 0 
Rival 


i _ | So Si | = __ y2m—2 
(52) A, = &, “o=\2 S|?°°"? An = [Silo ’ 
. |S, Se! a ~— 
(53) am = Si, AM =| gfe AM = [Sait 
remain positive, the roots of the equation y»(x) = 0 increase, if S;, S3, --- , Sem—1 
increase and So, Se, --- , Sem—2 decrease. 


A similar conclusion holds for the determinants (52), (53). 


TuHeoreM II. Jf S,, S3, Ss,--- , Sem—s tnmerease and Sy, S2,---, Some 
decrease, then the determinants (52) decrease and those in (53) increase, as long 
as all these determinants remain positive. 


In order to prove this statement, observe that 


1 Am 4 da” 
(54) (—1) ds; and (—1) ds; 
may be represented as sums of determinants obtained from A,, and A‘” respec- 
tively by crossing out one row and one column at whose intersection the parame- 
ter S, is located. We proceed to show that all such determinants are positive 
as long as the determinants (52), (53) remain positive. 
In fact, denoting by © any one of the former determinants, and introducing 
the above quantities R; , z;, we may put 


| - Rap > Rat** os DY Rapte- 
Se = Rao bo Ryxo?*® ae yo Ryxg?*m-1 | 
a na" pw Ryagn-1t cor pm Rarer *6m-1 
where the integers a, a2, --- , @m—1, 8:1, Be, --- , Bm—1 are subject to the in- 


equalities 0 S a, < ag < --- < Gms Sm;0 SB < fe < +--+ < Bau Sm; 
G31i- a1 Sm— 156i —-Ai Sm 1. 

By the theorem on multiplication of determinants, we may represent Q as a 
sum of m determinants, each of which is a product of two determinants: 


_ oo< oo xh} Ryne: gin-t 
Q = RR, --- Ra-1| --- — +e Sen coe | He cee 
Tea +++ Zena in --- yt 
z;' ree 237" xi er aon 
zs! ose) goers Das slate aa 
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On the other hand, if with arbitrary quantities t,, &,---, tm-1 and with 
integers Ai, Ae, --- , Am—1, Satisfying the inequalities 


we form the determinant 


| te th? Ss fn-1 | 
(55) a ty? es ano 
’ 
ac&-- & 





its ratio to the products (tt, --- tm—1)""(tm—1 — tm—2)(tm—1 — tm-3) «++ (ts — t) 
-(ts — t)(t — &) certainly equals one of the following expressions: 


1, tr + het e+ + bait, bile + tile + --- + bnole-i, 


tl «++ tmo +--+ + bls --- tm. 
We may add that this ratio equals 


1, if We — Ar = As — Ae = --+ = Amit — Ame = 1; 
ht tt--» + tm, if Ama — Ama = 2; 
tile + +++ + tm—otm— , if Am—2 — Ams = 2; 


ee 


In all cases, this ratio is positive if t; , 2, --- , tm. are positive. Therefore, for 
positive t;, 4, ---, tm+, the product of the two determinants of type (55), 
differing by the values of the exponents Ai, Ax, ---, Am—1 Only, is certainly 
positive. 


Thus, we may state that the determinants entering as summands in the above 
representation of Q are all positive if 


(56) m1 >0,---,22 >0,R, >0,---,Ra>O. 
This is certainly satisfied if 
(57) A: >0,---, 4. >0,4" >0,---, A” > 0. 


Thus, (57) implies the positiveness of all determinants Q, hence also the posi- 
tiveness of (54). 

The above discussion concerns A, and A‘”, but it is readily seen that the 
conditions (57) imply also 


ddy 


(58) (I'S >0, (= =<" 


>O (k=1,2,---,m). 


This is precisely the statement of Theorem II. 

On the basis of the foregoing, we readily prove two remarkable theorems 
with which we close our paper. One concerns the determinants (52) and 
(53), the other the roots of the equation y,,(z) = 0. 











94 A. MARKOFF 


THEorEM III (On determinants). Let the quantities So, Si, +--+, Seams 
assume two sets of values: S; = a;, Si = b; (¢ = 0,1, --- , 2m — 1) such that all 
determinants A; , A“ (k = 1, 2, --- , m) are positive, and let 


(59) a = bo, hr 2 a,°-+ ,Am22 Dem—2 » Dem—1 = dom-1- 
Then these determinants remain positive for all So, Si, --- , Sem-1 such that 
a) = So = bo, bs = Si [= 1, «++ , Gam-2 2 Some 2 deme, 


bem-1 2 Som-1 2 Gam-1- 


(60) 


Moreover, under the same conditions 


(61) [ai,jJo = (Suid? & [bride 


- - (k = 1,2,3,---, m). 
(62) [bin di” S (Sidi 2S land” 

Proof. For m = 1, the theorem is evident. Thus, if we wish to prove it 
for a certain value of m, we may assume it holds for smaller values of m. In 
other words, the theorem will be proved completely, if we establish the in- 
equalities 


(63) faijo = Ar = [bide , 

(64) [bi sh’ = AY” = [a Ji* 

for k = m, assuming their validity for k = 1, 2,---,m— 1. Observe further 
that the determinants A:,---,4,, A”,---,A°"” are independent of 


Sem-1- Therefore, in proving (63) and (64) for k = m, we may assign an 
arbitrary value to Sen; , disregarding the inequalities bem_1 2 Sem-1 2 Qem-1- 


We now start increasing continuously Sp, S2, --- , Sem-2 and decreasing con- 
tinuously S,, S3, --- , Sem—s from their initial values S; = b; to the final values 
S; = a; (¢ = 0,1, --- , 2m — 2). In this manner, we evidently pass through 
any system of values Sp, Si, --- , Sem-2 satisfying (60). Assume for any such 
system of values the validity of the inequalities 

(65) 4: > 0,---,An1 > 0,4" >0,---, A” > 0, 

(66) ar? & ed”. 


Take now Sem— so large that 


Si Se “9 Sm Sm 
So Ss tee Sm S m+1 
A™ = a4... + is gan sew Ed eat 
Sm-1 Sm a aly Som-s Som-2 
Sn Sm4t “7 9 Som—2 0 
remains positive. This is possible by (66). Under such conditions, A, , by 
virtue of Theorem II, constantly increases if So, Sz, --- , Sem-2 decrease and 


S:, Ss, ---., Sem-s increase, for its initial value [b:,,;}o” is positive. Thus, 
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(63) is proved for k = m if the S; (¢ = 0, 1, --- , 2m — 2) all satisfy the in- 
equalities (60) (omitting the last one). In the same way (65) and (66) are 
proved. We now turn to A‘*”. Here we cannot assign an arbitrary value to 
Som-1. However, to the inequalities (65) we now add A,, > 0. Under these 
conditions, if we decrease continuously So, Se, --- , Sem-2 and increase con- 
tinuously S; , S;, --- , Sem—1 from their initial values S; = a; to the final values 
S; = b; (¢ = 0,1, --- , 2m — 1), A”, by virtue of the preceding, constantly 
increases, for its initial value [a;,;];" is positive. Thus, under our assumption, 
(64) is proved for k = m, for all values Sp, S;, --- , Sem—1 under consideration. 
This completely proves Theorem III. 


























THEOREM IV (On roots). If the quantities a; , S;, b; (¢ = 0,1, --- , 2m — 1) 
satisfy all conditions of Theorem III, then the equations, of degree m in z, 
| 1 | 1 
cassie | k = 0, (Sexo z = 0, 
gt | zg” 
Gm Om4i +** Goma 2” Sm Smir +++ Soma =” 
1 
[bisilo” ini = 
2” 
bm Dmti -++ Dom 2” 








have neither multiple, nor negative, nor complex roots. Moreover, the roots of the 
second equation are greater than the corresponding roots of the first one and smaller 
than the corresponding roots of the third one.’ 


By corresponding roots of our equations we mean the largest roots, the second 
largest roots, the third, and so on, finally, the smallest roots. This theorem 
is a simple corollary of Theorem III, for the equation 








| | 1 

| [Si,J0"” ae 

| | .-|=0 
| sh gt 

| Sn Sagi +++ Som—i "i 


coincides with the equation y,,(z) = 0. 

We remark in closing that an important particular case of Theorem IV (on 
roots) may be found in the recent paper of the academician P. L. Tchebycheff: 
On the development in a continued fraction of a series arranged according to negative 


? (Here a misprint is corrected in the original. J.S.] 
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powers of the variable. The eminent scientist derives also a formula equivalent 
to ours 


dz; Ci 
dS; {Yin (x;) } r 


The method of the academician P. L. Tchebycheff is essentially different 
from ours. 

Among other papers which have some points in common with the present 
one, I may mention one by Joachimstahl: Bemerkungen iiber den Sturmschen 
Satz, Journal fiir die reine und angewandte Mathematik, vol. 48, also one by 
Frobenius: Ueber Relationen zwischen Ndaherungsbriiche von Potenzrethen, ibid., 
vol. 90. 

Among my own papers, I may mention two notes: Sur les racines de certaines 
équations, Mathematische Annalen, vol. 27, and my thesis: On some applica- 
tions of algebraic continued fractions. My thesis, published in 1884, contains, 
among other results, the derivation of the formulas published without proof by 
the academician P. L. Tchebycheff in 1885 in a paper: On the representation of 
limiting values of integrals by means of integral residues. 


(—3)"**B, ‘a (—1)™ 
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THE DIRICHLET PROBLEM FOR THE DAMPED WAVE EQUATION 
By D. G. Bourein 


In general the Dirichlet data problem for normal hyperbolic equations is over- 
determined and no solution is possible since certain compatibility conditions 
possibly infinite in number must be satisfied. For special contours, however, 
this overdetermination does not arise. The main concern of this paper is the 
Dirichlet problem for the damped wave equation in one dimension. Besides a 
deeper insight into the distinction between the elliptic and hyperbolic type 
equations thus afforded, a striking interrelation of elementary number theory 
and differential equations is brought into evidence. The case of no damping 
has already been treated.’ Although there are points of qualitative similarity 
between the present work and these earlier results, the inclusion of the damping 
term modifies the results and introduces many new features. 

It is well known that the constant coefficient equation in two variables repre- 
senting a damped wave may be reduced to the canonical form 


(.1) L(y) = Yer — Yue + K’y = 0. 
The data are given on the boundary T of the finite rectangle R, 
(.2) 0 Sz Ss mr, OstsTrz. 


The term “rectangle’’, used in the sequel, unless otherwise qualified will always 
refer to the closed rectangle defined in (.2). We shall use the notation 


a=7, p= (Km, = (KT) =<, 
(3) 
B Y 

p(l) = (1 —p)> r(l) = (1 + 3), 
where 1 = 1, 2,---. Throughout the paper, we restrict ourselves to the case 
(.4) a<l, g <1. 
We denote by (A) and (B) the equations 

; » _f. 

- *= ipl)’ 
(B) a= o. 


Received November 23, 1939; presented to the American Mathematical Society, De- 
cember 26, 1939. 

1D. G. Bourgin and R. Duffin, The Dirichlet problem for the vibrating string equation, 
Bulletin of the American Mathematical Society, vol. 45(1939), p. 851. This paper is re- 
ferred to below as B.D. 
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By a solution of (A) or (B) we shall mean a pair of positive integers g, | satisfying 
the equation in question. 

The multiplicity of solutions of the Dirichlet problem depends directly on the 
number of solutions of (A) or (B). This is made plausible by the observation 
that when (A) is satisfied 27'x is an integral multiple of the period of a (pseudo) 
standing wave. For this wave the data on t = Tz provides no additional 
information not implied by the data on ¢ = 0 and accordingly the amplitude 
and phase cannot both be determined. The existence of solutions of the Dirichlet 
problem is consequent on the degree of approximation of p(l) or v(l) by rational 
numbers. In the interests of compactness of exposition the pertinent results 
on the Diophantine problem associated with (A) and on the rational approxima- 
tions to p(l) and r(l) are brought together in the first section. §2 treats the 
Dirichlet and cognate problems and makes effective use of the material in §1. 


1. Preliminary lemmas. 


Lemma 0. The existence of a solution of (A) implies and is implied by the exist- 
ence of a solution of (B). 


The equations (A) and (B) are equivalent, respectively, to 
(A): (1T)’ — (gm)’ = (mTK)’, 
(B): (gT)° — (lm)’ = (mTK)’. 
Interchanging / and g carries (A) into (B) and marks the relation between solu- 


tions of these two equations. In view of Lemma 0 it is not necessary to make 
explicit mention of (B) in the sequel. 


Lemma 1. [f 8 is irrational, there is at most one solution of (A). 


In general no solution will exist. Plainly one solution may exist. Suppose 
two distinct solutions g; , ; and ge, lz are possible. Then 


(1) mgi(li — 8)? = mg( — 8), 
whence 
(1.1) (gile)” — (geh)” = B(g2 — gi). 


Since the left side of (1.1) is an integer and the right side is irrational, we are 
led to a contradiction. 


Lemma 2. Let u, v, P be integers. Necessary and sufficient conditions that at 
least one positive integer solution x, y exist for 


(C) (ux) — (vy)’ = P 


are: 
(a) P contains the H.C.F. of u’ and v’, 
(b) the H.C.F. of wu’ and P and the H.C.F. of v’ and P are squares, 
(c) P/2”" (n = 0) is odd, 
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(d) if P = abq’r’, u = aq, v = or where a > b = 1, then, for some choice of 
a and b, a + b is divisible by & and a — b by db. 


The necessity of conditions (a) and (b) is patent. On writing 





(2) zr=1i, y= @; 
there results in place of equation (C) 
(2.1) (uz + vy)(uz — vy) = ab. 
Hence 

,. e+ ,.a-—b 
as ee —r 


Thus (c) and (d) must be satisfied. Evidently as many solutions Z%, 7 exist as 
there are factorizations of P/(qr)’ satisfying (2.2). Here and in the two lemmas 
following, the sufficiency of the conditions imposed is obvious since the steps 
in the necessity argument may be retraced. 

Lemma 3. If a = r/s < 1 where rand s are relatively prime, then necessary and 
sufficient conditions for the existence of a solution of (A) are that (a) 8B = P/Q <1, 
where P and Q are relatively prime integers, (b) Q = u’, (c) r = Gu, (d) 2” is the 
highest power of 2 in P, (e) if s = 3q then for some integers a > b = 1, P = abd’ 
and 3(a + b)/v, 3(a — b)/8 are integers. There is at most a finite number of 
solutions of (A). 


Evidently if a solution of (A) exists, then 


r\? 1 
(3) (“) oyiy 


Condition (a) is therefore obvious. Moreover, if we write (3) in the form 


r\? a Q 
da (=) = ate 


then, evidently, the numerator and denominator of the fraction on the right 
of (3.1) are each relatively prime perfect squares. Hence (b) must be satisfied. 
We write 


(3.2) g = &, r= Gu, 
where G = 1. Hence 
(3.3) (sv)* = (ul)? — P. 


Here s and u are relatively prime by the second of the relations in (3.2). Also 
P and uw are relatively prime. Now (3.3) is of the form (C) and our previous 
lemma applies. Thus (d) and (e) are justified. 


Lemma 4. Let a = (r/s)* < 1, where the relatively prime integers r and 8 are 
not both squares. Necessary and sufficient conditions for a solution of (A) are 
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(a) 8 = P/Q <1, where Q is prime to P and s, (b) r = GQ, (c) Q and s are not 
both squares, (d) if p’** and p™ are the highest powers of the prime p in P and s 
respectively, then 2n + 1 = m, (e) if P = ed’D’P, s = ed’8, where 3 is prime to D 
and P, the equation eQu’ — (80)° = P has an integer solution (u, 0). If one 
solution of (A) exists, then an infinite number exists. 


Condition (a) is plainly required. Equation (A) becomes 
2 
r__9@ 
(4) s QP-P 
The highest common factor of g’ and Ql’ — P must be a perfect square and we 
denote it by v*. Hence it is necessary that an integer G, G = 1, exist such that 





(4.1) g = Gy, 
(4.11) r= G4, 
(4.12) Ql — o's = P. 


Now Q is prime to s by (4.11). Q is also prime to v, for otherwise, according to 
(4.12), P would not be prime to Q. Q and s cannot both be squares, for this 
would imply by (4.11) that r and s are both squares. The substitution 


(4.3) l = edDu, v = Di 
reduces (4.12) to the form 
(4.4) eQu’ — (30) = P. 


Clearly a necessary condition to be satisfied is that § and e be relatively prime 
and this is tantamount to condition (d). Moreover, any solution of (4.4) 
satisfies the condition that Q and 6 are relatively prime, for otherwise P and Q 
would have a common factor. It is a classical result, following on the Pell 
equation, that one solution of (4.4) implies the existence of an infinity of others.” 


Lemma 5. If a solution of (A) exists, then the rationality of a’ implies and is 
implied by the rationality of 6. 

Lemma 6. If a = r/s where r and s are positive integers, then there is an 
integer L and a constant C such that for each l, 1 > L, there exists an associated 
integer N, for which } > | rp(l)/s — N,/l| 2 C/P. Forl # 0 (mods), C/? may 
be replaced by C’/I. 


Evidently 
Boi Bb 
(6) P 21-pH2 Be 
Thus 


(6.1) . Mien Bee 


2E. Cahen, Théorie des Nombres, vol. 2, Paris, 1924, Chapter 13. 
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The nearest integer N; to Irp(l)/s is either (a) identical with Ir/s or (b) differs 
from lr/s by at least s'. For case (a) the assertion of the lemma is contained 
in (6.1). In case (b) 


1 _ rp()) 
2 , 8 


IV 

= 

| 
IV 
= 

| 
| 

| 
ay 


(6.2) 
: 8. 2 L>L = 2968. 


IV 


Lemma 7. If a = r/s, where r and s are relatively prime integers, there is an 
integer L and a constant C such that for each | = L, there exists an associated 
integer N, with the property 


1, |) Mi, C 


The demonstration is similar to that of Lemma 6. It is worth while to 
remark that, both here and in Lemma 6, 8 may be any real number inferior to 1. 


Lemma 8. If B and a are algebraic numbers of degrees R and S respectively,’ 
then there is an integer L and a constant C such that for each 1 = L there exists an 
associated integer N, with the property‘ 


1. 
52 =| ap(l) — 


Ni), Co 
L | ~ Pas 
Suppose {a;} = a,---,as and {8;} = 6,,---,82, where a = a and 
8 = 6, are the roots of irreducible’ algebraic equations, of degrees S and R 
respectively, with integral coefficients. The equations satisfied by 8; and ’ — 8; 
are equivalent under the transformation z’ = [ — xz. That is to say, ’ — 8; 
satisfies an R-th degree equation with integer coefficients. Let (r,(l))* (u = 
, RS) stand for the products aj(1 — B;/?) (¢ = 1, --- ,R;j = 1,---, 8), 
ordered by a suitable convention. The sums over yu of the 20-th powers of r,(J) 
are the products of the corresponding sums formed for {a;} and {(1 — 6,/P)'1}. 
Thus the elementary symmetric functions of degree 2¢ formed for {r,(l)} are 
rational numbers represented as polynomials of maximum degree 2¢ in | with 
rational coefficients. It is easy to show that the expressions r,(l) satisfy 


(8) F,(x) = Ao(lx)*** — A2(I)(lz)"**” + --- + Acrs(l) = 0, 
where Az;(l) is a polynomial of maximum degree 2k in l, with integer coefficients. 


3 For S = 1 Lemma 8 is much cruder than Lemma 6. 

4 The exponent 2RS in the conclusion may in some cases be replaced by a smaller number. 
This is possible if, for instance, a is the 2S-th root of a rational number. More generally 
the choice A = a*, B = a*8 in Lemma 9 yields the exponent 2R’S, where R’ is the degree 
of a?B. If a? = A; Az, 8 = B:/A2 where the degrees of A;, Az, B; are M,, M2, Ni, then it 
is easy to show that the exponent 2RS = 2M.M,N, may be used. 

5 In this paper reducibility is considered solely with respect to the field of rational 
numbers. 
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Moreover, 
(8.1) | Aze(1) | = CT”. 


The irrationality of the a’s and 6’s for R, S > 1 carries with it the irrationality 
of {r,(J)} forl 2l,. Since A2,(l) is an integer, it follows that for all integers V 


(8.2) Fe | 2 1, 2 &. 


T| = 
In view of (8.1) 


| - Pia) < max | Ase(I)2o(2a1)""* | RS, 0 <2 < 2m, 
| 


Ose<RS 


(8.3) 
< Mr". 


The value of N which minimizes 


is denoted by N;. Plainly 


(8.4) 0< 7! < 20 fo I >L>h, 
Ni _ oe Bs a 1 
Manifestly 
(8.6) 0 < ap(l) < a. 
Taylor’s formula yields 
| | | | 
(8.7) l< F, ) < a — ap(t) || tO 
| dz | 


for z between N,/l and ap(l) andl > L. Hence, in view of (8.3), (8.4), (8.5), 


(8.6) and (8.7), 
* 
(8.8) 5 2|\—-a a) | 2 um’ I> L. 


This is the assertion of the lemma.° 


Lemma 9. If A and B are algebraic numbers of degrees S and R’ respectively, 


then there exist fixed numbers M and L such that, for all N, 


$ 1 
(448) - *| > rr’ I> L. 


6 A stronger result may be obtained by generalizing the Thue-Siegel inequality. C. 
Siegel, Uber Naherungswerte algebraischer Zahlen, Mathematische Annalen, vol. 84(1921), 
pp. 80-99. 
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The demonstration may be patterned on that for Lemma 8. 


Lemma 10. If a and 6 are algebraic numbers of degrees S and R respectively, 
then there are an integer L and a constant C such that } = | v(l)/a — N/l| > C/P*S 
for each| > L and all N. 


We start with the identity 


lW) N\_|f1 , bv _N 
= se - Fl =|(+5) - 7 


a 


Clearly a and a” are algebraic numbers of the same degree. Furthermore if a 
is of degree S, then a’ is at most of degree S and may be of degree 3S. Hence, 
on identifying a” and 8 with A and B of Lemma 9, the conclusion desired 
follows at once (see footnote 4). 


Lemma 11. Let a be an algebraic number of degree S and let (A) have a solution. 
Then 8 and a are algebraic numbers of the same degree, either S or }S. For each 
degree B satisfies some one of a two-parameter family of algebraic equations (with 
rational coefficients) of that degree determined by a. 


Let F(x) be the irreducible polynomial of degree S with rational coefficients 
which is satisfied by z = 1/a. Then 


(11) Fula) = F(2) = P(e) + 2F2@) = 0 

is satisfied by x = g/la. A straightforward argument shows that either 
(11.1) (Fei (1 — 2))> — (1 — 2)(F,(1 — 2))? = 0 

or 

(11.2) F‘?(1 — z) = 0 


is satisfied by 6/l’ depending on the degree of a’. It is evident from the form 
of (A) that a’ and 6 may be interchanged in the hypotheses and conclusion. 

A trivial corollary of the lemma is that either both or neither of a and 6 are 
transcendental numbers if (A) has a solution. 

The conditions in the lemma, though shown to be necessary, are not sufficient 
for the existence of a solution of (A). The existence of 1, g for which either 
(11.3) or (11.5) is satisfied by /P implies that some one of the S roots of (11) 
or of F,.(—x) = 0 is identical with p(l). However, unless further restrictions 
are introduced to guarantee that the root just mentioned is actually g/la, we 
cannot assert that (A) is satisfied. 


Lemma 12. If for some constant C and each 1 = L there exists an integer N; 
such that 


: 
2 


Ni | Cc 


= | ap(l) — T| > jen 
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then 


| sin axlp(l) | > > l= L. 


If for some choice C and all l = L there exists an integer N, such that 
LlijM Mil Cc 


"ia iti oe 
then 


isin rlv()) | > D l= L. 


Me oh ms 





Qa 


The proof is straightforward. 


Lemma 13. If a and B are algebraic numbers of degrees S and R respectively 
(see footnote 4), then 





| sin amlp(l) | > a l= L, 
‘de me _— l= L. 


This is a direct consequence of Lemmas 8, 9 and 12. 


2.’ In order to avoid lengthy circumlocution we introduce a convenient ter- 
minology. By an admissible function y(z, t) we shall mean that (a) y(z, é) isa 
solution of (.1) in the interior of the rectangle, (b) y(z, ¢) is of class® C! in the 
rectangle, (c) yzz and ys are Lebesgue summable over the rectangle, and (d) 
yz(x, t) is absolutely continuous in z for almost all ¢, 0 < ¢ S T7, and y,(z, 2) 
is absolutely continuous in ¢ for almost allz,0 < z S mw. Suppose y:, y2, --- 
constitute a finite or denumerably infinite set of linearly independent admissible 
functions. The totality of all linear combinations with constant coefficients of 
a finite number of these functions will be referred to as the linear manifold 
determined by {y;} and will be denoted by the symbol M{y;}. The number of 
functions in {y;} is the dimension of the manifold. By saying that {y;} is 
closed in the normed vector space Q we shall mean that M{y;} is dense in Q. 


Lemma 14. [If y(z, t) is continuous in both real arguments in the rectangle, and 
if F(p, u) is defined as 


Tr mr 
F(p, u) = [ y(x, te**?*™ dz dt, 
o +o 


then F(p, u) is an entire function in each of the complex variables p and u. 


7 Equations in §2 are given numbers above 20. 
8 The class C” comprises functions continuous together with their derivatives through 
those of order n in both variables. 
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THEOREM 1. A necessary and sufficient condition that the only admissible 
function vanishing on the boundary of R be y(x, t) = 0 is that (A) have no solution. 


We take up the sufficiency demonstration first. The Green’s theorem is evi- 
dently valid in the form 


Tr mr 


[e**™ L(y) ae yL(e\?**™")) dx dt 
0 0 


(20.1) Tr \mr mr \Tr 
‘iis [ eftrete (a _ ipy) Ee I eftaeteo(y, oa ivy) | dz. 
0 m0 |t=0 


Since y |r = 0 there results 


QT. mr mr TQ. 
0.11) pw KY, w = [eye ae [ory ae 





Since F(p, u) is finite by Lemma 14, it follows that the right side of (20.11) 
vanishes for u = + where u, = (p’ — K’)'. That is to say, 


Tr 


QT. mr ae 
(20.2) oes de as [ efrateid » 


\z=0 


dz = 0. 





In consequence of (20.2) 
Tr. mr 

(20.21) sin mrp | sin tu; yz(mr, t) dt = sin Tru [ sin px y:(x, Tx) dz. 
() 0 


With the special values 


(20.3) gas (= 1,2,---) 
m 
we see from (20.21) that 
le , 
(20.22) | sin — y(z, Tx) az sin alp(l)x = 0. 
Now 
(20.4) sin alxp(l) ~ 0 (i = 1,2, .--), 
for (A) has no solutions. Hence 
2 mr : lx 
(20.5) I sin — y(z, Tx) dx = 0 (i = 1,2, ---). 


Since, by the definition of admissible functions, y,(z, 7) is certainly of 
class C, it can be expanded over the range 0 S x S mz in a Fourier sine series, 
summable (C, 1) to it at every point in the range. Thus, according to (20.5), 


(20.6) y(z, Tx) = 0, 0S 2S mz. 











106 D. G. BOURGIN 


In view of (20.21) and Lemma 0 the special choice 


(20.31) ui = (I = 1,2, --.) 
yields 

(20.61) yz(mr, t) = 0, 0OstsTr. 
On combining (20.2), (20.6) and (20.61) we establish 

(20.7) [ e*™1'y (0, dt = 'g e'”* y.(a, 0) dz. 

The special choices of p and ~ defined in (20.3) and (20.31) then lead to 
(20.62) y2(0, t) = 0, 0stsTr7, 
(20.63) y(z, 0) = 0, 02S mr 
Manifestly then 

(20.8) (p> — u’ — K’)F(p, u) = 0. 


Accordingly F(p, u) vanishes except possibly for the planes u = +u,. Since 
F(p, u) is certainly continuous in both complex variables, F(p, u) must vanish 
for u = +, also. That is to say, F(p, u) vanishes identically. On recalling 
its definition as the Fourier transform of y(z, ¢) it follows that 


(20.9) y(z, t) = 0. 


The necessity demonstration is immediate. If (A) has the solution @, 1, then 
y(zx, t), where 
y(z, t) = sin le sin Up(l) 
m m 
is an admissible non-identically vanishing solution satisfying the boundary 
conditions. 

In view of the importance of Theorem 1 and in order to present a useful alter- 
native approach to the questions of interest in this paper we give another 
demonstration of the theorem later in the paper. The theorem can be given 
more precise form by introducing the conditions in Lemmas 1, 3, 4, 11 or 12. 


TueoreM 2. If Y(I) €C' and vanishes at the corners, and if (A) has no solu- 
tion, then there is at most one admissible solution, y(zx, t), taking on the boundary 
values Y(T). 


We write 


(21) y* =y— ye, 


where y; and yz are admissible solutions. Then y* satisfies the conditions of 
Theorem 1 and accordingly vanishes identically. 
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Our previous lemmas, for example, Lemmas 1, 3, 4 and 11, interrelate the 
numerical nature of a and 8 and the number of solutions of (A). We are then 
led to a variety of interesting theorems connected with the multiplicity of ad- 
missible solutions of our Dirichlet problem. 


THEOREM 3. If 8 is irrational, then the Dirichlet problem with zero data on the 
boundary of the rectangle has either the unique admissible solution y = 0 or there 
is a one-dimensional linear manifold of solutions. 


THEOREM 4. If a and 8B are rational, then the Dirichlet problem, for 0 data on 
the boundary of the rectangle, has either the unique admissible solution y = 0 or the 
admissible solutions determine a finite linear manifold. 


TueoreM 5. If a’ and 8 are rational, then the Dirichlet problem with 0 data 
on the boundary of the rectangle has either the unique solution y = 0 or there is an 
infinite-dimensional manifold of solutions. 


Before proving these theorems we remark that we have not made use of the 
full precision of Lemmas 1, 3 and 4. Plainly, the preceding three theorems can 
be made sharper by adding those hypotheses in the lemmas quoted, which dis- 
tinguish between the nonexistence of solutions of (A) and the existence of a 
finite or infinite number of such solutions. We observe further that, if certain 
independent auxiliary conditions are imposed on y(z, ¢), equal in number to the 
dimensionality of the linear manifolds of admissible solutions, the preceding 
theorems may be restated as uniqueness theorems. For instance, Theorem 4 
may be put in the form: 


THEOREM +’. Let a and 8 be rational numbers. Let {l; , gi} (¢ = 1, --- , N) 
be the solutions of (A) determined by the character of a and B as specified in the 
hypotheses of Lemma 3. Suppose the admissible functions satisfy 


Tr mr 
a= [ y@,0sin™ sin ard = 1,+--,N), 
& m T 


where the constants {a;} are arbitrary. Then the Dirichlet problem, with y |r = 0, 
has a unique solution. If a; = 0 this solution is y(x, t) = 0. 


We restrict ourselves to the proof of Theorem 4 since the argument for the 


other theorems differs in no essential way. If {g:, li} (¢ = 1,---,N) are 
solutions of (A), then from (20.22) we get as the most general value of y,(z, Tx) 
. . Lax 
(22) u(r, Tr) = >, a, sin an 
i=l 


Let us suppose then that g(z, ¢) is an admissible solution of our Dirichlet 
problem for 7 |r = 0 and furthermore that 


(22.1) g.(z, Tx) = 0. 


It is then clear from the analysis in Theorem 1, subsequent to (20.6), that 
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g(x, t) = O is the unique admissible solution. Consider now the admissible 
solution 
N . . 
, ; 8 1;/m sin git/T 
(22.2) oy ee me;, Sin x 
yz, 9) ~ lL; p(i) cos gia 





’ 


where we have made use of the relation 





= l:p(li) 
T m 
Evidently 
N 
(22.3) yi(a, Tx) = >. ci, sin =. 
1 


Suppose there were another solution y’’(z, t) consistent with the Dirichlet data 
and (22). Then 
(22.4) y*=y'—y" 


vanishes on the boundary and satisfies (22.1). Hence y* vanishes identically. 
This implies that y’(z, t) is unique. Thus there is an N-dimensional linear 
manifold of solutions, determined by 


(22.5) sin = sin (gs (i = 1,---,N). 
m T 
If we restrict admissible solutions by the requirement 
Tr mr Lz t 
(22.6) l [ y(z, t) sin ~~ sin 5~drdt = a; (i= 0,1,---,N), 
0 0 m T 


it is clear that the values of the constants {c,;} are uniquely defined in terms of 
the constants {a;}. That is to say, there is a unique solution given by (22.2) 
in conformity with the conclusion asserted in Theorem 4’. If some one or all 
of the constants {a;} are 0, then (22.6) may be replaced by either of the con- 
ditions 


(22.61) I y(z, t) sin als dz = 0 
0 m 
or 
Tr. tgi 
(22.62) [ y(z, t) sin % at = 0. 
0 T 


THEOREM 6. If y(z, t) satisfies the hypotheses of Theorem 2 and a and 8 are 
in the categories listed in the preceding theorems, then, if a solution does exist, it is 
either unique or unique up to the linear manifolds occurring in Theorems 3, 4 and 5. 


If we include (22.6) with say a; = 0 in the hypotheses of Theorem 6, then an 
admissible solution, if it exists, must be unique. The demonstration of Theorem 
6 is obvious. 
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We turn now to questions connected with the existence of solutions. The 
assigned boundary functions y(z, 0), y(z, Tx) may be extended to all z values 
by requiring the extended functions to be odd and periodic of period 2mz. 
Similarly the extended functions y(0, t), y(mz, t) are to be odd and periodic of 
period 277. This is the sense in which the designation extended boundary func- 
tions is to be understood. Suppose the Dirichlet data are expressible in Fourier 
sine series with a; , A;, b; , B, the l-th coefficients in the associated expansions 
of y(x, 0), y(x, Tx), y(O, t) and y(mz, t) respectively. A formal solution is 


(a; sin Ip(l)(Tx — t)/m + A;sin Ip(I)t/m) sin lx/m 
y(z, ) = >| sin amlp(l) 





(25) 





4. (b sin ly(l)(me — x)/T + B, sin lp()z/T) sin lt/ |. 
sin mly(l)/a 
For the existence of a solution of class C’ expressed in the form (23) it will be 


sufficient to place such conditions on the extended boundary functions as will 
yield 





(23.1) | a | A; od bh i. a Bi | < N 
‘sin alp(l)|’ | sinerlp(l)\’ | sin rlr(l)/a|’ | sin rl(l)/a| ~ 
for L2L. 


We may make use of the classic result that if f(x) eC’, gq 2 0, and is odd, the 
coefficients in its Fourier sine expansion, ordered by the l, are o(I™). Lemmas 
6, 7, 8 and 10 taken in conjunction with Lemmas 12 and 13 assert that for 
certain classes of a and 8, the terms | sin alp(l) |, 
for the same negative integral powers of 1. Let this negative power of | be I”. 
In order, then, to guarantee the inequality in (23.1), it is merely necessary to 
take extended data of class C***. In view of our previous theorems it is clear 
that either the solution (23) is unique or is a member of a linear manifold of 
solutions determined by the nature of a and 8. 

With these ideas in mind it is a simple matter to write down a large number of 
existence theorems, containing uniqueness or quasi-uniqueness assertions, by 
combining our lemmas and theorems in various ways. It is worth while to 
state some of the characteristic theorems arising in this way. 


THEOREM 7. If (a) @ is rational, (b) 8 is irrational, (c) the extended boundary 
functions.are of class C’, then there is a unique admissible solution which is actually 
of class C’. 


Evidently hypotheses (a) and (b) preclude the existence of solutions of (A). 


THEOREM 8. If (a) a = r/s is a rational number, (b) 8 = P/Q is a rational 
number, (c) the extended data are of class C’, then an admissible solution exists 
which is actually of class C*. This solution is either unique or a member of a finite 
manifold of solutions depending on whether or not a solution of (A) exists and the 
division into various cases in terms of r, s, P and Q is given in Lemma 3. 
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TuEoreM 9. If (a) a = (r/s)', where the integers r and s are not both squares, 
(b) 8 = P/Q, a rational number, (c) the extended data are of class C*, then an 
admissible solution exists which is actually of class C°. This solution is unique 
or a member of a manifold of solutions of infinite dimensionality depending on 
whether or not (A) has solutions and the division into cases determined by r, s, P 
and Q is that of Lemma 4. 


THEOREM 10. If (a) a is an algebraic number of degree S > 1, (b) 8 is an 
algebraic number of degree R, (c) the extended data is of class C*“***, then an ad- 
missible solution exists which is actually of class C’. This solution is either unique 
or is unique up to a one-dimensional linear manifold. The distinction between 
these cases is covered by Lemma 11. 


We proceed to show by an example (cf. (25)) that hypothesis (c) in Theorems 
7, 8, 9 and 10 is not necessary. First we establish a lemma of use in the sequel. 


LemMA 15. The series (a) Lm (sin anlp(I) cos lr/m)/l and (b) >> (sin alx 
1 1 


-cos lx/m)/l have the same convergence properties. 


Evidently the series in question are Fourier cosine series. We denote the 
series in (a) and (b) by the symbols S(x) and S’(x) respectively. Now 


(24) | sin amlp(l) — sin axl | = 2| cos anl(1 + p(l)) sin $anl(1 — p(l)) |. 
Let 











5 = taBr. 
Then, for! > L, 
1 1 
(24.1) > 2 gall — ol). 
Thus 
(24.2) |sin axl(1 — p(l))| < ; yr Seki 
and it follows from (24) and (24.2) that 
(24.21) > jain nd — sin = <2 > : < >. 
For n > p, 

| Sa(x) — Sp(z) | S | (Sa(x) — Sn (x)) — (Sp(z) — S,(z)) | + | Si) — S,(2) | 

(24.3) < x sin = — sin on] + | x (= arl —_ =~ . 


It is well known that S’(z) is a uniformly convergent series in any closed interval 
in —mar S x S mr not containing the points 


(24.4) x= AT. 
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Consider such a closed interval J. Then, for arbitrary « > 0, p can be chosen 
so that for all n > p (> 46/e) and re J, 


at pet ce 
|? 


Hence by (24.21), (24.3) and (24.5) 





(24.6)  . |S,(x) —S,(z)| <«, nzp>™, Pee 


That is to say, S,(x) converges uniformly in the interval J. 
We show now that the series S,(x) is not uniformly convergent in any neigh- 
borhood U of any of the points singled out in (24.4). We have 


(24.7) | Sa(2) — S,(2)| = |S2(z) — S2(2)| — >. 


Since S’(x) is not uniformly convergent in U’, there is a constant C such that 
for each choice of p there exists an integer n, n > p, for which 


(24.8) | Sa(x) — S,(z) | 2 C, 
for some zin U. Hence by (24.7) 


* C 
(24.71) |Sa(z) — Sp(z)|>43C, p>Z, 
for some integer n, n > p, and a point z of U. That is to say, S(z) is not 
uniformly convergent in U. This completes the proof of the lemma. 
Consider the following Dirichlet data: 
a > sin anlp(l) sin lr/m 


(25) M 

y(0, t) = y(mm, t) = y(z, Tx) = 0. 
We make use of Lemma 15. Since the coefficients in S(x) are O(I”’), S(x) is the 
Fourier series of a summable function and, as is well known, may therefore be 


obtained by termwise differentiation of the series for the indefinite integral of 
this function.’ Accordingly, 


d* y(x, 0) 1 
az m3 S{). 





(25.1) 


The uniform convergence of S(xz) in the complement of neighborhoods of the 
points in (24.4) guarantees that the left side of (25.1) is continuous except 
possibly at these points. If y(z, 0) belonged to C*, then S(x) would perforce 
be uniformly convergent throughout the period interval, in contradiction to 


*A. Zygmund, Trigonometrical Series, Warsaw, 1935, p. 15. 
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Lemma 15. Hence y(z, 0) is of class C* at most. A solution of the Dirichlet 
problem, with the data of (25), is 


sin lz/m sin Ip(l)(Tx — t)/m 
> J 


and evidently y(z, ¢), so defined, is of class C’. We have, then, exhibited data 
of class C’, at most, for which, none the less, a solution of class C’ exists for all 
values of a and 8. 

We proceed now to connect the Dirichlet problem with an associated Cauchy 
problem. For the purposes of this paper the following special lemma is sufficient, 


Lemma 16. Suppose Y(0, t) = Y(ma, t) = 0 and such Dirichlet data on 
t = 0, Tx that a unique admissible solution y*(x, t) «C* exists. Then there is a 
Cauchy problem with data ont = 0, Tx S x S (m + T)x for which the unique 
solution coincides with y*(x, t) in the rectangle. The Cauchy data are odd and of 
period 2mr. 


(25.2) y(z, t) = 





We take for granted the classical results in the Cauchy problem for normal 
hyperbolic equations.” We extend y*(z, t) by the convention 


— y*(—2z, t) = y*(a, t) = y*(x + 2mz, 2), 0OstsTrx. 


There will be no confusion if y*(z, t) henceforth denotes the extended function. 
The only possible discontinuities in the second derivative of y*(z, t) would be 
jumps at points on the lines zr = +N2mmr (N = 0,1, ---). It will appear, 
however, that such discontinuities do not enter. 

Consider the ‘“‘mixed” data 


y(0, t) = 0, 0<t<sTr, 
y(z, 0) = y*(x, 0); ye(z, 0) = yr (z, 0), O<a2<Tr. 


A unique solution of (.1) satisfying (26) is determined in the triangle W formed 
by the lines z = 0,t = 0,2 + t= T. This solution must be y*(z, ¢). 
Consider now the Cauchy data 


(26.1) y(x, 0) = y*(z,0), —-ye(z, 0) = yr (z, 0). 


Suppose either y.-(z, 0) or yrz(x, 0) has a jump discontinuity at z = 0. Then 
the admissible solution 9(z, t) of (.1) subject to (26.1) would not be of class C* 
on the characteristic z = ¢t. Now 9(z, t) automatically vanishes on x = 0. 
Thus 9(z, t) satisfies (26). Accordingly 9(z, t) may be identified with y*(z, t) 
in W, and also in W_, the reflection of W in z = 0. Since y*(z, #) is of class 
C? on z = +t, it follows that y*(z, 0) and y?(z, 0) are of class C* and C’ 
respectively for —Tx < x $.Tx. This implies that the solution g(z, ¢) or 
y*(z, t) is of class C’ on the whole of the closed triangle W + W_.. In asimilar 


(26) 


10 Courant-Hilbert, Methoden der mathematischen Physik, Berlin, 1931, vol. 2, Chapter 3. 
Hadamard, Lectures on the Cauchy Problem, New Haven, 1923. ‘6 
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way it may be shown that the Cauchy data for mm — Tr S$ 2 S mr+T7Tr 
determines a solution coinciding with y*(z, ¢t) in the triangle V formed by 
t = 0,2 = mrand xz — t = (m — T)r. 

The trapezoid, resulting from the removal of W and V from the rectangle, 
supports Cauchy data on the base and Dirichlet data on the two inclined sides 
(for the inclined sides are sides of W and V). This mixed data problem de- 
termines a unique admissible solution of class C’ in the closed trapezoid.” 
Hence this solution must coincide with y*(z, ¢) in the trapezoid. Accordingly, 
the Cauchy data 


y(x, 0) = y*(z,0),  ye(z, 0) = yr (x, 0), (m— T)r Sx S (m+ T)z, 


determine a unique admissible solution which is identical with y*(z, t). The 
continuity restrictions of this lemma may be weakened. Moreover, the equiva- 
lence asserted in the lemma is valid also for each member of a manifold of solu- 
tions and this fact is used in the second proof of Theorem 1 given later. 

Suppose now that a and @ are such that (A) cannot be satisfied. Let y/(z, t) 
vanish on the two verticals and the base of the rectangle and let the extended 
function y(z, T') be of class C’ at least. Assume furthermore that the neces- 
sarily unique solution of this Dirichlet problem yields y,(z, 0) «C'. Even under 
_ less restrictive conditions Lemma 16 implies that the solution may be repre- 
sented by the Riemann-Picard formula involving the equivalent Cauchy data 
/ont = 0, 


| (27) y(z, i) = Fe yi(z, O)JoK((z — x)* — #)' dz. 


| The Fourier sine coefficients of y(z, Tx) are denoted by a. Therefore 


1 mr z+Tr : le 
el 4mr 0 [ 2 yr(z, O)JoK((z = x)” > (Tx) ) sin tediel 
(27.1) me 
" te l y(z + u, 0) sin = JoK(u? — (T'x)*)' dz dt, 
4mr __-Te J—mr m 


where the interchange of integration order, following the substitution u = 
z — 2, is justified by the uniform continuity of the integrand in all variables. 
Let us define c’; = c cos lv/m by 


mr 


2mrc’; = y.(z + u, 0) sin Pa 


mr 


mr+u mr 

= [ y:(v, 0) sin Uv — u) dv = cos bu y:(v, 0) sin mt. 

__ma+u m mr m 

1 This solution may be built up in the standard way by subdividing the trapezoid into 
squares or triangles whose boundaries are made up of the characteristics or of segments of 
the lines i = 0 ort = Tx. We continue the solution from subdivision to subdivision. At 
each stage we have a soluble problem arising from either Cauchy data or Dirichlet data 
on two intersecting characteristics. 
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where we have made use of the fact that y,(v, 0) is odd. Thus c; is the /-th 
Fourier sine constant for y:(z, 0). We have then 


Tr 
(27.3) a = ae: | cos M WK — (Tx)*)* du. 

Tr 
The integral in (27.3) is known, but it is of interest to evaluate it by making 
use of the considerations of this paper. Indeed, for a fixed value of 1, we con- 
sider the data 
(27.31) Y(z, Tx) = sin“, Y(x,0) = Y(t, 0) = Y(mr, 0) = 0. 


Under our assumption that (A) cannot be satisfied the unique solution, subject 
to (27.31), is 


_ sin lp())t/m sin lx/m 





sil wid sin anlp(l) 
Therefore 
(27.33) Y,(z, 0) = Ip(l) sin lr/m 


“m= sin anlp(l)’ 
By (27.31) and (27.32) we have 
l p(l) 


(27.34) = im msin arlp(l)’ 


On substituting these values of a; and c; in (27.3) there results” 


1f7* ul 2 +>, _ msin anlp(I) 
(27.4) 5 i cos JoK (ui = (Pa) du = FPO 
Hence 
(27.5) a | 


*'m sin anlp(1)" 


The result in (27.5) may be obtained by formal operation on an assumed 
solution of the form (23). Besides the interest of the alternative method based 
on (27), there is greater generality to the procedure adopted. 

We show by an example that some such hypothesis as (c) in Theorems 7, 8, 
9, and 10 is required for sufficiency. Let us denote by Q’ the smallest integer Q 
for which integers N, , L and a constant C exist, with the property 


C 


e+? 


> l2L. 





(28) +> ap) - 7! 


12 It is easy to extend (27.4) to all T values. 
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Suppose further that a and 8 are so chosen that Q’ = 3. Then, clearly, there 
is a constant D such that for an infinite number of pairs N; , 1 











N:| _ D 
(28.1) ap(I) -— 7 < je” 
and for these values 
(28.11) | sin (wp(I)xl — Nix) | = |sin alp()e| s er: 


We consider the Dirichlet problem with y(z, ¢) vanishing on the base and 
on the two vertical sides and take y(z, T) as 
(28.2) y(e, Te) = > 
Manifestly y(z, Tx) is of class C°’~*. Suppose a solution of class C’ exists. 
According to (27.5) and (28.11) we should have 


(28.3) c, 2 E, a constant, 


for the infinite number of / values for which (28.1) holds. The Riemann- 
Lebesgue lemma precludes the possibility that the sequence {c,} can be Fourier 
constants. Hence y:(x, 0) cannot be of class C’. We have, then, exhibited a 
case of data of continuity class not inferior to C°’~ for which no solution of 
class C’ exists. 

We now give an alternative demonstration of the sufficiency part of Theorem 
1 when the solution is required to be of class C’. For vanishing Dirichlet data, 
any admissible solution of class C’ is given by (27). Moreover, it follows from 
(27.5) that c,; vanishes unless 


(29) sin anlp(l) = 0. 


The satisfaction of the relation in (29) would mean the existence of a solution 
of (A), but this has been ruled out by the conditions of Theorem 1. Hence 


(29.1) c= 0 (l = 1, 2,---). 


Since the functions {sin lz/m} are complete in the space of continuous functions 
defined on 0 S x S mz, it follows that 


(29.11) . y(z, 0) = 0. 


Thus the right side of (27.5) is identically 0, whence the admissible solution 
must be 


(29.2) y(z, t).= 0. 


This completes the proof. 
As a by-product of our analysis we derive some results on closure property 
of sets of functions associated naturally with the Dirichlet problem. Denote 
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by D(—Mz, Mx) the space of odd continuous functions on —-Mxr Sz S Mr 
with the norm || f(z) || = max | f(z) |. 
Os|z 


Sl2|sMr 


THEOREM 11. The sequences {sin ltp(l)/m} and {sin ltr(l)/T} are closed in 
D(—mrx, mr) and D(—Tx, Tx) respectively and minimal. Any function in the 
domains cited which has, besides, a continuous derivative admits a uniformly con- 
vergent expansion (in terms of the functions above) with coefficients identical except 
for a factor p(l) (v(l)) with those in the Fourier sine series expansion of an asso- 
ciated function.” 


Consider the following Cauchy data 
(30) yz, 0) = —y(—2,0)eC’,p21; y(z, 0) = 0. 
A unique solution g(z, t) «C”*’, odd in z and ¢, is determined in the square 
bounded by the four characteristics 
(30.1) (+)a(+)t = Mr. 
In particular 9(0, ¢) is zero. Thus the data of (30) imply 
y(0, t) = y(z, 0) = 0, 


y2(0, t) - —y-(0, —t) _ g-(0, t). 

If the functions in (30.2) are considered as the assigned data, it is well known 
that the same solution (g(z, ¢)) is determined in the square defined by (30.1). 
In brief, the functions in (30) and (30.1) are related by a transformation de- 
termined by (.1). It will appear that the closure property of sequences of func- 
tions is preserved. Perhaps the sole advantage of a transformation viewpoint 
here and in kindred theorems is indicated by the last sentence of the theorem. 
The usual (and more powerful) methods of establishing closure are not concerned 
with the practical determination of the coefficients cited. 

We proceed to some explicit formulas. It is convenient to write 


(30.2) 


(30.3) a, ) =12 Ke - 2p}. 
2 az 


Since JoK(z — #)' is an entire function in z and ¢, it is easily established that 
G(z, t) and the resolvent kernel H(z, t), also, are entire in zandt. The solution 
of the Cauchy problem with the data of (30) is given by (27). For y,(z, 0) 
the usual algorithm for differentiating an integral containing a parameter is 
valid. Hence, since Jo(0) = 1, 


yel0, ) = Slut, 0) — ye(—t, 0) 


zt+t F) 
(30.4) + Al ” yle, 0) 2 JoK(e - 2)* - sae 


= y(t, 0) — [ y:(z, 0)G(z, t) dz. 


13 Theorem 11 may be used in our original proof of Theorem 1. 





If 





a=—=_ -_ cr 
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If y.(z, 0) «C”, p = 1, we may integrate by parts. Thus 


0,0 = 0,0 — lute, 0)JoK (2 — &)}] , + ; [ “vale O)JoK(e — Pde 
(30.41) = - [ yu(z, OIoK(e — P) dz. 


(It is, perhaps, well to comment that the first argument in y;( ) and its deriva- 
tives refers to values on the z-aris. Hence, for example, y,(t, 0) is y:(z, 0) for 
the special value xz = 1.) 

The classical theory of the Volterra integral equation (30.4) with a kernel 
analytic in both arguments asserts the existence of a unique odd solution 
y(t, 0) of the same continuity class as y,(0, t), namely, 


(30.5) y(t, 0) = y.(0, 2) + [ yz(0, z) H(z, t) dz. 


Moreover, (30.4) and (30.5) are valid if the functions are merely odd and con- 
tinuous, i.e., D(—Mz, Mz) is taken into itself by (30.4) or (30.5). 

A closed form for the resolvent kernel H(z, t) follows at once from the observa- 
tion that if x and ¢ are interchanged in (.1), the effect is tantamount to replacing 
K by —K. Hence 


H(z, t) = -5 5 IoK(2 — &). 


Thus the solution of the Cauchy problem with the data of (30.2) provides the 
inversion of (30.4) or, if y.(0, t) eC”, p = 1, of (30.41), i-e., 


(30.42) ys(u,0) = yo(0, w) +5 [ vel, 2) 2 JoK(u' - 2*)hde, 


(30.48) elu, 0) = 5 [ yw(O, 2)JoK (ut — 2) de 


We consider only {sin ltp(l)/m} since the argument for {sin ltr(l)/T} is 
similar."* Suppose f(t) «D(—mz, mr). We identify it with y.(0, #) and use 
(30.5) to define the function y,(t, 0) « D(—mx, mx). Let {¢,(t)} be closed in 
D(—mz, mz) and let y,(t) correspond to ¢,(¢) by (30.5). Suppose 


(30.6) | yet, 0) — 2 enda(l) | <e. 


14 In view of (30.42) and (30.43) we identify f(t) with y(t, 0) and use now, in place of 
(27.4), the result, easily subsumed under the Gegenbauer finite integral, 


1 


- i a. K(u? — 22)'dz = 
if —" 


T sin wly(l)/a 
l »(l) 


G. N. Watson, Theory of Bessel Functions, 1922, p. 378. 


i 
; 
$ 
: 
t 
I 
i 
Ay 
: 


| 











118 D. G. BOURGIN 

If B bounds H(z, ¢) in the square defined in (30.1), it follows at once that 
| x | 

(30.7) L® - > enva(l) |) S e(1 + B). 


Thus {y,(¢)} is closed in D(—mz, mz) and the coefficients c, for the approxima- 
tion of f(t) may be taken as those occurring in (30.6). The result stated in 
the theorem is the special case of the foregoing in which ¢,(¢) is taken as sin 
nt/m. On making use of (30.42) it is evident that if {¢,(é)} is minimal, then 
{yn(t)} is minimal. 

If f(t) «C’ then y(t, 0) «C’ and the coefficients c, = O(I*) may be taken as 
the Fourier sine coefficients in the expansion of y;(t, 0). Indeed the Fourier 
sine series for y;(t, 0) may be differentiated term by term to give a uniformly 
convergent series, viz., 


y(z, 0) = >> ersin < z, 
(30.8) , , 
Yi2(z,0) = Doe =, C08 = 


By (30.41) 
ss . l l 2 23 
yz(0, t) = sf. b ci — cos — 2JoK(e t*)’ dz. 


The order of integration and summation may be interchanged by the uniform 
convergence of the series in the integrand and we get 


(30.9) $0 = To, A LOt/m 
p(1) 

Since p(l) T 1, the series in (30.9) is uniformly convergent, whence it follows 
that the closed set { (sin lp(l)t/m)/p(l)} may be used with the Fourier coefficients 
c, formed for the associated function y,(t, 0). On using (30.4) instead of (30.41) 
this remark is established for f(t) ¢«C!. The closure of {sin Ip(l)t/m} in D(—mz, 
mm) follows from the fact that the functions of class C’ are everywhere dense 
in D(—mz, mr). 

The results obtained so far admit of considerable generalization. Consider 
the contravariant tensors g"(2', 2”) and h‘(z', 2”) (i, 7 = 1, 2) and the scalar 
ce(z', x’). All these quantities may, for simplicity, be considered analytic in 
z' and x’ in a region E. We assume that the associated covariant tensor g;,(z’', 
z’) has analytic components and that” 


(31) Qi; dz’ dx’ 

is a non-singular indefinite form in E. Furthermore suppose 
ahah’ 

(31.1) a Bat" 


16 The usual dummy script summation convention of tensor analysis is used here. 
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We define L(g) as 





he 3 89 , by 
= J —_— © —_— 
(31.2) L(g) =g Ital +h ari + cy. 


It is well known” that non-identically vanishing functions f'(2', z*) and f*(z’, 2’) 
can be found such that a suitable transformation 


(31.3) x = 2'(z, t) (¢ = 1, 2) 
yields 
(31.4) tT) = L(y), 


where L(y) is the expression already defined in (.1) and g = y(z(z’, x’), t(z’, 2*)). 
Hence solutions of (.1) are correlated with solutions of 


(31.5) L(f'g) = 0. 


Suppose (31.3) defines a homeomorphism between a set in the z, ¢-plane con- 
taining the rectangle and the set E. The boundary of the image of the rec- 
tangle is denoted by [. If the functions z'(z, t) and z°(z, t) are of sufficiently 
high continuity class (for instance, superior to that required of the data in our 
various preceding theorems), it is plain that questions of uniqueness and exist- 
ence of solutions for the Dirichlet problem connected with (31.5) and data on 
I may be treated by transformation to the canonical situation (.1) and (.2). 

An interesting specialization of these general remarks is concerned with the 
determination of classes of contours for which the results of our paper remain 
valid for (.1). Here we are concerned with the transformations leaving (.1) 
invariant. If K # 0 it is apparent that the transformations must leave in- 
variant the quadratic form 


dz* — dt’. 
Thus we are led to the Lorentz transformation 
(32) E = ax + ant, i = age + ayt, 1 = aj — a, 
(32.1) dz’ — di’ = dx’ — dt’. 


Since the characteristics, namely, the lines of slopes +1, are left invariant, it 
is clear that the rectangle goes into a parallelogram, with the sides x = 0, t = 0 
transforming into lines equally inclined to the characteristic directions. Moreover, 
since 


(32.2) +2 = (ai + a)(2° + &) + 4arcrtz, 


16 E. Cotton, Sur les invariants différentiels de quelques équations linéaires aux dérivées 
partielles du second ordre, Annales Scientifiques de l’Ecole Normale Supérieure, vol. 
38(1900), p. 211. 
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we can easily show, by taking x = 0, or ¢ = 0, that the ratio of the lengths of 
the corresponding sides of the parallelogram remains a. We replace normal 
derivatives by co-normal derivatives and the new and old solutions are related by 


(32.3) g(@, t) = y(x(@, 0), t(@, O). 


For completeness we consider the case K = 0 also. The following remarks 
indicate the nature of the extensions of previous work on the vibrating string 
equation. The class of transformations leaving (.1) invariant is now the class 
of conformal transformations defined by 


(33) d# — dt’ = p(z, t)(dx” — dt’). 


It is well known that the general conformal transformation in the sense of (33) 
is given by 


(33.1) #=Fi(x+t+ F.(z — 0, i= F(x +t) — Fi(x — 2). 


Observe that the characteristics go into characteristics and that the Jacobian 
of the transformation is p(z, t). If we can ensure that admissible solutions 
correspond in the two sets of variables, the theory developed for the rectangle 
can be taken over bodily. It is sufficient for this to require as before that the 
functions on the right side of (33.1) are of continuity class superior to that 
required for the data in existence theorems, and that (33.1) defines a homeo- 
morphism on a region containing the rectangle. 
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LA LOI DE JORDAN-HOLDER DANS LES HYPERGROUPES ET LES 
SUITES GENERATRICES DES CORPS DE NOMBRES {-ADIQUES 


Par Marc KRASNER 
Chapitre II 


Suites génératrices des corps de nombres -adiques 


8. A partir d’ici il ne s’agira que d’hypergroupesp. Dans ces hypergroupes 
l’infra-invariance se confond avec la semi-invariance 4 droite, qui sera dite dans 
la suite du travail semi-invariance tout court. Et la semi-invariance 4 gauche 
coincide avec l’invariance. On dira quotient tout court au lieu de dire quotient 
droit et on le notera H/h au lieu de H/h™. 

L’application qui suit de la théorie précédente a la théorie des corps de nombres 
$-adiques montre, en méme temps, qu’il existe dans les hypergroupes de trés 
nombreux sous-hypergroupes semi-invariants (& droite) qui ne sont pas in- 
variants et qui y joignent un réle important. Corrélativement, on peut conclure 
qu’il existe dans les hypergroupes des sous-hypergroupes semi-invariants 4 
gauche, mais non invariants, importants. 

Ceci montre, d’ailleurs, que l'étude précédente a un intérét qui n’est pas 
seulement formel. 

D’autre part, comme je l’avais déja mentionné, j’ai trouvé un exemple de 
sous-groupe infra-invariant, mais non invariant, d’un groupe. Et, un tel sous- 
groupe ne peut pas étre semi-invariant. 


9. Hypergroupe de Galois. Lois de composition induites. Soit k un corps 
et soient K’ et K D> K’ deux surcorps de k de degré fini. Soit ¢ un isomorphisme 
de K/k (avec un de ses conjugués). I] existe un et un seul isomorphisme o’ de 
K’'/k tel que pour tout a’ ¢ K’ on ait o’a’ = ca’. II sera dit correspondant de 
dans K’ (corr.x ¢) et le signe corr. sera regardé comme une fonction définie 
dans |’ensemble Gx, de tous les isomorphismes de K/k avec ses conjugués. 
On sait que corr.x, (Gx) = Gr. Ceci permet de définir dans Gx, une 
fonction gen.x o’ (c’ eGx.) par la condition que gen.x o’ soit l’ensemble de 
tous les o e Gx», tels que corr.x ¢ = a’. 

Soient o;, o2 deux éléments de Gx. Soit a un élément primitif de K/k. 
Désignons par o,02 l’ensemble de tous les o ¢ Gxj, tels que toute relation ration- 
nelle x(a, coa) = 0 dans k entre a et o2a reste encore vraie pour oa, ca (c’est- 
a-dire x(cia, oa) = 0). Visiblement, si K*/k est un surcorps galoisien de 


Received January 10, 1940. The first chapter of this paper appeared in this Journal, 
vol. 6(1940), pp. 120-140. The notation [K1, 26] refers to page 26 of the article designated 
as K1 in the bibliography at the end of the present chapter. 
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K/k, oie. = corr.« [gen.x+ o1-gen.x+ o2] done ne dépend pas du choix de a. 
Gx, organisé par cette loi de composition est un hypergroupep fini, isomorphe 
& Gre/Grejx , Qui s’appellera hypergroupe de Galois (ou simplement hyper- 
groupe) de K/k. Les propriétés des hypergroupesp montrent que le théoréme 
fondamental de la théorie de Galois peut se formuler ainsi: 

Si K > K’ Dk, Gr;x est un sous-hypergroupe de Gr, ; si h est un sous- 
hypergroupe de Gry. , tl existe un et un seul corps K', K > K’ Dk, tel que Gx;x = 
h; Geen ™ Grye/Grjx , et cet isomorphisme se réalise par la correspondance « > 
corr.«n ¢ (o € Gx) [K1, 31-34; K2, 80]. 

Une chaine de corps 


(1) K=Q°7Q° dD... DQ” =k 

s’appelle suite génératrice de K/k si, pour tout i = 1, 2, --- , s, Q°”/Q™ est 
une extension primitive. s s’appellera longueur de la suite (1), la suite (Q :Q™), 
(Q™:Q”), --- , (Q°”:Q”) s’appellera sa suite de degrés, et la suite G,,, od 
7 = Q*”/Q® (i = 1, 2, --- , 8) s’appellera sa suite d’hypergroupes. Visible- 
ment, la suite (1) est une suite génératrice de K/k si, et seulement si, Gx;gis) , 
Gejgis-1) , «++ » Gxjqa), Geo) est une suite génératrice de Gx, et dans ce 


cas les longueurs de deux suites sont égales, la suite de degrés de la suite (1) 
coincide (4 l’ordre prés) avec la suite d’indices de la seconde suite, et la suite 
d’hypergroupes de la suite (1) avec l’ensemble des quotients de la seconde 
suite (a l’ordre et isomorphisme pres). 

Soit 2 un surcorps de k. Si a est un élément primitif de K/k, il est aussi 
élément primitif de KY/L. Si o:, o2 € corr.« Gree, posons (102) égal A l’en- 
semble de tous les ¢ e Gx, tels que toute relation rationnelle r(z, y) = 0 dans 
2 qui est juste pour zt = a, y = o2a le soit pour x = oa, y = oa. Alors corr.x 
Gree sera organisé en un hypergroupep isomorphe 4 Gree. Si K*/k est un 
surcorps galoisien de K&/k, et si U* = Gx+e, manifestement, corr.« Gree = 
corr.« U* et 


(oyo2)¢ = corr.x [(gen.xe 0; M U*)(gen.x» o2 N U*)). 


On appellera la loi de composition (e102): de l’hypergroupe U = corr.x. U* loi 
de composition induite par U*. Cet hypergroupe sera noté U‘’”. On écrira 
aussi, au lieu de (o102)e , (0102) [K1, 34-35]. 

Il est visible que si U*’ est un sous-groupe de U*, et si o1, o2 € corr., U*’, 
(o02)°""”” -& (ay02)"”. Si W C& corr.x U*’ est un sous-hypergroupe de 
(corr., U*)‘’? done (WW)'”” & W, ona (WW)? & (WW) c& W, 
et W est aussi un sous-hypergroupe de (corr.x U*’)‘”"”. Et si, de plus, W est 
semi-invariant dans (corr. U*’)‘”*”, il Vest dans (corr.x U*’)‘°”. En effet, 
si o ecorr.x U*’, on a (Wo)"” D (Wa)? et (oW)”” D (oW)'””. Or, 
(oW)”” et (cW)”"” étant des classes & droite dans deux hypergroupes> finis 
suivant un méme sous-hypergroupe W, ils ont le méme nombre d’éléments égal 
& celui de W; done (cW)‘”” = (cW)‘’”. Done, si (We) D (eW)”””, 
on a aussi (Wa)‘"” D (cW)‘””, et tout est prouvé. 
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10. Suites génératrices des corps {-adiques. Soient k un corps de nombres 
p-adiques et K un surcorps algébrique de degré fini de k. Soient $, p = ¥° 
et p = * = yp” respectivement |’idéal premier de K, celui de k et le premier 
rationnel qu’ils divisent. On désignera par (K:k) le degré de K/k. f désignera 
le degré de $ dans K/k. a@ étant un élément algébrique par rapport a K, 
w(a) notera l’ordre de a pour $. 

J’avais construit dans mes travaux cités K1 et K2 une théorie de la ramifica- 
tion dans les corps non-galoisiens de nombres algébriques et de nombres 
P-adiques qui généralise celle des corps galoisiens de M. Hilbert. 

J’en dois rappeler ici quelques définitions et résultats: 

Soit ¢ «Gx. Le minimum de w(ca — a) — 1, od @ parcourt tous les entiers 
du corps K, s’appelle nombre caractéristique de o et se note v(a) [K1, 39; K2, 81]. 

Soient 


Vo, V1, V2, ++ yUm-1, Um = +O 


toutes les valeurs positives que peut prendre v(c). Posons, de plus, v., = —1, 
v1=0. v, (¢ = —2, —1,0, 1, --- ,m) s’appelle g-téme nombre de ramification 
de K/k.“ vq est une fraction rationnelle dont le dénominateur est, comme je 
lavais montré [K1, 73-76; K2, 93], premier d p. L’ensemble V, de tous les 
a €Gxx tels que v(¢) 2 v, s’appelle ensemble de ramification d’ordre q de K/k 
(en particulier, V_; se désigne aussi par 7’ et s’appelle aussi ensemble d’inertie de 
K/k, et Vo se note V et s’appelle aussi ensemble de ramification de K/k) [K1, 39; 
K2, 83]. J’avais prouvé [K1, 43; K2, 82] que tous les V, (q = —2, —1, 
0, ---,m) soni des sous-hypergroupes de l'hypergroupe de Galois Gx», de K/k. 
Done, pour tout g = —2, —1, 0, --- , m, il existe un corps K,,k © K, & K, 
tel que Gxjx, = V_. K,/k s’appelle q-iéme corps de ramification de K/k (en 
particulier K_,/k s’appelle corps d’inertie et Ko/k corps de ramification de K/k) 
[K1, 54; K2, 83]. K_./k est le plus petit sous-corps Q/k de K/k tel que K/Q 
soit complétement ramifié, et est le plus grand sous-corps Q/k de K/k non- 
ramifié [K1, 55; K2, 95]. 

Soit n, le nombre d’éléments de Vz. mn_: = fe, n_1 = e, % est la contribution 
de p dans e, les ng (0 S ¢ S m) sont des puissances de p, décroissantes avec q 
[K1, 43, 46, 52; K2, 85, 90-91]. K*/k étant un surcorps galoisien arbitraire de 
K/k, T* et V* étant resp. groupe d’inertie et groupe de ramification de K*/k, 
on a corr., 7* = T et corr.x V* = V [K1, 46-47; K2, 86, 89]. Donc les hyper- 
groupes 7"” et V” peuvent étre définis. Gxp/T est wn groupe cyclique 
d’ordre f, et T est invariant dans G x», [K1, 44-45; K2, 84-85]. V‘°"” est invariant 
dans T'"” et T'*”/V‘"” est un groupe cyclique d’ordre premier a p [K1, 48]. 
La suite d’indices d’une suite génératrice de Vhypergroupe T/V ne contient que 
des nombres premiers [K1, 50, 68; K2, 87-88]. VSI? (q = 0, 1,---,m — 1) 
est invariant dans V‘"" et V‘"”/VS) est un groupe abélien du type (p, p, --- , p) 
[K1, 51-52). 

44 Tl est dit nombre de ramification impropre si gq = —2, —1 ou m, et propre dans tous 
les autres cas [K1, 39; K2, 83]. 
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Si K/k est galoisien, V, (q = 0, 1, --- , m) est un sousgroupe invariant de 
V_. = Gri [O4, 653 ; Kl, 76).° 

Pour que K/k soit primitif il faut que ou bien (K:k) soit premier, ou bien que 
K/k soit complétement ramifié de degré puissance de p et n’ait qu’un seul nombre 
de ramification propre v = vo [K1, 58-59; K2, 94]. 

Si r « K est d’ordre 1 pour §, et sia e 7, w(or — x) = 1 + v(c) [K1, 40-41; 
K2, 82]. Si Ko = k, si K.. = K et si 6 désigne le dénominateur du nombre de 
ramification propre v = vo de K/k il existe un corps non-ramifié & tel que tous les 
conjugués om (0 € Gx) de par rapport a k soient contenus dans le corps v = 
&(2'*), obtenu par l’adjonction de x'® ad & [K1, 61; K2, 97, 189]. 

J’avais prouvé [K1, 63, 70) que si K*/k est un surcorps (qu’on supposera ici 
galoisien) de K/k, et si Vv; désigne son groupe de ramification d’ordre q, il 
existe une suite (finie) d’entiers croissants et non-négatifs | ia Mis *** Caos Ee 
telle que, pour tout g (0 < q S m), on ait gen.x» V, = V; g ORK. 


LEMME 11. V, est semi-invariant dans V (q = 0, 1, --- , m). 


Démonstration. Soit K*/k un surcorps galoisien de K/k. Soit oe Gx, et 
soit o* egen.x- o. Alors gen.x+o = o*Gaeyx. Ona 


gen.xc» Vo = gen.xc+ V,-gen.x+o = Vi.Gxejxo*G xeyx 
> Vi.o*Greyx = Vi,0"Greyn-Grejx. 
Or, Vi. étant invariant dans Gx-,, on a 
Vi,o"*Groyx = o*GreyxVi,; 
donc 


gen.x+ o-gen.xce Vz = gen.x-oV,, 


gen. xs Vic >o *GxeK- V: (OKyK 
et 
Veo DoV,. 


LemME 12. Ko étant égal a k, si K D> K’ DK" Dk, et si K/K’ et K”/k sont 


primitifs, on a pour tout ce Grn, 


Gro a oGryx’ ° 


Démonstration. Soit i le plus petit nombre tel que K; D> K”. Supposons 
que la proposition soit juste si l’on remplace K par K; et K’ par L; = K’ fN K;. 
(Gx, = V; étant semi-invariant dans Gx; = V et tout sous-hypergroupe de 
Gr étant clos, on voit que Grit; ~ Gru,/Gex, = Grier Vi/Vi = 
Gxx:/(Grjx 1 Vi) et, s’il n’existe aucun hypergroupe entre Gx;x et {1x}, 
ou 1x désigne l’isomorphisme identique de K, il n’en existe aucun, 4 fortiori, 
entre Gx,/r; et {1x,}. Done K;/L; est primitif.) Alors, pour tout o ¢« Gx, on a, 


45 Ce dernier résultat est dd 4 M. A. Speiser, Zerlegungsgruppe, Journal fir die reine 


und angewandte Mathematik, vol. 149(1919), pp. 174-188; voir pp. 175-177. 
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puisque gen.xc Gx; = Gru; = GrixVi, et puisque tout sous-hypergroupe 
de Gr; est clos, 


OV Gaye Vi & GareoVi & Gaye Vio = Gxjxve. 


Done, puisque oGx;x- = o-1xcGajxe le G& oViGx;x-V; , on voit que la proposition 
serait juste pour les corps K, K’, K”’, k eux-mémes. Done on peut supposer 
dans la démonstration i = m. Mais alors Kn. M K” # K”, done Kn. 
K” = k. Done, Gr = Grr Vm-1 ° 

Supposons qu’on ait prouvé, pour tout o ¢ Vn_1, l’inégalité oGn;n & Gere. 
Soit ¢ un élément quelconque de Gx. En vertu de ce qui précéde, il existe 
un o € Vy», tel que o€Gx;xo’ et, en vertu de la réversibilité de Gx;x-, 
Gero’ = Gre. On a oG KK’ aed Grjxvo'GriK = GrepxvGrxo’ = 
Grxvo’ = Gx;xvo, et la proposition serait prouvée. 

En particulier, puisque Gx;x-» D Gx;x: , il suffirait, pour prouver la proposi- 
tion, de montrer que, pour tout ¢ e Vn, on a oGx;x & Grjx-o; c’est-a-dire, 
puisque, V,,_, étant semi-invariant dans V = Gry, Gxjx-Vm—1 est un hyper- 
groupe, il suffirait de prouver que Gx;x- est semi-invariant dans cet hyper- 
groupe. En vertu de §9, il Suffirait de prouver ceci pour la loi de composition 
induite par V*, ot V* est le groupe de ramification d’un surcorps galoisien 
quelconque K*/k de K/k. Nous le ferons en montrant que (Gx;x-Vm—1)"” est 
un groupe abélien. 

En effet, K/K,-1 est complétement ramifié de degré puissance de p et n’a 
qu’un seul nombre de ramification propre vm—1, le plus grand des nombres de 
ramification propres de K/k, et dont le dénominateur sera désigné par A. 
K/K’ étant primitif et complétement ramifié de degré puissance de p, il n’a 
qu’un seul nombre de ramification propre v, dont le dénominateur sera désigné 
par 4’. Aet A’ sont premiers A p. 

Donc il existe un corps non-ramifié & tel que &(4'") contienne tous les oz, 
o¢€Vm1. Et, de méme, il existe un corps non-ramifié @ tel que &’(2'/*’) con- 
tienne tous les oz, ¢ € Gx;x:. 

Soit oo € Vn, et soit o€Gx,. Choisissons le surcorps galoisien K*/k de 
K/k de maniére qu’il contienne &(2"*) et &(2"/*’). 


1/4 


(oo) 'e = corr.x [(gen.xce o M V*)(gen. xe oo M V*)|x 


est l’ensemble de tous les o*oor distincts tels que o* egen.c- o M V*. Or, 
puisque K* D &(x/*), on a o*oor = corr.gs1/4) o*-o7. Mais, puisque o* ¢ V*, 
et puisque le corps % qui est non-ramifié est contenu dans le corps d’inertie 
de K*/k, o* conserve tous les éléments de®. D’autre part, (o*x'/*)* = o*x = on, 
donc les o*'’*, pour les o* € gen.x- o, ne peuvent différer que par des facteurs 
racines A-itmes de l’unité. Done, A étant premier a p, o:4* et o:x"* (o1, 


o3 €gen.x+ ¢) ou bien coincident, ou bien l’ordre de leur différence pour $/* 


at +. + wa * WA va 

est 1. Si, de plus, o:, o2 « V*, l’ordre en $’* de oj2"* — x” et de 
* 1 1 . . * 1 * WA * 1A * WA 
o:7 * — x'*, donc aussi celui de o) 2° — o: 2“ est > 1; done, oi; 9 * = op 2"? 


Done, corr.gr1/4) (gen.ce ¢ M V*) ne contient qu’un seul élément. Donec 
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o*our, o* egen.xe ¢ 1 V* ne prend qu’une seule valeur. Done (¢a)‘"” est 
l’ensemble d’un seul élément.“ 

Pour des causes identiques, si oo ¢ Gx/x’ et sia €Gx, (ooo) est l’ensemble 
d’un seul élément.“ “ 

Soient o et o’ deux éléments de Gax'Vm_1. Alors o’ est contenu dans un 
ensemble de la forme (oj02)""”, od 0; €Gxyx et OU 02 €Vm-1. Mais cet en- 
semble ne contient qu’un seul élément. Done, (o;02)""” = {o’} et (ao’)” = 
(so1o2)"” = ((a03)"" 03)”. Or, puisque o; € Gx/x- , (o0;)”” ne contient qu’un 
seul élément. Et puisque o2 € Vm—1, il en est de méme pour ((o0;)""e3)"” = 
(oo’)””. Done (Gx;x-Vm-1)” est un hypergroupe tel que le composé de ses 
deux éléments quelconques est l’ensemble d’un seul élément. Done c’est un 
groupe. 

Vo?) = V&2/V&” est un groupe abélien. De méme, puisque K/K’ est 
primitif, complétement ramifié et de degré puissance de p, done Vo,x;x, = 
Gri: et Vi.esxe = {1x}, on a que Ggygy = Vile’x/Vixsx est un groupe 
abélien. Donec, pour prouver que (Gx;x'Vm_1)” ” l’est aussi, il suffit de prouver 
que tout o; ¢ Gx;x- est permutable avec tout ae € Vm ; 


Or, on a 
(v*) 
(0102) t _ (ar) om 
TT TT Tv . 


1/4 


ou o’ est l’unique élément de l’hypergroupe de &(4'") tel que o’r = oim et que 


gen.x-o’ f V* ne soit pas vide. 
Mais 2" — 1 est d’ordre Um—1 pour $f. Done, il existe un nombre p de & 
T 


et un €« > 0 tels que 


i =1+ p(a'!4)oem-1 (mod $°"-'**), 


TT 
et que 
o’x'!* = gl4 (mod g***). 


Mais alors, puisque o’p = pet o’$ = $f, ona 


, (oor 
Cg —x_ 
T 


‘6 MM. Ore et Dresher appellent un élément co d’un hypergroupe H scalaire gauche 
resp. droit si, pour tout c e H, coc resp. cco est l’ensemble d’un seul élément [OD, 710]. 
Ils démontrent que l’ensemble de scalaires gauches resp. droits de H est clos par rapport 
4 la multiplication (qui y est univoque), quand il n’est pas vide [OD, 710]. Ils appellent 
co¢H scalaire s’il est & la fois scalaire gauche et scalaire droit. La notion de scalaire 
est due & M. Wall [W, 78]. On voit qu’en particulier l’ensemble de scalaires droits d’un 
hypergroupep en est un sous-groupe s’il n’est pas vide. 

470n voit que le groupe de scalaires droits de v‘"” contient comme sous-groupe chaque 
groupe Grin f rf ‘ tel que le corps K/K’ soit primitif et complétement ramifié de degré puis- 
sance de p. 


1 + p(x'/*)%e"! = = (mod B’"-"**), 





on 


et 


et 
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et 


(e102) e _ ore oot 


ss —.— (mod °""!**), 


De méme, 


(v*) 
(0201) es. P 1% \ oo8 
T T T 


ou o’ est l’unique élément de l’hypergroupe de (2/4 


que gen.x- a’ {1 V* ne soit pas vide. Ona 


a’\ a’ 
(Sa ) __ on oF 


qld’ x a 


) tel que o’x = oem, et 


Done, puisque A’ est premier 4 p et puisque 


oax!*’ yar 
ar =1 (mod ), 
on a 
a! 
var = 1 (mod $°"~*) 
T 
et 
ox !* -_ g!*’ (mod grate’), 


O17 , e e 
Or, * peut se représenter comme un polynome en r““’ & coefficients entiers 
Tv 


de 2’. o’ conservant les nombres de &’, on voit que 
, 


(27) =" (mod ga’), 
T T 
Done, si l’on assujettit le nombre ¢ précédent d’étre < 1/A’, on voit que 


(o201:)"" © _ ore one _ (o102)"" @ 


et ee See os (mod ye, 


et que 


(o201)" Ps 
(o102)°" x 


Or, (:02)"# est un nombre du corps (o:02)""”K d’ordre 1 pour l’idéal premier 
(o,02)"% = $B de ce corps, et (o20;)"" est un conjugué de ce nombre par 


rapport &k = (0,02) "k. 
(ada ob 1) 
. (o102)"" 


1=0 (mod $""-"**), 


Done 
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est égal 4 un des nombres de ramification de (0,02) K/k. Mais ce corps étant 
conjugué avec K/k, il doit avoir les mémes nombres de ramification que K/k. 
Done le plus grand des nombres de ramification propres de ce corps est Um-1. 


Done 
(eu ) 
w{ ———.._ - 1}, 
(o102)°" x 
qui dépasse vm1, doit étre égal A +, c’est-A-dire (o20;)""r = (0102) 
Puisque x définit K/k, on a (o:02)""” = (020:)”, et tout est prouvé. 


(Vv) 
Tv. 


THtoREME 8. Toute suite génératrice de Gr;x, (Ko est le corps de ramification 
de K/k) en est une suite de composition. . 


Démonstration. Soit Gxjx, = G, D> --- DG, = {1x} une suite génératrice 
de Gx;x,. Soit K le corps tel que Gxxii) = G,;. Considérons un i 
(0 S it < 8s). Supposons qu’on ait prouvé pour un j (¢ <j < s) que Gi4:/G; 
soit semi-invariant dans G;/G;, c’est-d-dire que, pour tout o¢G;, on ait 
Gus C CuwG,. Or, K° oc KM © Kc Ko*) a Ke) /K® mm 
K°* /K® sont primitifs. Soit o’ = corr.xi+1) ¢. On a, en vertu du lemme 
précédent, o’GxitnsnG) & Gecitvxcit+ve, c’est-a-dire puisque la transforma- 
tion corr.,(i+1) est un isomorphisme de Gxci+i;xn() avee Gaxii)/Gait+y) = 
G;/Gj4. , appliquant Gisi:/Gj4. sur Gxci+/Geut+y et Gj/Gju. sur Gxui+/Gew , 
on a oG; —_ GinoG jus, done oGiss = GissoG; .. Giar- GinsoG jar = GissoG jas ’ 
et Gisi/Gi41 est aussi semi-invariant dans G;/Gj4: . 

Comme pour j = 7 + 1, Gi:/G; = Gisi/Gis: est bien semi-invariant dans 
Gi/Giss = Gi/G; , on voit que Gisn = Gi4i/G, est semi-invariant dans G;/G, = 
G; , et le théoréme est prouvé. 

En appliquant le théoréme de Jordan-Hélder on obtient la 


ConsfquEence. Toutes les suites génératrices d’une extension Y-adique K/k 
telle que Ky = k ont la méme suite d’hypergroupes (a d’ordre et a lV isomorphisme 
prés), donc la méme longueur et la méme suite de degrés. 

On appelle une suite génératrice d’une extension B-adique K/k réguliére si 
elle passe par Ky. On ’appelle fortement réguliére si elle passe, de plus, par K_, . 


TutoréMe 9. Toutes les suites génératrices réguliéres d’une extension -adique 
K/k ont la méme longueur et la méme suite de degrés (a l’ordre prés). 


Démonstration. Soient K = K® D> K® D K® D...D K*” = Ky D 
Kerr ~~. K“? ait k et K itn Kk” ~~ K” > K?" ~~... K“i’ - 
K, D> K“i*”’ >... D K“®’ = k deux suites génératrices régulitres de K/k. 
La partie de la premitre suite de K® = K jusqu’a K“” = Ky et la partie de 
la deuxiéme suite de K®’ = K jusqu’a K“’’ = Ky sont deux suites génératrices 
de K/K,. Done s, = s;, et ces parties de deux suites ont la méme suite de 
degrés (& ordre prés). D’autre part la partie de la premiére suite de K°” = Ko 
jusqu’A K“? = k et la partie de la deuxiéme suite de K“?” = Ko jusqu’A 
K“?’ = k sont deux suites de composition de Ko/k. Done chacun des corps 
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primitifs K°/K“*? (¢ = 8, 8s: + 1,---,8 — 1) ou K“’/K“*’ (¢ = 81, 
s; + 1, --- , 8: — 1) ou bien n’est pas ramifié, ou bien est complétement ramifié 
de degré premier 4 p. Mais dans ce cas son degré doit étre égal 4 un nombre 
premier. Donc la suite de degrés de ces deux suites doit étre la méme, A |’ordre 
prés, et, par conséquent, s. — s; = 8. — 8;. Done les suites génératrices 
initiales ont la méme suite de degrés (a |’ordre prés), et la méme longueur. 


THEOREME 10. Toutes les suites génératrices fortement réguliéres d’une exten- 
sion Y-adique K/k ont la méme suite d’hypergroupes (a Vordre et a Visomorphisme 
pres). 


Démonstration. Subdivisons chaque suite génératrice fortement réguliére de 
K/k en trois suites partielles: de K 4 Ky, de Ky A K_, et de K., Ak. La pre- 
miére de ces 3 parties est une suite génératrice de K/K, ; elle a donc la méme 
suite d’hypergroupes (a l’isomorphisme et a l’ordre prés) pour toutes les suites 
génératrices de K/k. La seconde partie est une suite génératrice de Ko/K 1 
et la troisiéme partie en est une de K_,/k. II suffit done de prouver, pour 
démontrer le théoréme, que toutes les suites génératrices de K,/K_; ont la méme 
suite d’hypergroupes (a l’ordre et 4 l’isomorphisme prés) et qu’il en est de méme 
pour celles de K_,/k. 

(a) Gryx-, ~ T/V. 

Or, T°*”/V” est un groupe cyclique. Donec tout sous-hypergroupe de 
T° /V” y est invariant. Par conséquent, tout sous-hypergroupe de 7'/V 
y est semi-invariant. Donc toute suite génératrice en est une suite de composi- 
tion (et méme une suite principale). 

En appliquant le théoréme de Jordan-Hdélder pour les hypergroupesp on trouve 
le résultat cherché. 

(b) Gx_,jn ~ Gxu/T est un groupe cyclique, d’ot le résultat cherché. 

Ainsi le théoréme est démontré. 

Les théorémes 8, 9 et 10 peuvent se démontrer, comme je |’avais indiqué 
dans mon travail K2 (p. 125), a partir d’un cas particulier du théoréme qui y 
était démontré [K2, 123-124], par l’emploi d’une formule que j’avais indiquée 
sans démonstration dans ma thése [K1, 68, chapitre III, A, formule (8)] et d’un 
résultat de ma thése [K1, 78]. Cette démonstration, que je publierai ailleurs, 
évite l’emploi du théoréme de Jordan-Hélder, mais est moins directe, et la 
démonstration de la formule (8) du chapitre III, A de K1 exige l’emploi de 
méthodes peu élégantes. 

Les-théorémes 9 et 10 restent encore vrais pour toutes les extensions 4 valua- 
tion discréte K/k telles que le “corps d’inertie régulier” de K/k au sens de 
M. Ostrowski [Os, 339-342] soit k/k. Il faut remplacer dans l’énoncé de ces 


48 Dans mon travail K2 (§7, p. 125) j’avais énoncé ce théoréme pour toutes les suites 
génératrices réguliéres de K/k, ce qui est inexact. D’autre part, j’y avais démontré 
(pp. 123-124) ce théoréme pour le cas particulier de suites génératrices normales, c’est-a- 
dire passant par tous les K; (i = —1, 0,1, --- , m — 1) de K/k et aussi (pp. 124-125) un 
résultat sur l’existence de suites génératrices normales satisfaisant & certaines conditions. 
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théorémes K,/k par le “corps de ramification régulier”’ au sens de M. Ostrowski 
[Os, 347-351]. Toutefois, la démonstration de ces résultats dans ce cas plus 
général comporte quelques complications. 


11. Extensions métagaloisiennes. Métagroupes, de la théorie de la ramifica- 
tion. Une extension algébrique K/k s’appelle métagaloisienne s’il existe une 
chaine de corps K = K® D KY D K® D... DK” = k telle que tous les 
K*"/K® (i = 1, 2,---,8) soient des extensions galoisiennes. Comme 
K“»/K® est une extension galoisienne si, et seulement si, Gxci-0/xn0) ~ 
Gxjx(i)/Gxjx(i-1) est un groupe [K1, 33; K2, 81], on voit que K/k est une ez- 
tension métagaloisienne si, et seulement si, Gry, est un métagroupep . 

Considérons l’hypergroupe V‘"”. Nous avons vu que, pour tout g = 0, 


1,---,m — 1, VS? est invariant dans V{"", et Vi" /V&YP est un groupe 
abélien du type (p, p, --- ,p). Done V‘”” est un métagroupey et l'ensemble de 


quotients d’une suite de composition quelconque de V‘"” est formée de groupes 
cycliques d’ordre p. 

Or, si Ko /k est le corps de ramification de K*/k, V"” ~ Gersixs = Vicxg/xt- 
Done, puisque toute suite génératrice de KKo /Ko est fortement réguliére, toute 
suite génératrice de Gxxt/x;, donc aussi de V‘"” en est une suite de composi- 
tion. Done, l'ensemble de quotients d’une suite génératrice quelconques de V‘"” 
est formé de groupes cycliques d’ordre p. 

Ou, encore, puisque V‘"” = V quand Ko = k, cela peut se formuler ainsi: 

K*/k étant une extension $*-adique galoisienne complétement ramifiée de degré 
puissance de p, et K/k étant une sous-extension de K*/k, toute suite génératrice 
K=K® DK® DK® dD... DK® = kde K/k est telle que, pour tout i = 1, 
2,---,8, K*”/K soit une extension cyclique de degré p. 

J’avais prouvé dans ma thése [K1, 80-81] d’une autre maniére, fondée sur un 
théoréme de Sylow sur les p-groupes, le fait que Vx+;x appartient 4 une suite 
de composition de V x+, , équivalent 4 l’énoncé précédent. 

Considérons l’hypergroupe 77”. On avait vu déja que T°7”/V‘7” est un 


groupe cyclique. On avait vu aussi que, pour tout g = 0, 1,---,m — 1, 
Vit? est semi-invariant dans V‘"”. Soit ¢¢V{"". Soit 6, le dénominateur 


de v,. Soit s un nombre de K d’ordre 1 pour §, et soit x’ un nombre tel que 
(x’)** = w. Désignons par B,(c) la classe (mod *) (od $* désigne l’idéal 
premier d’un surcorps galoisien par rapport 4 k du corps K/k) & laquelle appar- 
tient (or — )/(xe"*"*). J’avais prouvé [K1, 50-53; K2, 88] que 8,(0) ne 
dépend que de la classe a droite suivant V,; a laquelle appartient o et en dépend 
effectivement (c’est-A-dire B,(01) = B,(2) (01, o2 € Va) n’a lieu que si o1Vqu1 = 
o2V 41), que M, = 8,(V,) est un module, admettant comme opérateurs les multi- 
plications par toute racine 5,-iéme de l’unité et tous les isomorphismes par rapport 
au corps de restes de K (mod $*) (donc, si F désigne le degré absolu de l’idéal $ 
dans K, les élévations en toute puissance d’exposant p’” (i = 1, 2, --- , +)), 
et que, ©;, désignant l’ensemble de toutes les racines 6,-iémes de |’unité, 
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Vi7" /Vity est isomorphe a Vensemble M, organisé en hypergroupe par la loi de 
composition « donnée par la formule® 


a*b=a+ &,,b, 


’isomorphisme se réalisant par la correspondance ¢V44:1/V941 — 8,(c). 
J’avais prouvé dans ma thése [K1, 78-83], d’une maniére assez compliquée 
et non tout-a-fait intrinséque, que 
La condition nécessaire et suffisante pour que tous les nombres de ramification de 
K/k soient entiers est que T x+;x fasse partie d’une suite de composition de T x+j, . 
Puisque T‘7” ~ Tx+/T x+;x , on peut formuler ce résultat sous la forme du 


Tuftoréme 11. T‘"” est un métagroupey si, et seulement si, tous les v, (q = 
0,1, --- , m) sont entiers. 

En voici une démonstration plus simple et intrinséque: V‘7” étant semi- 
invariant dans T°””, et V7; ’étant, pour tout gq = 0, 1, ---,m — 1, dans 
V<"", il existe une suite de composition de 77” qui passe par tous les V, (q = 
0, 1,---,m). 

Par conséquent, 7‘”” est un métagroupep si, et seulement si, T°” /V‘"” et, 
pour tout gq = 0, 1, ---,m — 1, Vi7°/VS7? le sont. T'7”/V‘” est toujours 
un groupe (cyclique). V{"”/V‘T) étant isomorphe a M, organisé en hyper- 
groupe par la loi de composition «, il est un métagroupe, si et seulement si ce 
dernier hypergroupe (M,, «) l’est. Soit v, entier. Alors 6, = 1 et ©, = 1. 
Done, sia,be M,, onaa+zb =a+1-b=a+ b, et l’opération « est l’addition. 
M, étant un module, l’hypergroupe (M,, *«) = (M,, +) est un groupe, done 
un métagroupep . 

Inversement, soit (M,, *) un métagroupep. Soit M, D ws DPD wD 


- D wei D lw, = {0} une suite de composition de (M,, +). Alors 
(us-1, *) = (usr, *)/(1m, , *) est un groupe. 4; contient au moins un élément 
non nul, soit a. (us1., *) étant un groupe, on doit avoir {a} = 0*«a = 


0 + aG;, = aG;,. Puisque a ¥ 0, ceci exige ©, = {1}, done 6, = 1, et v, 
est entier. Donec T‘"” est un métagroupe, si et seulement si tous les v, (0 < 
q < m) sont entiers. 

On voit, comme précédemment (parce que (M,, +) est un groupe abélien 
du type (p, p, --- , p)) que st K/k est une sous-extension d’une extension Y*-adique 
galoisienne K*/k telle que K*, = k, toute suite génératrice réguliére de K/k a la 
suite d’hypergroupes formée de groupes cycliques de degré premier quand les v, 
(q = 0,1, --- ,m — 1) sont tous entiers. 

Cherchons maintenant quelle est la condition nécessaire et suffisante pour que 
hypergroupe de Galois Gx, d’une extension $-adique K/k soit un méta- 


49 4, B étant deux ensembles d’objets susceptibles d’étre additionnés (resp. multipliés) 
A + B (resp. AB) désigne l’ensemble de tous les a + b (resp. ab), a « A et b ¢ B, distincts. 
Par convention, si A (resp. B) est l’ensemble d’un seul élément, soit {a} (resp. {b}), il 
est permis d’écrire a (resp. b) au lieu de A = {a} (resp. B = {b}) dans A + Bet AB. 
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groupep. Désignons par , le champ de Galois de p* éléments. A étant un 
entier rationnel premier a p, et a étant un élément d’un surchamp de Galois de 
4, [ale va désigner l’ensemble de tous les conjugués par rapport A Q, des 
éléments de a€,, c’est-d-dire l’ensemble de tous les éléments distincts de la 
forme ea’ (e° = 1;i = 0,1, 2,---, +). J’avais montré [K1, 53-54; K2, 
89-91] que V,/V 41 est isomorphe a l'ensemble M, organisé en hypergroupe par la 
lot de composition ® suivante: 


a@b=a-+ [brs (a, b « My) 


l’isomorphisme étant réalisé par la méme correspondance oV94:1/V 941 — B,(c). 

Considérons un ensemble fini M d’éléments d’un corps de caractéristique 

p #0. Désignons par fy(xz) le polynome II (x — pw). M. Ore (02, 563-564; 
peM 


O03, 246-247] (et, d’une autre maniére, plus tard, l’auteur [K2, 116]) avait 
prouvé que M est un module si et seulement si fu(x) est de la forme a yin”. 
i=0 


En particulier, si M est un module dans un surchamp @ d’un champ de Galois 
2.2, M admet comme opérateurs tous les isomorphismes de 2/Q,q si et seulement 
si tous les y; (¢ = 0, 1, --- ,m) appartiennent d Q,. Et, A étant un entier 
rationnel premier a p, et b étant l’exposant auquel appartient p (mod A), M = 
EM si et seulement si y; ¥ 0 n’a lieu que pour les i = 0 (mod b) [K2, 118]. 
Désignons par W,. |l’anneau engendré sur le champ de Galois ® par un 
élément z, satisfaisant, pour tout a ¢ ® , A la relation za = a” z,, et ne satis- 
faisant & aucune relation qui n’est pas la conséquence de précédentes” (cet 
anneau est un cas particulier des anneaux introduits par M. Ore et appelés par 
lui “anneaux de polynomes non-commutatifs” [O1]). Si A, A’, A” « Wa» sont 
tels que A = ’X”, on dira que X’ est diviseur d gauche et ” diviseur da droite 
de\. En particulier, si \ est dans le centre de W,.,, tout son diviseur 4 gauche 
en est aussi diviseur a droite, et inversement. On parlera dans ce cas de diviseurs 
de \ tout court. Un \ ¢ Wa,» s’appelle premier s’il n’existe aucune décomposi- 
tion \ = X’X” (A’, AX” € Way) de A telle qu’aucun des )’, \”” n’appartienne a Q . 
Soit 


A= po yizh (vi € %) 
i=0 


(tout \ « W,. peut étre mis, et d’une seule maniére, sous cette forme), \ peut 
étre regardé comme opérateur dans un surchamp quelconque de Q, si l’on pose, 
pour tout élément a de ce surchamp, 


Ja = ) ya” , 


i=0 


5 M. Ore avait prouvé le second de ces deux résultats dans le cas particulier, ot tous 
les yi (¢ = 0, 1, ---, m) appartiennent a 2 [03, 253]. Au méme endroit se trouve la 
démonstration du premier de ces résultats, qui est, d’ailleurs, évident. 

51 Ces anneaux avaient été introduits par M. Ore (02, 560; 03, 244, 253]. La notation 
est de l’auteur [K2, 100]. 








ut 
se, 
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Les isomorphismes par rapport 4 Q, se représentent par des puissances de z,, 
et les multiplications par les éléments de 2, par ces mémes éléments. D’autre 
part, puisque ® est l’anneau engendré par G, , tout A « Wa,» est un élément de 
l’anneau d’opérateurs engendré par les isomorphismes par rapport 4 Q, et par 
les multiplications par les éléments de €,. Done tout module M admettant 
ces derniers opérateurs est un W,,-module et inversement. II en résulte que M 
est un W,»-module si, et seulement si, fu(x) peut se mettre sous la forme \yx, ov 
Aw (appelé quasi-polynome de M) est un élément de Wi,4. Inversement, si \ ¥ 
0 € Wi. il existe un et un seul module M (qui est forcément un W,-module) 
et un élément y de Qa, tels que yX-x = fu(x) (M = {0} si, et seulement si, 
Aw € 2). M. Ore” avait prouvé que M’ est un sous-W,,-module d’un Wa.- 
module M si, et seulement si, \y est un diviseur a droite de \y dans W,,,. M, 
M®,...,M étant des W,.-modules, je note [K2, 120-122] M” x M® x 
.-» X& M” le Was-module M tel que Aw = AwiAwi2) --- Ayieod. Si M et 
M’ C M sont des Wa,-modules, M"” = XM satisfait d égalité M = M” XK M’ 
[K2, 121]. 

(a, b) et [a, b] désignant le p.p.c.m. et le p.g.c.d. des a, b, le centre de Wa» 
(et de Wea) est Wia»),fan) ; A, A2, --:,As étant des éléments premiers de 
W.», et »’ étant un élément (non nul) du centre de W,,, j’avais prouvé [K2, 
101-102, 108-111] que Aide - - - A, est diviseur d’une puissance convenable de d’ si, 
et seulement si, tous les \; (¢ = 1, 2, --- , 8) divisent d’. 

y, désignant l’exposant auquel appartient p (mod 6,), j’avais prouvé [K1, 54; 
K2, 93-94] que M’ C M, est un sous-hypergroupe de (M,, ®) si, et seulement 
s'il est un Wry,-module; et que si, M étant un sous-W,,y,-module de M,, 
M = M” X M’, on a (M, @)/(M’, @) = (M”, @) [K2, 120-121, 124]. 

a étant un élément d’un surchamp du champ de Galois Q, , désignons par 
(a), l'ensemble de tous les conjugués distincts par rapport A Q, dea. o étant 
un élément de 7’, désignons par 6_:(¢) la classe (mod $*) 4 laquelle appartient 
=. On a B-1(01) = B-1(02) (01, 02 € T) si et seulement si o,V = o2V. J’avais 
prouvé [K1, 47-48; K2, 86-87] que h = n_i:m désignant le nombre d’éléments 
de T/V (c’est-d-dire le plus grand facteur de e premier & p), T/V est isomorphe 
a B_,(T) = G,, organisé en hypergroupe par la loi de composition 0 suivante: 


a O 6 = a-(8),p (a, B € ©) 


l’isomorphisme étant réalisé par la correspondance oV/V — 8_4(¢). 
Ce qui précéde permet de résoudre le probléme posé en démontrant le théo- 
réme suivant: 


TuHtorbME 12. Gx, est un métagroupen si et seulement si les deux conditions 
suivantes sont satisfaites: (1) h = n_y:m = e:M est diviseur d’une puissance de 


52M. Ore n’avait, d’ailleurs, donné une démonstration explicite de ce résultat que 
dans les cas b = 1 [02, 561] et b = a [O3, 247, 254]. La démonstration générale, qui n’en 
différe presque pas, se trouve dans K2 (pp. 117-118). 
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p’ — 1; (2) pour tout q = 0,1, --- ,m — 1, v, est entier et Au, est diviseur d’une 
puissance de l’élément zi — 1 = ze — 1 du centre Wr, de Wi,r = Wy, 


Démonstration. Pour la méme raison que dans le théoréme précédent, il 
faut et il suffit pour que Gx, soit un métagroupep que Gx»./T, T/V et tous 
les Vo/Voss (¢ = 0,1, ---,m— 1) lesoient. Gx,/T étant un groupe cyclique, 
Vest bien. Soit 


GryK-; a Gryxo a Goi?) > eee pe Gryjxe-v aa Gxo/Ky 


une suite génératrice, done une suite de composition, de Gx,/x_,. Pour que 
T/V =~ Gx,/x_, soit un métagroupep , il faut et il suffit que tous les G«(io;nci-1) & 
Grgx(i-1)/Gryx (t = 1,2,---, 8; K® = K_,, K” = K,) soient des groupes. 
Or K“’/K“~” est un corps complétement ramifié d’un degré premier q; ¥ p, 
et I] ¢: = hk. D’autre part, le degré absolu de l’idéal premier de K“? est F. 
i=1 
Done G@x‘i);x<i-1) est isomorphe 4 (G,,, 0). Done il est un groupe si et seule- 
ment si pour tout a € &,, , on a (a)r = {a}, c’est-A-dire a” = a,donca” '=1 
(et dans ce cas la composition 0 est la multiplication ordinaire). Ceci n’a 
lieu que si g; divise p” — 1; done, puisque tous les q; divisent p” — 1 si et seule- 


ment si h = [] q; divise une puissance convenable de p” — 1, cela est la condi- 


i=1 
tion nécessaire et suffisante pour que 7'/V soit un métagroupep . 
Vo/Vou =~ (M,, @) (¢ = 0, 1,---,m — 1). Soit My = wm» Dm DPD 
we D--- Dus, = 0} une suite génératrice, donc ane suite de ar TP ae de 


_ ®). Soit u“’ un W, ,-module tel que wi = we” X win @ = 0,1, 
—1). Ona (ui, @)/(uis1, @) ~ (uv, ®). Done, puisqu’il n’existe oncun 
eisieibiidlnens (uy ®) de (M,, @) tel que wi > pw DP wiy1, il n’existe aucun 
sous-W ry,-module y’ de x” autre que x et {0}. Done A, est premier. Et 
on a M, = uw X pw” X--- X we”, done Au, = AplodAyiy +++ Apleg—1). 
Vo/Veu ~ (M,, ®) est un cites si et seulement si tous les (u“’, ®) = 
(ui, ®)/(uis1, ®) sont des groupes. | Om puisque a ®@ 8 = a + [6]r.s,, cecia 
lieu si et seulement si pour tout 8 eu", on a [8]r.s, = {8} (et dans ce cas (u, 
®) = (u’, +) est un groupe abélien, dene un groupe cyclique de degré premier). 
Puisque [8]rs, 2 Gs,8, et puisque zu? contient des éléments non nuls, ceci 
exige que 6, = l,ec ’est-a-dire que v, soit entier. Ceci satisfait, on ay, = 1 et 
[Blrs, = (8)p : Peer que (8)r = {8}, il faut et il suffit que B”” = 6, c’est-a-dire 
que (zr — 1)-8 = 0. Done (u“, @) est un groupe si et seulement si v, est 


entier et A,(i) divise zr — 1 ad est bien un élément du centre Wr, de 
Wy,.r = Wir). 

Mais, les Aycs) (¢ = 0, 1, --- , 8g — 1) étant tous premiers, ils divisent tous 
zr — 1 si et seulement si Aw, = Ay(oA,O> --- Ay(eg-1) divise une puissance con- 


venable de zr — 1, et le théoréme est prouvé. 
La condition que Ay, divise une puissance (zr — 1)’ de zy — 1 se transcrit 
ainsi: 
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Il existe un entier j tel que, pour tout ae M,, on ait 


pFi _ (J \_prui-w J\ phti-a _ 
i ae 


+(-0"(, 9 ar” + (-1'a=0, 


Il est & remarquer que les résultats du §9 de mon travail K2 (pp. 130-139) 
permettent de calculer trés simplement les v, et les Av, (¢ = 0, 1, --- , m — 1) 
d’un corps défini par une équation d’Eisenstein 4 partir de coefficients de cette 
équation, et voir ainsi facilement si ce corps est métagaloisien ou non. 

On voit, comme précédemment, que si les conditions (1) et (2) sont satisfaites, 
la suite d’hypergroupes d’une suite génératrice fortement réguliére quelconque de 
K/k est formée de groupes cycliques de degrés premiers. 
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QUASI-MONOTONE TRANSFORMATIONS 
By A. D. WALLACE 


1. Introduction. I suppose throughout this paper that the space A is metric, 
compact, connected and locally connected. Further, it is assumed that the 
transformation 7(A) = B is single valued and continuous and that the space 
B satisfies the conditions placed on A. The transformation T is said to be 

(i) interior if the image of each open set is open (Stoilow [1], G. T. 
Whyburn [1)); 

(ii) monotone if the inverse of each point is a connected set (R. L. Moore [1], 
G. T. Whyburn [2]); 

(iii) quasi-monotone if for any connected set H in B with a non-void interior, 
each component of 7”'(H) maps onto all of H; 

(iv) light if the inverse of each point is totally disconnected (G. T. 
Whyburn [1)). 

My purpose is to study quasi-monotone transformations and their relation to 
the other types of mappings just defined and to develop certain properties of 
these transformations. By virtue of the well-known fact that if T is monotone 
the inverse of a connected set is also connected we have immediately 


(1.1) THzoremM. The monotone transformation T(A) = B is quasi-monotone. 


It is shown later that an interior transformation is quasi-monotone and that 
a light quasi-monotone mapping is interior. Moreover, the transformation 
T(A) = Bis quasi-monotone if and only if it can be factored, T = TT; , where 
T,; is monotone and 7; is light and interior. 

The most novel result of the paper is as follows: Let the mapping 7(A) = B 
be quasi-monotone, and let Ne be the realized nerve of a one-dimensional cover- 
ing of B with a finite number of continua. Then A admits a similar type of 
covering with a realized nerve N, and there exists a simplicial interior trans- 
formation f(N:) = Nz. Thus, so far as one-dimensional structure is concerned, 
quasi-monotone and interior transformations behave in a similar fashion. 

The following is an example of a quasi-monotone transformation that is 
neither monotone nor interior. It will serve to illustrate several of the results 
to be presented. Let S be a locally connected continuum and A = S X 8S 
the set of all pairs (x, y) with z and yin S. The distance function in S will be 
denoted by p. Further let D be the set of all pairs (x, x) and designate by 7; 
the transformation which maps D into a point and is topological on A — D. 
Since D is manifestly homeomorphic with S, it is a continuum and the trans- 
formation just described, 7;(A) = A’, is monotone. Next let B be the space 
which results from the identification of the points 7;(z, y) and Ti(y, x). This 


Received February 5, 1940. 
136 








QUASI-MONOTONE TRANSFORMATIONS 137 


second operation is an interior mapping 72(A’) = B which is certainly light. 
The transformation T = 727; is easily seen to be quasi-monotone and is neither 
monotone nor interior. We may describe T7(A) = B as the single operation 
of replacing the metric of A by a new distance, dist ((z, y), (z, w)), defined to be 
the smaller of the numbers p(z, y), p(y, w), p(x, z), p(x, w), p(y, 2), p(y, w), and 
identifying points at a distance 0 from each other. 


2. Characterizations. For brevity I denote by X° the collection of all interior 
points of the set X. 


(2.1) THrorem. Jf T(A) = Bis quasi-monotone and H is a connected subset 
of B with H® # 0, then the set T~'(H) has only a finite number of components, each 
of which maps onto all of H. 


Proof. By virtue of the definition it is to be shown that T”'(H) has only a 


. finite number of components. Let y be a point in H° contained in the open set 


U CH. Since B is locally connected, we may assume that U is a connected 
set. The set 7~'(U) is open and so are its components. These latter sets cover 
the compact set 7 '(y) and hence a finite number of them suffice to cover it. 
Thus 7”-'(U) has a finite number of components, and it follows that 7” '(H) 
can have no more than this number since each component of 7” '(H) intersects 
T*(y). 


(2.2) THrorem. In order that the transformation T(A) = B be quasi-monotone 
each of the following conditions is both necessary and sufficient: 

(i) If Z is a connected subset of B and T'(Z) = Z,; + Zs, where Z, and Z; are 
mutually separated, then T(Z,) = Z = T(Z). 

(ii) If Z is a connected subset of B and S is a quasi-component of T~'(Z), then 
T(S) = Z. 

Proof. Assume that T(A) = B is quasi-monotone and let Z be a connected 
subset of B, with 77'(Z) = Z, + Zz, as in (i). Assume, moreover, in denial 
of the conclusion, that p is a point in Z — T(Z,). It is clear, since A is compact 
and Z; is closed in 7” '(Z), that 7(Z,) is closed in Z. Then Z — T(Z;) is open 
in Z and hence we can find an open set U, containing the point p, such that 
Z—T(Z,) = ZU. Let V be an open set containing p and with V C U and let 
R be the component of V which contains p. Then we have 

(a) pe RZ CZ — T(Z;) and 

(b) T'(Z + R) = Z, + (2. + T(R)), 
where the two sets in the right member of (b) are mutually separated as is indicated. 
For we have Z,Z, = 0 by hypothesis; and if Z,.7~'(R) were not void, then be- 
cause T~'(R) is open we would have Z,-7~'(R) non-void and hence 7(Z,)R # 0, 
contrary to (a). Again, we have assumed that Z,Z: is empty, and if there 
existed points g, ¢ 7 '(R), dn — q€Z:, then we would have 7(q¢n) — T(q), 
T (qn) € R, so that RT(Z,) ¥ 0, contrary to (a). Now Z + R is a connected 
set with a non-vacuous interior so that each component of T”'(R + Z) maps 
onto all of Z + R, and hence each such component intersects T~'(p). How- 
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ever, if R; is the component of T~'(Z + R) which intersects Z; , then by (b) it 
lies in Z,. But T'(p)-Z,; = 0 by (a). This is a contradiction. 

Suppose that (i) holds and let K be a quasi-component of W = T'(Z), where 
Z is any connected subset of B. For each point rin W — K we have a separation 


W = P(@@)+Qz), KCP(z), xeQ(z). 


Since W is a separable metric space, there is a countable set of points 2; « W 
such that if P; = P(x;) and Q; = Q(z;) then > Q; = W — K. Let M, = 
P,-P,-. --- -P, and N, = Q, + Qe + --- + Q,. Then for each n we have a 
separation 


W=M;+Ni, M,>M:.:2>M;2..:.-, I] M; = K. 


By virtue of (i) we know that 7(M;) = Z, so that to complete the proof we 
must show that T([] Mi) > [] T(M,). Let p be a point common to all the 
sets 7(M;). Then there is a point z; in T'(p)-M;. Since T~'(p) is compact, 
we may suppose that z; > ze 7 ‘(p) CW. The sets 7 ‘(p)-M; form a mono- 
tone decreasing family and hence z; + 2i4: + --- C M;, so that ze M; for 
each integer 7, and we have z e II M; and hence p = T(z) « T([] Mi). 

That (ii) implies the quasi-monotoneity of T is shown as follows: If H is a 
connected subset of B with H° non-vacuous, then H contains an open connected 
set R. Now 7 ‘(R) is open and hence locally connected so that each component 
(= quasi-component) maps onto all of R. As in (2.1) there are only a finite 
number of these and hence 7” '(H) has only a finite number of components. 
Thus each quasi-component of 7”'(H) is a component and by assumption its 
transform is H. 

Condition (ii) of this theorem may be regarded as a justification for the term 
“quasi-monotone”. The following result is also related to this theorem and is 
in a form which is frequently useful. 


(2.3) THrorem. In order that T(A) = B be quasi-monotone it is necessary and 
sufficient that for any region R (i.e., open connected set) in B, each component of 
T ‘(R) map onto all of R. 


Proof. The necessity of the theorem being manifest, we need only state that 
the sufficiency follows as in the latter part of the proof of (2.2). 


Corotuary. If T(A) = B is quasi-monotone and Z is a continuum or a con- 
nected G; in B, then each component of T~'(Z) maps onto all of Z. 


(2.4) THeorem. [f the transformation T(A) = B is interior, it is quasi-monotone. 


Proof. This is an immediate consequence of a theorem of G. T. Whyburn 
[1] and our result (2.2). 

It is easy to construct an example (cf. §1) of a mapping that is quasi-monotone 
but neither interior nor monotone. With the aid of the following result we are 
able to show that if T is quasi-monotone and light, it is then interior. 
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(2.5) THeorem. If T(A) = B is quasi-monotone and light, then for any point x 
in A and any neighborhood U of x there exists a connected neighborhood V of x, 
contained in LU’, such that 

(i) T(V) ts open, 

(ii) F(T(V)) = T(F(V)), where F(X) is the boundary of X. 

Proof. Since T is light, the set T'(y), y = T(z), is totally disconnected 
and hence we can find a neighborhood W of x contained in U and such that 
F(W)-.T‘(y) is empty. Let R be the component of B — T(F(W)) which 
contains y and let V be the component of 7 '(R) which contains z. Then 
V CW CU, since if this were not the case we would have VF(W) non-vacuous 
and because T7(V) = R it would follow that T(VF(W)) C T(V)T(F(W)) = 
RT(F(W)). This isa contradiction. Since R is open, we know that 7(V) = R 
is open. Also 


F(T(V)) = T(V) — T(V) = T(V) — T(V) CT(V — V) = T(F(V)); 
again, because V is a component of the locally connected set 7~’(R), we have 
F(V) CF(T""(R)) © T"(R) — T(R) 

and hence 

T(F(V)) © T[T"(R) — T“(R)] = R — R = T(V) — T(V) = F(T(V)). 
This completes the proof. 

Immediately from (i) we get 
(2.6) THeorem. Jf T(A) = B is quasi-monotone and light, it is interior and 
hence the conclusions of (2.5) hold for light interior transformations. 

In connection with another result (Wallace [1]) we get the following 


Corouiary. In order that the interior transformation T(A) = B be light it is 
necessary and sufficient that condition (ii) of (2.5) hold. 


3. Product and factor theorems. In this section we use the following nota- 
tion: If T(A) = Bis factored, T = T2T; , we write T7,(A) = A’, T2(A’) = B. 
If 7;(A) = A’ and T,(A’) = B are given, then we write T = 7:7, and 
T(A) = B. 

It is readily seen that X is a component of T'(Y) = T7'T7'(Y), Y C B, 
if and.only if it is a component of 7;'(Z), where Z is a component of Tz'(Y). 
(3.1) THeorem. If T = 727; and T is quasi-monotone, then so is T2. 

Proof. Let R be a region (= open connected set) in B and R’ a component 
of T;'(R). If K is a component of 7;'(R’), then K is a component of 7”’(R) 
and hence 


R = T(K) = 7:7\(K) C T:(R’) CR. 
Hence 7:(R’) = R and thus 7: is quasi-monotone by virtue of (2.3). 
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(3.2) THeorem. If T = 7:7, where both T, and T2 are quasi-monotone, then T 
1s quasi-monotone. 


The proof of this is similar to that of (3.1). 


(3.3) THeorEeM. In order that T(A) = B be quasi-monotone it is necessary and 
sufficient that T be factorable into T2T; , where T; is monotone and T» is light and 
interior. 


Proof. If T; is monotone and 7% is light and interior, then by (1.1) and (2.4) 
they are both quasi-monotone and hence their product is, by (3.2). If T is 
quasi-monotone, then it can be factored (G. T. Whyburn [2], 8. Eilenberg [1]) 
so that 7; is monotone and 7; is light. But by (2.6) T2 is quasi-monotone and 
hence by (3.1) it is interior. 

From this result we secure at once the 


(3.4) THrorEeM. A topological property of a space A is invariant under quasi- 
monotone transformations if and only if it is invariant under both monotone and 
light interior transformations. 


Since unicoherence is invariant under monotone (Kuratowski [1]) and interior 
(Eilenberg [2]) transformations, it follows at once that it is invariant under 
quasi-monotone transformations. Indeed we see more generally, by using 
results of Vietoris [1] and G. T. Whyburn [3], that a quasi-monotone trans- 
formation will not increase the rational first Betti number of a locally connected 
continuum. Other consequences of (3.4) will occur to the reader. 

For the remainder of this section we assume familiarity with the cyclic 
structure of the space A (Kuratowski and Whyburn [1]). If M is a metric 
space and N is a closed subset of M, then the continuous transformation 
r(M) = N is said to retract M onto N if r(x) = z for each point z in N (Borsuk 
[1]). The transformation T7(A) = B is said to be non-alternating if for any 
point b in B and any separation A — 7 '(b) = A; + As we have A; = 
T ‘T(A,) (G. T. Whyburn [2]). The following result is to be found in the 
paper just cited: 


Lemma. If S is a locally connected continuum and H is an A-set in S, then 
there exists a monotone retracting transformation r(S) = H which is monotone on 
every subcontinuum of S. 


(3.5) THrorem. If T(A) = B is quasi-monotone and H is an A-set in B, then 
there exists a quasi-monotone transformation t(A) = H, which is monotone if T is. 


Proof. Let r(B) = H be the monotone transformation given by the lemma, 
and let = rJT. By (1.1) and (3.2) the transformation ¢ is quasi-monotone. 

If J is a simple closed curve in a locally connected continuum S and for 
every decomposition S = H + K into closed sets such that HJ is an are ruy 
and KJ is an are zvy, the points z and y lie in the same component of HK, 
then S is said to be unicoherent about J (W. A. Wilson [1)). 
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(3.6) THroreM. [If (a) E is a simple arc in S or (b) E is a simple closed curve 
about which S is not unicoherent, where S is a locally connected continuum, then 
there exists a quasi-monotone non-alternating retraction T(S) = E. 


Proof. In (a) let C be the cyclic chain C(u, v), where u and v are the end- 
points of E, and in (b) let C be the cyclic element containing Z. In either case 
there is a non-alternating interior retraction f(C) = E (G. T. Whyburn [4)). 
Let r(S) = C be the monotone retracting transformation of the lemma. Then 
if T = fr we know by virtue of (1.1), (2.4) and (3.2) that 7 is quasi-monotone. 
It remains to show that T is non-alternating, and this is a consequence of a 

nown result (G. T. Whyburn [2)). 


4. Invariance and separation theorems. In this section I shall be concerned 
with the invariance of certain very general properties under quasi-monotone 
and interior transformations. It will be understood that if a theorem is stated 
only for interior transformations there are examples to show that the result 
does not hold in the more general case. 


(4.1) THeorem. If T(A) = B is quasi-monotone and A is a regular curve or a 
rational curve, then so is B. 


Proof. Let zandy be any pointsin B. Then it suffices to show (K. Menger 
[1]) that if x and y are distinct, they can be separated in B by a set consisting 
respectively of a finite or a countable set. Now in each case the sets 7 '(x) 
and 7 ~'(y) are separated in A by a set of the required type, X. Then 7(X) 
is also of this type and 7~'7T(X) separates T'(x) and T‘(y) in A. If T(X) did 
not separate x and y in B, then z + y would lie in a region R in B — T(X). 
But each component of 7~'(R) intersects both T~'(x) and T~‘(y) and lies in 
A — T'T(X). This is a contradiction. 

As an immediate corollary to the proof of (4.1) we have the following, which 
is a necessary but not a sufficient condition. 


(4.2) THeorem. If T(A) = B is quasi-monotone, and X, Y and Z are disjoint 
closed sets in B, then Y separates X and Z in B if and only if T~'(Y) separates 
T '(X) and T(Z) in A. 


Let P be a topological property of closed sets. Then P is additive if whenever 
the closed sets X and Y have P their sum has P; hereditary, if whenever the 
closed set X has P every closed subset of X also has P. A locally connected 
continuum has property F(P) if the boundary of every one of its regions has 
property P. 

(4.3) THrorem. [If the property P is invariant under continuous transformations 
and A has property F(P) and T(A) = B is quasi-monotone, then B has prop- 
erty F(P). 

Proof. Let R be a region in B and S a component of 7”'(R). Then, as in 
the proof of (2.5), it may be seen that T(F(S)) = F(T(S)) = F(R). But F(S) 
has P and P is invariant under 7, so that F(R) has P. 
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As a corollary we have the following (Harrold [1]). 


Coro.tiary. The property of a locally connected continuum being a hereditary 
arc-sum is invariant under monotone and interior transformations. 


(4.4) THeorem. If T(A) = B is interior and A has property F(P), where P is 
additive, then for each y in B the set T~'(y) has property P. 

Proof. Let R be a component of B — y so that F(R) = y. Then (Wallace 
(1]) T\(y) = T(F(R)) = F(T(R)). But T"(R) is the sum of a finite 
number of components, Ri, R:,---,R,, and hence 7 '(y) = F(R,) + 
F(R.) + --- + F(R,) and hence has property P. 


Corotuary. If T(A) = B is interior and all but a countable number of the 
points of A are local separating points, then each set T~'(y) is countable. 


A locally connected continuum will be said to have property N(P) if each 
point is contained in an arbitrarily small region whose boundary has property P. 


(4.5) Let T(A) = B be light and let P be a hereditary property invariant under 
T. If B has property N(P), so also has A. 


Proof. Let U be a neighborhood of the point z in A. We may suppose that 
F(U) does not intersect the set T~'(y), where y = T(x). Let R be the com- 
ponent of B — T(F(U)) which contains the point y and denote by V the com- 
ponent of T '(R) which contains x. Then V is a subset of U. There is a 
neighborhood W of y which is a subset of R and such that F(W) has property P. 
If S is the component of W which contains y, then F(S) C F(W) and F(S) has 
property P. Let Q be the component of 7”'(S) which contains x. It follows 
thatQ CV CU. Now 


F(Q) C F[T(S)] = T"(S) — T"(S) C T(F(S)), 
so that F(Q) has property P. 
From this we get the following corollaries (W. T. Puckett [1]): 
Corotiary. If T is finite and B is a regular curve, then so is A. If T is 
countable and B is a rational curve, then so is A. 


The following result is much stronger than (4.2) but only because T is re- 
stricted to be interior. 
(4.6) THrorem. Jf T(A) = B is interior, then the closed set X separates B 
irreducibly between the points p and q if and only if the set T~'(X) separates A 
irreducibly between the sets T-'(p) and T~*(q). 

Proof. If X separates B irreducibly between p and gq, then (G. T. Whyburn 
[5]) X = F(G,,), where G,, is the component of B — X containing the point m, 
m= porm=q. Hence 


T'(X) = T"(F(Gm)) = F(T'(Gm)) 


and 7T~'(G,) is the sum of a finite number of components each of which maps 
onto all of G,. Also T~'(G,) is the sum of a finite number of components each 
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of which maps onto G,, and these are exactly those components of A — T~*(X) 
which intersect T7~'(m). Consequently 7~'(X) separates A irreducibly between 
T'(p) and T‘(q). 

If T-'(X) separates A irreducibly between the set T~'(p) and 7~‘(q), then 
by virtue of (4.2) X separates B between p and q. Let C be a subset of X 
which separates B irreducibly between p and g. Then 7” '(C) irreducibly 
separates A between 7” '(p) and 7” ‘(q) and is contained in 7'(X). Accord- 
ingly we have T-'(C) = T'(X) and thus C = X. 


5. One-dimensional structure. By a covering C: S = >> S; of a space S we 
mean a decomposition of S into a finite number of closed sets S; ~ 0; by the 
dimension of C is meant the greatest integer k such that there are k + 1 sets of C 
with a non-void intersection. A covering C is said to be monotone if the sets S; 
are connected. With a covering C of S we may associate an abstract complex, 
N(C), called the nerve of C, whereby each S; is the correspondent of one and 
only one vertex of N(C) and the vertices corresponding to the sets Sj, , 
Si, ,--- , Si, are spanned by an (n — 1)-simplex if and only if the sets have a 
non-null product. Since we are concerned only with one-dimensional coverings, 
the nerve of such a covering can be “‘realized” in Euclidean 3-space as a linear 
graph so subdivided that each edge is uniquely determined by its ends (Alex- 
androff-Hopf [1]). 

A continuous transformation f(Ki) = Ke of the linear graph K, onto the 
linear graph K, is said to be simplicial if K, and Ke are so subdivided as to be 
1-complexes, and f maps vertices and edges of K; onto vertices and edges of Ke 
and is topological on each edge. With these preliminaries we may state the 
following 


(5.1) Tuzorem. Let C2: B = >> B; be a one-dimensional monotone covering 
and let T(A) = B be quasi-monotone. There exists a one-dimensional covering C, : 
A = > A; and a simplicial interior transformation f(Ni) = Ne of the realized 
nerve N, of C; onto the realized nerve Nz of C2. 


Proof. Let s be less than one-half the Lebesgue number of the covering C2 
(Alexandroff-Hopf [1]). Let B; be the closure of the component of the s-neigh- 
borhood of B; which contains B;. To save notation we assume that B; = B;. 
For each i let T'(B)) = Aa +--- + Ax, , Where Aj; is a component of 
T~*(B,), and let C; be the covering A = >> Ai;. Let aj; and b; be the vertices 
of the realized nerves N; and N2 corresponding to the sets A;; and B;. Since 
for each i and j we have 7(A;;) = B;, we set f(ai;) = b;. If a;,;, and aj,;, are 
spanned by a 1-simplex of N, , then b;, and b;, are spanned by a 1-simplex of N2 
since if A;,;, and A;,;, intersect then so do B;, and B;,. We take f to be a 
topological mapping of the edge (a;, ;,a:,;,) onto the edge (b;,b;,). If b;, and bj, 
are spanned by a 1-simplex, then B;, and B;, intersect. Hence there will be 
numbers j; and jz so that A;,;, and Aj, ;, intersect and there is a corresponding 
simplex spanning a;,;, and a;,;,. Therefore f is well-defined, continuous, sim- 
plicial and maps N; onto Nz. It remains to show that f is interior. 
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If U is an open subset of N; and y is a point of f(U), then if y is not a vertex 
of Nz, no point of f‘(y) is a vertex of N,. Hence if x is a point of U and 
f-"(y) as well, we can find an open arc E containing z, lying interior to a 1-simplex 
of N, , contained in U and which is a neighborhood of z. Then f(£) is interior 
to a 1-simplex of N2, is an open are and lies in f(U). Thus each non-vertex 
in f(U) is an interior point of f(U). Consider now the case in which y is a 
point of f(U) which is a vertex of N,. Then each point of f‘(y) is a vertex. 
Let x be any point of f ‘(y)-U. We may suppose the notation so chosen that 
b; = y and ay, = 2, and further so that aa , as , --- , @n1 are the vertices of N; 
adjacent to ay. Then Ay-Aj; # 0 and hence B,-B; ¥ 0,7 = 2, 3,---,n. 
Thus each edge on ay, maps onto an edge on b, , bibk = f(a). Moreover, 
if b; is the vertex of an edge of Nz on b, , then B,-B; ¥ 0; it is readily seen that 
this implies that Au- 7 '(B;) ¥ 0 so that Ay intersects a set Aj, and hence the 
edge b,b; is the image under f of the edge aya;,. We have shown that the 
set of all edges on 6; is covered by the image of the set of all edges on an. 
Now since a neighborhood of z is a set of arcs open at one end and pairwise 
disjoint except for z, a neighborhood V of z, contained in U, will map into a set 
of ares open at one end and pairwise disjoint except for y. This set of arcs, in 
virtue of our previous remarks, will form a neighborhood of y and will lie in 
f(U). This completes the proof. 

Remark. It is clear that throughout this section we could have assumed the 
elements in the covering to be open rather than closed sets. 


Corotiary. If A is unicoherent and T(A) = B is quasi-monotone, then B is 
unicoherent. 


Proof. In order that a locally connected continuum be unicoherent it is 
necessary and sufficient that the nerve of every one-dimensional monotone 
covering be acyclic.’ If C2 is any one-dimensional covering of B, then its nerve 
Nz is the interior image of the nerve N;, of a similar covering of A. But N; is 
acyclic and hence so is Nz (G. T. Whyburn [1)). 
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A CLASS OF FUNCTIONS BOUNDED IN THE UNIT CIRCLE 
By H. 8. WAL 


1. Introduction. The principal object of this note is to show how continued 
fractions may be used to obtain inequalities for certain functions, particularly, 
for moment generating functions of the form 

1 
do(u) 
1.1 x= at 
(1.1) f(z) o 1+-2u’ 
where ¢(u) is bounded and monotone non-decreasing in the interval 0 S u S 1. 
To do this, we shall make use of results contained in three recent papers ({1], 


[3], (4])." 


2. Some remarks on continued fractions. It is easy to see that if g, ¥ 1 





(n = 1, 2, 3, --- ), then the continued fraction 

(2.1) 1/1 — gi/l — (1 — gi)ge/1 — (1 —-ge)gs/1 — --- 
and the series 

(2.2) 1+> pe 


imi (1 — gi)(1 — ge) --+ (1 — gi) 
are equivalent. In fact, if A,/B, is the n-th approximant of the continued frac- 
tion, then A, = (1 — gi)(1 — ga) --- (1 — gn-s)Sn, Bn = (1 — gu)(1 — ge) --- 
(1 — gn-1), where S, is the sum of the first n terms of (2.2). Consequently, if 
the g,’s are real and 0 S g, < 1 (n = 1, 2, 3, --- ), the reciprocal of (2.1) is 
necessarily convergent, and hence the continued fraction 





(2.3) gi/1 + (1 — gi)gors/1 + (1 — ge)gare/1 + --- 
converges if x; = 22 = 23 = --- = —1 and is equal, for these special values of 
the z,’s, to 
CJ —1 
2.4) 1- {1 + abe } , 
( 2 imma 


Moreover ((3], pp. 159-160), if 0 < g: < 1 the continued fraction (2.3) con- 
verges uniformly over the domain 


D: |t,| $1 (n = 1, 2,3,--- ); 


Received February 20, 1940; presented to the American Mathematical Society (under 
slightly different title), April 26, 1940. 
1 The numbers in brackets refer to the bibliography. 
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and if f(x), x = (x1, 42, 23, +++ ), is the function represented, then 
(2.5) M(f) = Lu.b. | f(x) | < 1, 

zeD 
and this upper bound is given by (2.4), which is the value of f(z) when xz = 
(—1, —1, —1,---). Incase some g, is 0, the continued fraction is equal to the 
rational fraction obtained by stopping with the first identically vanishing partial 


quotient. 
We shall include in our discussion terminating continued fractions of the form 


(2.6) f(x) = gi/1 + (1 — gidgems/1 + --- + (1 — ge-a)gerea/1 + (1 — ge)ae/1, 


where 0 < g, < 1(n = 1,2,3,---,k). It is easily seen that we can determine 
numbers C, A, such that 


c> 4, 0<h, <1 (n=1,2,3,---,k+1;h, =O0ifn>k+ 1)’ 
and such that (2.6) is identical with 
C-{hi/1 + (1 — hi)hors/1 + (1 — he)hsae/1 +--+ } 
if xeD. Then, by the preceding results, we see that 
” f = hihe +++ hi ] 
2. M(f) =C}1—-41 oo Te 
an MO=c[1- 142 Gig aS 


Now if we allow /y,; to approach 1, it is clear that the right member of (2.7) 
has the limit 1, so that M(f) = 1. 
We may summarize these remarks as 





THEOREM 2.1. If gi, ge, gs,--- are real numbers and 0 S g, S 1 (n = 
1, 2, 3, --- ), then the continued fraction 


gi/1 + (1 — gi)geti/1 + (1 — ge)gsre/1 + --- 


represents a function f(x), x = (21, 22, %3,--- ), for which M(f) S 1, provided 
we agree that in case some g, is 0 or 1 the continued fraction shall terminate with 
the first identically vanishing partial quotient. In any event, M(f) is given by the 
expression (2.4) if we understand that the value of (2.4) is to be 1 in case a term 
of the series appearing there is infinite. Moreover, 


M(f) = f(—1, -1, -1, ---). 

We shall now give a better estimate for the functional values f(z) when z is 
in D. To indicate the dependence of M(f) upon the g,’s we shall write M(f) = 
Gg. , g2, 9s, --- )- 

THEOREM 2.2. If f(x) is the function defined in Theorem 2.1 and p = 
G(g2, 93,94, --- ), then if x € D we have the inequality 


91 < pgi(l — 9) } 
1-— pl — on)? | ~ 1— pl — gi)? 








(2.8) JG) - 
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The theorem is obviously true if g: = Oor1. In every other case, put fi(z) = 


g2/1 + (1 — ge)gst2/1 + (1 — gs)gars/1 + ---. Then, M(f,) = p, and therefore 
_| a-Si) | : 
| aifa(z) | - la sare) Sp, if re D. 


From this inequality the theorem readily follows. 
If p is replaced by its maximum possible value, p = 1, (2.8) takes the simpler 
form: 
1 


| 1 —H , 
} == < . 
(2.9) S() g—gl = a=," if reD; 





and, a fortiori,” 
\f(z) —4| $4, ifzeD. 


From Theorem 2.2 we see that 


RS) = if re D, 


— ae 
1+ p(l — gi)’ 
where K(f) denotes the real part of f(z). Consequently, if f(z) vanishes for 
any z in D, it must vanish identically in D. 


3. Moment generating functions. A large number of the familiar examples 
of continued fraction expansions for special functions have the form (2.3) where 
0 < gn <1, 2n = ent, |€n| S 1 (n = 1, 2,3,---). One may readily verify, 
for example, that any continued fraction 

1/1 + bex/1 + byr/1 + byr/1 + --- 
can be put in the form 
1/1 + (1 — gi)geerz/1 + (1 — ga)gseer/1 + ---, 
where 0 < gn, < 1,|e,| S 1 (n = 1, 2,3, --- ), if 


(3.1) b, ¥ 0, | be| < 3, | bens | + | ben | S 3 (n = 2,3, 4,---). 


In fact, it suffices to take gon = 4, gent = 1 — 2| ben | (n = 1,2,3,--- ). Some 
cases where the equations 


a=, Gn = (1 — gn—i)Gn (n = 2,3, 4, ---) 
can be satisfied with 0 < g, < 1 are 
(a) 0<as 3,0 <a. 3 i (n = 2, 3, 4, sais ) 
(b) ay < 3, Gn > 0, dena + Gen s 3 (n = 1, 2, 3, see i, 
2 If w satisfies the inequality | w — 4 | < 4, and gis chosen sufficiently near 1, the special 


function f(z) = (1 — g)/(1 + gz), 0 < g < 1, is in E and takes on the value w for some 
z,|z|<s 1. Hence this inequality cannot be improved for the class EZ. 





r)= 
efore 
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As an illustration, consider the function ({2], p. 353) 


” x x a” \ =” fl box = gx } 
C-Uththt + een ae es Pooh 
where, for k = 1, 2, 3, ---, bx = (n + k — 1)/(n + 2k — 2)(n + 2k — 1), 
berz1 = k/(n + 2k — 1)(n+ 2k). Here the conditions (3.1) hold, and we find that 
g: = (n — 1)/(n + 1) (n 2 2). On applying (2.9) to this function there results 

the inequality 
)f—-T. Gt | M+ vires er 
( eH ) n(n + 4)| ~ n(n +4)’ if|z| Si,n21, 
(n+ 1)! | 


where 7, denotes the sum of the first n + 1 terms of the exponential series. 
Every moment generating function (1.1) has a continued fraction representa- 
tion of the form 


(3.2) f(x) = ho/1 + hix/1 + (1 — Ai)hex/1 + (1 — he)hsz/1 + ---, 


in which 0 S h, S 1 (n = 1, 2,3, --- ), Ao 2 O, with the established convention 
regarding termination of the continued fraction if some h, is 0 or 1. Con- 
versely, every such continued fraction represents a moment generating func- 
tion [4]. Moreover, M(f) < 1 if and only if (3.2) can be thrown into the form 


(3.3) f(z) = gi/1 + (1 — gidger/1 + (1 — ge)gsr/1 + ---, 


where 0 S g, S$ 1 (n = 1,2,3,---). Ifin 3.2), & >O0,0Sh, <lin= 
1, 2, 3, --- ), then M(f) < + © if and only if the series 


‘ = hyhe «++ hy 
3.4 1 
— + 2 a=md- hk) Gh) 
is convergent; and if the sum of the latter series is S, then M(f) = AS. 
Again, if co — cz + ct” — --- is the power series for f(z), then M(f) = 
Co +c: + Co +---. The proofs of these statements will be found in [4]. 
An important example is*the hypergeometric function 
1) 
F — ;-2z ng ~t.e0ee oo. ese 
@, 145-2) Y v(v + 1) ; 
where a, y are real and 0 < a< yy. The corresponding continued fraction is of 
the form (3.2) with ([2], p. 348) 


ho = . hen = n/(y + 2n — 1), 
(3.5) (n - 1, 2, 3, a4 be ). 
hon = (a + n — 1)/(y + 2n — 2) 
By means of the Gauss test we find that (3.4) converges in this case if and 
only ify —a>l. 
Suppose that this condition is satisfied, and denote by H the sum of the 
series (3.4) with the h,’s from (3.5). Then the modulus of the moment gen- 
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erating function F(a, 1, y; —z)/H is $1 if xz #1. Hence the inequality 
(2.9) gives 
THeoreM 3.1. If a, y are real and positive and y — a > 1, then 


il < AH — W ) fiz $1, 


where 


H = F(a, 1, ¥; 1) 


oi+ Safa + 1) --- (a +n) 
ao (7 +1) es y+ 2) 


ne aa + 1) --- (@ + nally + n+ DY _ 

amo V(¥ + 1) ++ (¥+m)(y — ay —at))---(y¥ratn) 
If zr = —1, equality holds in (3.6); and if x | S 1, the real part of F(a, 1,7; —2z) 
ts not less than H/(2H — 1). 





4. Transformation of moment generating functions. Let f(r) be a moment 
generating function with continued fraction (3.3) so that M(f) S$ 1. We shall 
denote by E the class of all such functions. A comparison of (3.2), (3.3) reveals 
that an arbitrary moment generating function f,(r) can be written in the form 


(4.1) fi(z) = filO)/{1 + af(z)), 


where fir) « E. 

There is one simple way in which one may transform the continued fraction 
(3.3) so that the new continued fraction will represent a function of £, namely, 
by replacing g, by 1 — g» for one or more values of n. It is easily seen that a 
finite number of these substitutions effects upon the function a linear transforma- 
tion with polynomial coefficients. When the substitution is made for infinitely 
many values of n, the resulting transformation of f(z) may or may not be of 
this linear character. In particular, we have this theorem: 


THEorREM 4.1. If ‘ 
0 sg. S1,n = 1, 2,3, ---), 


(4.2) 


then 


1 — f(z) 


—<se ete 


+ go(1 — gs)x/1 + gs(l — gz/1 + ---; 


iM ie 
(4.4) 1-s(55 .) = (1 —g)/1 + gigez/1 


+ (1 — ge)(1 — gs)z/1 + gsgsx/1 + --+; 





(4. 
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(==) 
(4.5) ; l z . ~— = 1 — (1 = g)(1 = g2)r ‘1 
a=» 7 
1+e=aF,) + gogsz/1 + (1 — gs)(1 — gdr/1 + --- 


The continued fractions in (4.3), (4.4), (4.5) are obtained from that in (4.2) by 
replacing g. by 1 — Qn. Qan-1 by 1 — gent, Jon by 1 — gen (n = 1, 2, 3, ---), 
respectively. 





The relation (4.3) results from the continued fraction identity ({4], p. 166): 





———— ae _ G=-g)r 
1+ (1 — gidger 1+ g:(1 — g2)z 
4.6) Set ey, | A — A | l +2; 
( 1+ (1 = g2)gsz 1+ g:(1 — Qs)x - 
L Sa ewe BP ccc 


(4.4) follows from a theorem of Garabedian and Wall ({1], p. 191); and (4.5) is 
simply the result of applying (4.4) to (4.3). 

In connection with (4.6) it should be remarked that the identity maintains 
in the sense that if the continued fractions are replaced by their corresponding 
power series, then the result is a formal power series identity. Jt will be seen 
that the proof of this identity, given in [4], holds if the g.’s are arbitrary formal 
power series in &. 


5. Inequalities for functions of E. If f(x) «E, we may write down at once 
the inequality (2.8) for f(z) and for functions such as (4.3), (4.4), (4.5) of 
Theorem 4.1. Suppose (4.2) holds and put 


P = G(gz. 93. 94,98, -°--); 


q = Gil — gz, 1 — gs, 1 — gm. 1 — g,---), 
(5.1) 


r = G(gz, 1 — gs, gs, 1 — gs. ---), 


s = Gil — gs,gs,1— gs. gs, ---), 
where the notation is that of §2. Noting that as r ranges over the domain 
|z\| <1, —x/(1 + z) ranges over the half-plane x(=*) = —}, we then 
have the theorem which follows: 
THEOREM 5.1. If f(z) ts a function of E given by (4.2), then 














as 91 pgi(l - 9.) , 
(5.2) Siz) — —— ml —9)*| = i—- pd?” |z| $1; 
. 1-f(z) i-n ggi(1 — gi) | 
(5.3) i + af (a) - 9 s rf 79 ’ ;z| s 1; 
(5.4) fle) 9G — rod) < moll = 9) | R(z) => -4; 


l—-rgi |) 1—rgij 
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(1 + a2)f(x) _ TD 1 sn(l — m) 





(5.5) 


T+2af@) 1-80 —g)?|>1—s(01 —gy’ R(x) = —}. 


In these inequalities p, q, r, 8 are given by (5.1). They may be replaced by 1, in 
which event the inequalities assume the simple forms 





(5.6) se) - 5 | 5 5—*, |z| <1; 

| 1 — f(z) = 1 | 91 ‘ 
6.7) (1+ af(z) ite! *i+q’ |e] S15 
(5.8) fa) - 8 | so, R(x) = —4; 
(5.9) feta . 1 .| ¢ i-8 H(z) = —4. 





| 1 + af(x) 2-1 | =~ 2-g’ 
By means of the relation (4.1) these inequalities become available for an 


arbitrary moment generating function. 
For example, if (5.6), (5.7) are applied to the function ({2], p. 349) 


1’ ' 2 2’ 











x — log (1 +z) _1 1-2” 3.3" = 4.8" 
x log (1 + x) s+ © + § +e FT Ye TF Hee, 
we readily obtain the simple inequality 
lel lite 
: ——-— $ < eee = 
(5.10) AL Slog +21 S121 eqs) |z| $1, 


which is well known when z is real and 2 0. 

In conclusion we shall write down the inequalities (5.6)-(5.9) for the hyper- 
geometric function F(a, 1, y; —2z) (a, y real and y > a > Q) which are ob- 
tained by putting 


_ 1 — FG, 1, 7; — 2) 
fe) = —Hetan—s) 





The g,’s are the same as the h,’s of (3.5). After simple modifications in form 
the inequalities become | 




















, Y ay ‘ 

(5.11) F(a, 1,¥ +1; - 2) — Fo a mr |z| 31; 
6.12) |F@lyt+ij-2-- 7 |sp7, N(x) = —4; 

2y —a 2y—a 

| 1 - West gL as. 

(5.13) | F(a, 1, 7; —2) 2y—a a ere |x| $1; 
| 1 _ytatar| ~ a ws ha 

(5.14) Ps ee 5 eerie R(z) = —4. 





~ 





i) 
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REGULAR CURVE-FAMILIES FILLING THE PLANE, I 
By WILFRED KAPLAN 


Introduction. In studying the solutions of differential equations dr/dt = 
f(x, y), dy/dt = g(z, y) one is led to the concept of a family of curves in the 
plane.’ Also the level-curves of a function A(z, y) form a family of curves in 
the plane. In both cases, under proper restriction on the functions involved, 
the following condition, which we term regularity, holds: the family is locally 
homeomorphic with parallel lines. 

It is the object of the present paper to consider the properties of a curve- 
family in the plane, given only that it satisfies the regularity condition in an 
open subset R of the plane. The principal theorem of the paper (see §4.2, 
Theorem 42 below) is that, when R is the whole plane, the given family is a level- 
curve family of some function h(x, y). This generalizes a theorem of Kamke.* 

In order to obtain this result the structural features of such a curve-family 
will be analyzed in some detail. In a paper to follow the structural question 
will be more completely considered and a topological classification of all families 
regular in the entire plane will be obtained. 

In the first part of the paper the results of Bendixson on families defined by 
differential equations will be generalized to the more general (topologically 
defined) families. The purpose of the generalization is partly to show that 
Bendixson’s theorems follow almost completely from the regularity alone, 
differentiability being inessential, and partly to express those theorems in the 
topological language which their nature demands. This is done particularly in 
the case of the discussion of the neighborhood of a closed curve (see §1.8 below). 
Other theorems considered are that a closed curve must enclose a singularity 
(see Theorem 13) and that an open curve which in one direction remains bounded 
and has no singularity as limit is asymptotic to a closed curve (see Theorem 11 
below). 

In the second part the structure of the families filling the plane will be analyzed 
and formulated in an algebraic manner. For such families each curve is open 


Received by the Editors of the Annals of Mathematics, February 21, 1940, accepted by 
them and later transferred to this Journal. The material in this paper and the one to 
follow is taken from the author’s Ph.D. thesis at Harvard University. The author ex- 
presses his gratitude to Professor Hassler Whitney for his advice in the preparation of 
the paper. 

1 In the bibliography at the end of this article detailed references are given to the clas- 
sical works of Poincaré and Bendixson on the subject, also to works of Brouwer, v. Kerék- 
jarté, Kneser, Denjoy, Birkhoff, Whitney, and George. Numbers in brackets refer to 
this bibliography. 

2See E. Kamke, Zur Theorie der Differentialgleichungen, Mathematische Annalen, 
vol. 99(1928), p. 613. 
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and tends to infinity in both directions. The structure of each family can then 
be described in terms of the relative positions in each triple of curves of the family. 
There are essentially two types of arrangements possible for each triple. It is 
thus possible to regard the family as an algebraic system with two kinds of 
triadic order relations. Such a system we term a chordal system. (See the dis- 
cussion in §2.2 below.) 

In the third part it will be shown that each family filling the plane can be 
given a “normal subdivision”. This subdivision is a decomposition of the family 
into non-overlapping subfamilies, each having the structure of the parallel lines 
of a half-plane (see Figure 3, §3.6). The normal subdivision makes possible the 
proof, in the fourth part, of the existence of a level-curve function. 


1. Some fundamental theorems on regular curve-families in the plane 


1.1. Families of curves. Throughout the paper our frame of reference will 
be the ry-plane. 

DEFINITION. An open curve shall mean a homeomorphic image of the open 
interval 0 < x <1. A closed curve shall mean a homeomorphic image of the 
circle z* + y° = 1. An arc shall mean a homeomorphic image of the closed 
intervalO < x <1. A half-open curve shall mean a homeomorphic image of 
the half-open interval 0 S x <1. The word curve shall mean any one of the 
preceding four. 

Derrnition. A family F of curves {C} will be said to fill a region R if each 
curve C is in R and each point of R is on one and only one curve C. If further 
Ro is an open subregion of R, then Fg, will denote the family of curves filling 
Ry formed by the intersections of the curves C with Ry . 


1.2. Regularity. (See [6], p. 241; [7], p. 136; [9], p. 249; [5], p. 462.) 

Derinition. Let the family F of curves {C} fill the open region R and let 
P be a point of R. F will be termed regular at P if there is.an open set U’(P) 
containing P which can be mapped homeomorphically on the open rectangle 
|2| <a,|y{| < bin such a way that the family Fy:e) becomes the set of lines 
y = constant in the rectangle. F will be termed regular in R if it is regular at 
each point P of R. 


THEOREM 1. If a family F of curves C fills an open region R and is regular 
in R, then each curve C of F is either open or closed. 


For F. could not be regular at the end-point of a half-open curve or of an are. 


THEOREM 2. The differential equations 
dx d 
Gaim, B= 9G w, 


where f and g are continuous in an open region R, satisfy local Lipschitz conditions 
in R, and do not vanish together, determine a regular curve family-which fills R. 


Proof. It is known that the solutions of such differential equations form a 
set of trajectories x = z(t), y = y(t), one and only one of which passes through 
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each point of R. Each trajectory is a continuous one-to-one image either of an 
open interval or of a circle. But for the first of these two cases Bendixson 
({1], p. 12) has established that the image is actually a homeomorphic one: that 
is, if on the curve ¢ ranges from & to 4, , then no point P of the curve is a limit 
point of points P,, of the curve for lim ¢, = & or limt, = t. In the case of a 


n-*o no 
closed curve the correspondence with a circle is necessarily a homeomorphism. 
Hence the trajectories form a family of curves filling R. 
The regularity follows from the existence of orthogonal trajectories defined by 


dx 

dt 
The net formed by the two families of curves determines local coérdinates for 
the mapping onto a rectangle. 


= —g(z, y), = = f(x, y). 


1.3. An equivalent definition of regularity.’ Whitney defines regularity ({9], 
pp. 248-249) as follows: 

If H is a homeomorphism of an are PQ on an are P’Q’ such that H(P) = P’, 
H(Q) = Q’, let d(H) denote the least upper bound of p(S, H(S)) for S on PQ 
and also 


(PQ, P’Q’) = o(P’Q’, PQ) = o(QP, Q’P’) 


denote the greatest lower bound of all d(H) for all possible H. 

SeconD DeFiniTIoNn OF Recuuarity. A curve family F filling the open region 
R is regular in R if corresponding to each are PQ lying on a curve C of F and each 
e > 0 there is a 5 > O such that, if P’ lies on a curve C’ of F and p(P, P’) < 4, 
there is an are P’Q’ on C’ such that o(P’Q’, PQ) < «. F issaid to be regular at the 
point P of R if there is an open set U(P) in R and containing P such that the 
family F yp) is regular in U(P). 

It follows from a theorem in Whitney’s paper ({9], p. 249, Theorem 7A) that 
F is regular in R if and only if it is regular at every point P in R. 


THEOREM 3. Whitney’s regularity is topologically invariant. 


To prove the theorem it must be established that if the family F; fills and is 
regular in the open region R, and R; is mapped homeomorphically on R2, then 
the image family F: is regular in R;. 

Let P2Q. be an are lying on a curve of F. Let P,Q, be its inverse image in 
F,. Then, given « > 0, we first choose a bounded open set W, such that 
P,Q: C Wi C W, C R,, and then a positive 5) so small that, for S, and S; in 
Wi, p(S; , S:) < d9implies p(S2 , S:) <€. (Thisis possible since W, is compact.) 
Take & further so small that V;,(P:Q:) C W:. By the regularity of F; we can 


3 We shall use the following notations: p(z, y) for Euclidean distance, V.(A) for the 
e-neighborhood of set A, C for set inclusion, A U B and _ A; for set union, A-B and 
II A; for set intersection, A — B for the difference between sets A and B, when B CA, 
A for topological closure. 
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find a 6; > 0 such that for every P; on Cj such that p(P;, Pi) < 6, there is an 
are PQ; on C; and in R,; such that o(P:Q,, PiQi) < 6. 

Now let H; be a homeomorphism of P,Q, on P{Q; such that d(H;) <6. Then, 
if Hz is the corresponding homeomorphism of P2Q. on the image P2Q: of PQ; , 
we have for each pair S: , H2(S:) the inequality p(S:, H2(S:)) < ¢ and hence 
o(P2Q2, P:Q:) < «. Now choose 6 so small that p(P:, Ps) < 6 implies p(Pi, 
P}) <6. This 6 has the property which implies regularity of F 2. 


THEOREM 4. The two definitions of regularity are equivalent. 


Proof. If the first condition holds, then F is locally homeomorphic with the 
parallel lines. But the second condition holds for the parallel lines, hence, by 
the preceding theorem, for the given family. 

The converse is established by Whitney ([9], p. 260). Hence the two defini- 
tions are equivalent. 


1.4. Cross-sections and r-neighborhoods. Let F be a curve family filling an 
open region R. 

DerinitTion. The arc pg will be termed a cress-section relative to F if there 
is an open set Ro in R containing pq and such that each curve of Fg, meets pq 
at most once. If S is on pq, S # p, S # q, pq will be termed a cross-section 
through S. 

Derinition. An r-neighborhood of a point P of R shall mean an open set 
U(P) in R, containing P, and such that the closure U(P) can be mapped homeo- 
morphically on the closed rectangle |x| < a,|y| S b in such a way that the 
curves of Fy) become the lines y = constant, while the inverse images of the 
two lines |z| = a are cross-sections relative to F. The homeomorphism is 
then said to be an r-homeomorphism on the r-rectangle |x| S a, |y| S b. 


THEeorREM 5. If F is regular at the point P of R, then (a) there is an arbitrarily 
small r-neighborhood of P, and (b) there is a cross-section qs relative to F through P. 





Proof. By the regularity we can choose an open set U;(P) containing P 
which we can map homeomorphically on the rectangle |x| < a,|y| < bin 
such a way that Fy, p) is transformed onto the family of lines y = constant in 
the rectangle. Let the image of P be (2 , yo). Take 6 > 0 and less than min 
(to + a, a — 2%, Yo + b, b — yo). The inverse image of |x — m| S 5, |y — 
yo | S dis an r-neighborhood U(P), and that of z = 2, | y — yo| S dis a cross- 
section gs through P. U(P) can be made arbitrarily small by suitable choice 
of 6. 


1.5. An equivalent definition of cross-section. Whitney gives a definition 
({9], pp. 256, 260) which, in the case under discussion, is as follows: 

Derinition. Let F be regular at P. Then a cross-section through P is an arc 
rs through P and such that 

(a) each point of rs lies within an arc QoQ; lying on a curve of F such that 
for some \’ > 0 each arc of Ny-(Q¢Q;) contains at most one point of rs; 
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(b) P lies within an arbitrarily small are QoQ; on a curve of F such that for 
some A > 0 each are of N,(QoQ:) contains exactly one point of rs. 

Here N,-(Q;Q;) denotes the set of all ares ry lying on curves of F and such 
that o(ry, QoQ!) < X’. It includes zy. 

Using this definition, Whitney ({9], p. 260) establishes the following 


Lemma. [If rs is a cross-section through P, then there is an r-neighborhood U(P) 
such that in a corresponding r-rectangle |x| S 1, |y| S 1 rs has image x = 0, 
ly| <1. 


By means of this we can establish 


TueoreM 6. If the curve family F fills the open region R and is regular in R, 
then the two definitions of cross-section are equivalent. 


Proof. Suppose rs is a cross-section through P by the second definition. Let. 
a and 8 be the cross-sectional ares of the boundary of U(P) of the above lemma. 
Take r-neighborhoods U(r) and U(s) so small as not to meet a or 8. The set 
U(P) U U(r) U U(s) is an open set Ro containing rs and such that rs meets each 
curve of Fz, at most once. Hence rs is a cross-section by the first definition. 

Conversely, suppose rs is a cross-section through P by the first definition and 
choose the corresponding set Ry including rs. To each P’ on rs choose an are 
QiQ; in Ry. It follows from Whitney’s Theorem 6B that we can further 
choose an Ny-(Q(Q1) lying in Ry. This Ny-(QoQ;) then satisfies condition (a) 
of the definition. To satisfy condition (b) we choose any are QQ; in Rp and 
through P, then an r-neighborhood U(P) in Rp , not containing Q or Q; , and 
so small that every curve of Fy,») meets rs. Let 6; = min (p(Qo, U(P)), o(Q , 
U(P))) and choose a V;,(P) in U(P). Choose \ < 4, 4 < 6, and so small 
that N,(QoQ:) C Ro. Then each are of Ny(QoQ:) is in Ro and meets rs just 
once. 





1.6. A further consequence of regularity. In the following sections 
(§§1.6-1.11) F will denote a curve family which fills an open region FR and is 
regular in R. 

DEFINITION. Let C be an open curve given by z = z(t), y = y(t)in0 <t <1. 
Let C be directed positively with increasing t. Let P; denote the point xz = 
x(t), y = y(t). Then a positive limit point of C shall mean a point Q which is 
the limit of a sequence of points P,, (n = 1, 2, --- ) on C such that lim ¢t, = 1; 


a negative limit point of C shall mean a point Q which is the limit of a sequence 
P,, with lim t, = 0. In either case, Q is a limit point of C.* 

TuHeoreM 7. Let Q be in R and a positive (negative) limit point of the directed 
open curve C of F. Then every point of the curve D of F through Q is a positive 
(negative) limit point of C. 


4 These limit points are the ‘‘a and w limit points’’ used by Birkhoff ((2], p. 197). 
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D cannot coincide with C since C is a homeomorphic image of an open interval. 
Let Q; be any other point of D, QQ: an are of D joining Q and Q,. Let P,, 
be any point of C and let po = p(P:,, QQ;:). Given an ¢« >.0, let « = min 
(€, po) and 6 = 6(QQ,, «) of the second condition of regularity. By assump- 
tion there is a P;, in V3(Q) and with 4; > &. Hence there is an are P;,P:, of 
C with o(P:,P:, , QQ:) < «. Therefore t, > t and P;, © V.(Q;). This holds 
for every tf). Hence Q, is a positive limit point of C. The case of a negative 
limit point is treated in the same way. 


1.7. The neighborhood of an arc. 


THEOREM 8. Let PQ be an arc lying on a curve C of F. Then there is an 
r-neighborhood U containing PQ. Further U can be taken to lie within V.(PQ) 
for any given e > 0. 


Proof. Choose points P; and Q; on C so that the are P,Q, includes PQ in 
its interior and that P separates P; and Q on P,Q,. For each point S on PQ 
choose an r-neighborhood containing it and so small as to meet P,Q, only in 
an open curve H(S). By the Heine-Borel theorem, a finite number of the curves, 
say H,(S,), H2(S2), --- ,H»(S,), cover PQ. Ifn = 1, the theorem is immediate. 

Suppose n = 2, let Ui(P) and U2(Q) be the corresponding neighborhoods, 
U; and U; the corresponding closed r-rectangles: Uj:|2;| < 1, |yi| S 1; 
U3:|22| $1,!y2| <1. Let the image of H,-PQ in Uj be y; = 0,a S 2; <1, 
and that of H2-PQ in U; be Ys =0,-—1<2,<b. The line 2; = 1 of 0; cor- 
responds to a curve r= o(y2) in U; defined and continuous at least in an inter- 
val | y| < 4, for 6 sufficiently small and > 0. U, and U2 can be taken to be 
so small that the image of U,- Us in U; consists precisely of the set —1 < 2; S 
o(ys), | y2| <6. The inverse image of the set g(y2) S 22 S$ 1, | y2| S 5 plus 
the set U; then form the closure of an r-neighborhood containing PQ. 

Finally consider the general case, for any n. Suppose the proposition estab- 
lished for the case n — 1. Then, if H,(S,) = H,(Q), the arcs H,(S)), ---, 
H-1(Sn-1) cover an are PQ — (H,-PQ) and thus, by the theorem for n — 1, 
there exists a single r-neighborhood U7 (P) covering this curve. Uy can then be 
taken smaller, if necessary, to ensure that it meets P,Q; in one curve. Then 
UT(P) and U,(Q) together can be replaced by a single r-neighborhood, by the 
theorem for n = 2. Hence in all cases the theorem follows.* 

U can always be taken smaller, if necessary, to ensure that U C V,(PQ). 


1.8. The neighborhood of a closed curve. Let r, @ be polar coérdinates in 
the plane, f(p) a continuous monotone strictly increasing function of the real 
variable p in p’ S p S p” with 0 < p’ < 1 < p” and O < f(p’) < 1 < f(p”). 
For each p in p’ < p < p” let a, be the arc or closed curve 


=p +5 (Io) -») (0 <0 < 2r). 


5 A similar proof is given by George [5], pp. 464-465. 











160 WILFRED KAPLAN 


Let po = p, Pn = f(pn—1), P-n =f '(p-n41) (n = 1, 2, --- ), the definitions holding 
only as long as f or its inverse f ‘ is defined at the value indicated. The curves 
a,, (n = 0, +1, + 2, --- ) then together form a single curve C, = C,,. In 
case C, is half-open or an are we agree to remove its end-points, so that in general 
C, is an open or closed curve. The curves C, for p’ < p < p” form a curve 
family filling the region 


, 6 , , iid iA rT 
p’ + — (fle’) —p’) <r<p + 2 (f@") — 0", 

2r 2r 
0560524 


from which the boundary points on @ = 0 have been removed. Such a family 
is termed a spiral curve family and the region which it fills a spiral region. The 
region is open. 

The curves of such a family are either circles, when f(p) = p, or spirals asymp- 
totic to circles. 

DeriniTion. Let F be the curve family of §§1.6 and 1.7 and let C be a closed 
curve of F. Then an s-neighborhood of C will mean an open subset G of R con- 
taining C which can be mapped homeomorphically onto a spiral region G’ in 
such a way that the curves of F, are transformed onto the curves of a spiral 
curve family filling G’. 


THEOREM 9. There is an s-neighborhood of every closed curve C of F. 


Proof. Let P be a point of C and choose an r-neighborhood U(P) so small 
that it meets C only in a single curve QS through P. The complementary are 
(QS)’ on C is then, by Theorem 8, contained in an r-neighborhood U; , which 
we can assume chosen not to include P and so small that it meets C only in one 
curve QS, , whereby Q, Q: , P, S, , S lie in that order on C. 

Now construct corresponding closed r-rectangles U’ and U;. Let U’ be 
given by | z’| < 1, |y’| S$ land Uj by|2;| S$ 1,|y:| $1. If U1 is chosen 
sufficiently small, the cross-sectional sides a; and 6, of U; have images in U’ 
consisting respectively of curves z’ = g(y’) ina S y’ S b, and z = py’) in 
c < y’ < d, and images in U; consisting respectively of z} = +1, 7; = —1. 
If (x5 , yo) is the image of P in U’, then we have a < yp < b,c < yp <d. The 
inverse images of the sets —1 S 2’ S g{y’),a Sy’ S band yy’) S 2’ $1, 
cS y' <dthenliein U,. Let 6 = min (b — yo, yo — a, d — yo, yo — ©). 
The inverse image of g(y’) < zx’ S Vy’), | y’ — yo| < 4 is then the closure U; 
of an r-neighborhood U:. U2 overlaps U; only along a and @;, in fact has 
cross-sectional sides az C a and BB: C f;. 

We now map U, r-homeomorphically on the r-rectangle 1 < ms24s 
y: < $so that a, becomes xz; = 1, 6: becomes a, = 2, P has image on y: = 
We also map U, r-homeomorphically on the r-rectangle 0 < 2 Slams y 
be, with 0 < a, < 4, b2 > $ in such a way that along a2 these two homeomorph- 
isms coincide. The inverse image of the set 0 S$ z; S 1,3 S ys S } is then 
the closure of an r-neighborhood U;. Now let p = yz, let f(p) be the y-co- 
ordinate of the point on z; = 0 with the same inverse on f; as the point (2, p). 
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Then f(1) = 1 and f(p) is defined for } S p S $. We now identify points on 
zs = Oandz; = 2 corresponding to the same point on 62. This can be achieved 
by the transformation 
, , 
x x 
@=—, r= F (fs) —y) +y- 
T 2 
This maps the set G = U, U Us; homeomorphically on the closure of a spiral 
region as above, with p’ = 3, p’’ = $. Each line ys = p becomes an arc a, 
and, since f(1) = 1, C becomes the circle r = 1. G is thus the closure of an 
s-neighborhood G of C and the theorem is established. (Cf. Bendixson [1], 
p. 15.) 
DeriniTion. Let the curve C of F meet the cross-section pg at points ¢ and 
u interior to pq; let ¢ and u determine ares (tu); on pg and (tu), of C meeting only 
at ¢ and u and hence forming a closed curve K. If further K contains neither 
p nor gq in its interior, then K will be termed a bay. 


CoroLLaRY TO THEOREM 9. Under the assumptions of Theorem 9, if D is a 
curve of F which is asymptotic to C in both directions on D and D is interior to C, 
then an arc of D forms part of a bay within C. 


Proof. D cannot lie wholly in an s-neighborhood G of C. Take a point P 
on D and not in G. Choose a cross-section rs in G and such that r is interior 
to C, s is exterior to C, and that ris not on D. Let t and u be the first points 
at which D meets rs in the two directions on D from P. Let K be the closed 
curve formed by the cross-section tu plus the are tPu of C. In the homeo- 
morphic spiral curve family, the image of D-G must consist of two spirals ap- 
proaching the circular image of C, both in the clockwise direction, or both in 
the counterclockwise direction. This implies that r and s can be joined by an 
are in G and not meeting K. But K is within C, hence s is exterior to K, and, 
accordingly, r is exterior to K. Thus K is a bay within C. 


TuEoreM 10. Let C be a curve of F asymptotic to the closed curve D of F in 
one direction. Then to every point P of C corresponds a neighborhood V;(P) so 
small that every curve of F crossing V3(P) is asymptotic to D in one direction.® 


Proof. The theorem certainly holds if R is a spiral region and hence in 
general if P is in an s-neighborhood of D. If P is not in an s-neighborhood G of 
D, choose a point P; of C in G and a neighborhood V;,(P:) with the property 
desired for P;. By the second condition of regularity a neighborhood V;(P) 
can be found such that all curves of F crossing V;(P) cross V;,(P1), hence are 
asymptotic to D. 


1.9. Curves bounded in one direction. 


THEOREM 11. Let C be a directed open curve of F which is bounded in the 
positive direction but has no boundary point of R as a positive limit point. Then 
C is asymptotic to a closed curve in the positive direction on C." 


6 Cf. Bendixson [1], p. 15. 
7 Cf. Bendixson [1], p. 11. 
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Proof. Since C is bounded in the given direction, it must have limit points. 
Since C is topological image of an open interval, no limit point of C can lie on 
C. By Theorem 7, the set E of all positive limit points of C is a union of curves 
of F, and since C is bounded in the given direction, E must also be bounded. 
Any limit point of E belongs to E, hence E is a closed bounded set, therefore 
bicompact.* Suppose E contains no closed curve of F. 

Let C; be a curve of FE. Let E, be the set of limit points of C;. 2, is non- 
void, is a closed set, a subset of FE and a union of curves of F. Let C, be a curve 
of E, and E; the set of limit points of C,. Then E2 is a non-void closed subset 
of E,. Proceeding in this way, we obtain a sequence E D E,; DE, > E;>.--- 
of closed sets, each of which is a union of open curves of F and, moreover, 
E,,4: is a proper subset of £, . 

Suppose now that we have defined the sets FE for all ordinal numbers a < 8 
in such a way that a < a’ implies E, D Ew , each E, is a non-void closed set 


° ° * ese 
and is the union of open curves of F. Then set E3 = [] E.. Since the sets 
a<p 


E., form a well-ordered monotone decreasing sequence of non-void closed sets, 
their intersection E3 is non-void,’ is a closed set, and is also a union of open 
curves of F. Now take a curve C3 in Ej and let Es be the set of limit points 
of C3. sis then a proper non-void closed subset of E; , hence of all E. for 
a < 8. Thus we have a transfinite sequence E, defined which is actually 
decreasing. But it follows from the Baire-Hausdorff theorem” that only a 
countable number of the sets EZ, can be distinct, and this is a contradiction. 
Hence the theorem follows. 


1.10. The interior of closed curves. 
THEOREM 12. Interior to a bay there is a boundary point of R. 


Proof. Let the bay be a closed curve K formed by an are ¢Pu of a curve 
C of F and a cross-section tu within a cross-section rs. By the lemma of §1.5 
there is an r-neighborhood U on whose boundaries r and s lie, while the rest of 
rs is interior to U. Let a and 8 be the cross-sectional sides of U. Since r and 
s are exterior to K, we can assume that K meets a and not 8. We can assume 
P £0, p(P, U) =n > 0. 

Let « = p(tPu, 8B), @ = p(u, U — U), « = min (a, @, 7), and choose 6 = 
5(e, tPu) of the second condition of regularity. Every curve C; of F crossing 
rs at t, in V;(¢t) must then contain an are tuo with o(tuo, tPu) <€. tuo cannot 
cross 6 and uw is in U. Hence C, enters the interior of K at t, and then meets 
rs again at a point u,;. Suppose that every curve of F crossing tu at a point 
t; were to enter the interior of K and leave at u; on tu. Then, as ¢; moved 
continuously towards u along tu, u; would move continuously towards t. At 
some intermediate point 4 and uw coincide, and this is impossible. 


8 See Alexandroff-Hopf, Topologie I, Berlin, 1935, pp. 86, 88. 

®See P. Alexandroff and P. Urysohn, Zur Theorie der topologischen Réiume, Mathe- 
matische Annalen, vol. 91(1924), pp. 258-266. 

1 See Alexandroff-Hopf, loc. cit. (footnote 8), p. 79. 
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There must then be a first point ¢* on tu such that the curve C* through ¢* 
enters the interior of K in one direction but fails to leave. Suppose now that 
there is no boundary point inside K. Then by Theorem 11, C* is asymptotic 
to a closed curve D within K, and by Theorem 10 the same holds for curves 
crossing tu near ¢*. This contradicts our assumption that ¢* was the first such 
point. Hence there is a boundary point inside K. 

Remark. Bays cannot occur in families defined by differential equations. 
But the regular curve family consisting of a set of confocal ellipses plus the 
limiting line segment minus its end-points does contain bays. 


THEOREM 13. Let C be a closed curve of F. Then interior to C there is a 
boundary point of R." 


Proof. Suppose there is no boundary point interior to C. Let D be a curve 
of F interior to C. Then D is bounded completely, hence is either a closed 
curve or, by Theorem 11, is asymptotic to a closed curve. If D were asymp- 
totic to just one closed curve, then by the corollary to Theorem 9 and 
by Theorem 12, there is a boundary point inside C, contrary to assumption. 
Hence there must be closed curves (and, by the same reasoning, infinitely many) 
inside C. 

Now for every point P inside C set A(P) = the area enclosed by the curve D 
through P if D is closed, and set A(P) = B = the area enclosed by C if D is not 
closed. Set g = g.l.b. A(P) for P inside C. Then from the preceding para- 
graph we have g < B. 

Let {P,} be a sequence of points inside C such that lim A(P,) = g. Let P 


n-?o 


be a limit point of {P,}. 

Suppose P lies on a closed curve D of F. Then there must be another closed 
curve of F inside D, whence A(P) > g. Further take an s-neighborhood G of 
D and a neighborhood V;(P) therein. The curves of G are either spirals or 
closed curves. Moreover, the closed curves are concentric (in the sense that 
their interiors can be simply ordered with respect to inclusion) since they are 
the images of the concentric circles of a spiral curve family. If a closed curve 
D, crosses V;(P) at a point Q; and lies within D, then A(Q,;) = g: > g. For 
any other closed curve D, lying between D, and D and crossing V;(P) at Qe, 
A(P) > A(Q) > gi. For any closed curve D meeting V;(P) at Q; and in- 
cluding D in its interior A(Q;) > A(P) > g:. For any spiral crossing V;(P) 
at Q,, A(Qs) = B>g. ThusinV;(P), A(P) >g,:>g. This contradicts our 
assumption that P is a limit point of {P,}. 

On the other hand, if P lies on a spiral, then by Theorem 10 all curves crossing 
a neighborhood V;(P) are spirals. Hence in that neighborhood A(Q) = B. 
This is again a contradiction. Hence the theorem follows. 

Remark. This proof is based on that of Bendixson. 


" Cf. Bendixson [1], p. 16. 
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2. Regular curve-families filling the plane and the corresponding chordal 
systems 


2.1. Fundamental properties. From this point on we shall assume that the 
curve-family F is regular and fills the plane. It may also be pictured as a 
regular family filling the surface of the sphere with the exception of one singular 
point or as a family filling a simply-connected open region of the plane. 


























Fic. 1. EXAMPLE oF A REGULAR CURVE-FAMILY FILLING THE PLANE 
The plane is represented homeomorphically as the interior of the circle. 


TueoreM 14. Each curve of F is open. 

This follows from Theorems 1 and 13. 

TueorEeM 15. An arc rs is a cross-section relative to F if and only if it meets 
each curve of F at most once. 


Proof. If rs meets each curve of F at most once, then rs is a cross-section, 
as follows from the definition (see §1.4) if we take Ro as the plane. Conversely, 
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suppose rs is a cross-section and that a curve C; crosses rs at successive points 
r,and s,. Then the are (r;s;); of rs plus the are (r;8;)2 of C; forms a closed curve 
K. Let rz be a point on (7;s;); not an end-point and not a point of C;. The 
curve C; through re then enters the interior of K at rz, but by Theorems 11 and 
13 must leave again at s: on (7s;);, thus forming a bay. This is impossible by 
Theorem 12. Hence each curve of F meets rs at most once. 


THEOREM 16. Each curve C of F tends to infinity in both directions, i.e., has 
infinity as sole limit point. 


Proof. If C had a finite limit point Q, it would meet a cross-section through 
Q infinitely often, and this contradicts Theorem 15. 

In Figure 1 is illustrated a regular family filling the interior of a circle (home- 
omorphic image of the plane). 


2.2. Algebraic formulation. Chordal systems. For the following discussion 
we use solely the following feature of F: it is a collection of open curves, no two 
of which intersect, each one of which tends to infinity in both directions. 

It follows from Jordan’s theorem (as applied to the sphere) that each curve C 
of F divides the plane into two distinct regions, of which C is the common 
boundary. If we now consider three distinct curves C;, C2, C3 of F, we see 
intuitively that there are actually five different ways in which they can divide 
the plane. We exemplify these by figures (Figure 2). 

With each triple of curves may thus be associated a certain interrelationship. 
We shall later rigorously formalize this as follows: for case (a), we write 
C,|C2| C3; for case (b), C3|Ci| C2; for case (c), C2|C3|C;; for case (d), 
/C,, C2, Cs |"; for case (e), | C1, C2,Cs|. In the first three cases the symbol 
indicates which curve is in the middle position. The symbols + and — cor- 
respond respectively to counterclockwise and clockwise orientation. 

We note further that a number of laws hold connecting the different rela- 
tions. For example, if C,|C2|C3, then C3|C2|Ci. If | Ci, C2,Cs\", then 
| C2, C3, Ci |*, while | C,, C3, C2|~. We can obtain many such laws, and this 
suggests regarding the curve family as a certain sort of algebraic system in which 
essentially two different relations are defined and obey certain laws. Such a 
system, which we shall shortly define precisely, we shall call a chordal system. 
Each curve family determines such a system in a unique way. The term 
chordal system is used because a set of non-intersecting chords on a circle 
forms such a system. Moreover, as will be shown in a later paper, each curve- 
family can be represented in a significant way by such a set of chords. 


2.3. Definition of abstract chordal systems. Let E be a non-void class of 
elements a,b,c,--- . Eis called a chordal system, or a CS, if there is a set of two 
relations a | b | c and | a,b,c |* defined for the different triples of distinct elements 
a, b, cin E, in such a way that the following axioms hold: 


Axiom 1. For each triple a, b, c of distinct elements one and only one of the 
following five relations holds: a|b\|c, b|c|a,c|a|b, | a, b, e|*, | a, ¢, b*. 
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Case (e) 


1C1, C2, Cs 


Case (d) 
| Ci , C2, C3 |*+ 





Case (c) 


C2|C3| Ci 
Fic. 2. PosstnLe PLacinas or THREE CURVES 





Case (b) 
C2|Ci\ Cs 





Case (a) 
C,| C2 | Cs; 
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Notation. | a,b, c| shall mean | a,c, b|*. |a,b,c|* shall mean | a, b,c |* 
or|a,b,c\. [a, b, c] ~ [a’, b’, c’] shall mean that the relation holding for a, b, c 
holds for a’, b’, c’ when a is replaced by a’, b by b’, c by ce’. 


Axiom 2.1. a|b|c is equivalent to c | }| a. 
Axiom 2.2. | a, b, c|* is equivalent to |b, c, a|* (and hence to | c, a, b |*). 
Axiom 3.1. | a, b, ¢|* and | a, c, d|* imply | a, b, d|* and |b, c, d|*. 


Axiom 3.2. | a, b, c|* and a|b|d imply c|b|d and |a, d, c\*, whereby 
[a, b, c] ~ [a, d, c]. 


Axiom 3.3. a|b|c and b|c\|d imply a|b|d and a|\c|d. 


Axiom 3.4. Of the three relations b|a\c, b|a|dandc|a|dat most two can 
hold. 


THEOREM 17. a|b|c and a|c|d imply a|b|d and b\.c|d. 


Proof. By virtue of Axioms 1, 2.1, and 2.2, there are twenty-five different 
possibilities for the second pair of triples. d|a{|banda|b|c imply by Axiom 
3.2 d\a\c. Hence, by Axiom 1, (1) d|a| bis false. | a,b, d |* anda|b|c imply 
by Axiom 3.2 | a, ec, d|*. Hence, by Axiom 1, (2) | a, b, d|* is false. a|c|d 
and c|d{|b imply by Axiom 3.3 a|c|b. Hence, by Axioms 1 and 2.1, (3) 
c|d|bisfalse. |b, c,d|* and a|b{c imply by Axiom 3.3 | a, c,d{*. Hence, 
by Axiom 1, (4) |b, c, d|* is false. c|b|d and a|b|d together contradict 
a|b|c by Axiom 3.4. Hence (5) not both ¢|b|d and a|b{|d hold. c|b|d 
and b|d{|a imply by Axiom 3.3 ¢|d|a. Hence, by Axiom 1, (6) not both 
c|b|d and b\dja hold. b|c|d and a|b|c imply by Axiom 3.3, a|b|d. 
Hence, by Axioms 1 and 2.1, (7) not both b|c|danda|d|b hold. The re- 
sults (1), --- , (7) together with Axioms 2.1 and 2.2 eliminate all cases except 
a|b|dandb|c|d. Hence the theorem follows. 


2.4. The relation C, | C2 | C; for curves of F. If C is a curve of F, we shall 
denote by D(C) one of the two regions into which C divides the plane. When 
the choice of D(C) is fixed, we shall denote by D*(C) the other region. In both 
cases only inner points will be included. 

If C,; and C2 are two different curves of F, then for suitable choices of D(C) 
and D(C2) respectively, C: C D(C2) and C2 C D(Ci). Let P be a point of 
D*(C.). P must also be in D(C,). For, since Ce C D(C)), if P is not in D(C)), 
P can be joined to any point on C; by an are not meeting C,. This implies that 
C, C D*(C2), and this is impossible. Hence D*(C,) C D(C;) and similarly 
D*(C,) © D(C2). We summarize this situation in the following 


THEOREM 18. If C, and C, are two distinct curves of F, then D(Ci) and D(C2) 
can be chosen in one and only one way so that each of the following conditions holds: 
(1) C, C D(C2), Ce C D(Ci), 
(2) D*(C1) © D(C), 
(3) D*(C2) © D(C), 
(4) D*(C,)-D*(C2) = O. 
Further, the four conditions are equivalent. 
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The equivalence of the four conditions is immediately verifiable. Thus sup- 
pose (4) holds. Then we must have D(C2) D> D*(C;), which is (2), and similarly 
for the other implications. 

DeFIniTIon 1. We write C,; | C2| C3 if D(Ci), D(C2), and D(C3) can be so 
chosen that D(C,) C D(C2) C D(C). 


THEOREM 19. Definition 1 satisfies Axioms 2.1, 3.3, and 3.4. 


Proof. We first prove that Definition 1 satisfies Axiom 2.1. By Theorem 18, 
D(C,) C D(C2) C D(C3) is equivalent to D*(C3) C D*(C2) C D*(C,). Hence 
C, | C2 | Cs is equivalent to C3|C2| Ci. 

Next we show that Definition 1 satisfies Axiom 3.3. Suppose C, | C:| C3 and 
C2|C3|Cs. Then D(Ci) C D(C2) C D(C3) for proper choices and D’(C2) C 
D’(C3) © D’(C4) for second proper choices D’(C;) of the D(C;) (¢ = 2, 3, 4). 
From Theorem 18, we must have D’(C2) = D(C2), D’(C3) = DiC). Hence 
D(C,;) C D(C.) C D’'(Cy) and D(Cy;) C D(C3) C D’(Cy). Accordingly, 
C, | C2 | Cyand Ci |C3| Cy. 

Finally to show that Definition 1 satisfies Axiom 3.4, suppose C2 | C; | C3, 
C2|C,| Cs, and C3|C,|C,. Then (1) D(C2) C D(C) C D(Cs), (2) D’(C2) | 
D'(C1) CS D’'(C,), (38) D’(C3) C DD’ (Ci) C D(C) for proper choices. By 
Theorem 18, (1) and (2) imply C, C D(C), C3 C D*(Ci), Cs CS D*(Ci), while 
(3) implies that C3; and C, cannot both be in D*(C,). This is a contradiction. 


2.5. The relation | C; , C2, Cs |*. 

DEFINITION 2. We write | C,, C2, C3|* if there is a closed curve P;P2P3P; 
meeting the curves C; , C2, C3 only at the points P; on C;, P2 on C2, P3 on C3 
and such that the orientation P,P2P3P; is positive.” 


THEOREM 20. Axiom 2.2 holds. 


Proof. The orientations P,;P2P3;P; and P2:P;P;P:2 of the closed curve are the 
same. Hence | C,, C2, C3|* is equivalent to | C2, C3, Ci |". 

DEFINITION. An o0-homeomorphism shall mean an orientation-preserving 
homeomorphism.” 


THEOREM 21. Let C; (i = 1, 2,---,m) be n distinct curves of F such that 
D*(C;)-D*(C;) = O for i # j for proper choice of the D(C;). Then the set 


II D(C, U > C; can be mapped o-homeomorphically on the set consisting of the 
1 1 


interior of a circle plus n distinct circular arcs C; minus their end-points, each arc C; 
being the image of C; . 


12 For full details on orientation and orientation-preserving transformations see Alex- 
androff-Hopf, loc. cit. (footnote 8), pp. 165-166, pp. 462-464, pp. 474-476. Throughout 
we assume the plane oriented so that the positive direction on a closed curve is the counter- 
clockwise one. 
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Proof. The set D = [J D(C;) is an open simply-connected set with boundary 
1 


> C;, as follows by repeated application of the Jordan curve theorem. By 
1 


the Osgood-Carathéodory theorem” on conformal mapping, D can be mapped 
o-homeomorphically on the interior of the circle and the same map remains 
one-to-one and continuous along the boundary of D. Thus each C; becomes a 
circular are C; minus its end-points. 


THEOREM 22. Axiom 1 holds. 


Proof. Suppose D(C;) and D(C2) chosen as in Theorem 18 and that no 
one of the relations C; | C2 | Cs, C2|C3|Ci, Cs|Ci| C2 holds. This means 
C; € D*(C,), Cs E D*(C2), and hence C; C D(C;)-D(C2). Choose D(C3) DC; . 
Hence D*(Ci) C D(C3). If further D(C3) C D(C2), then D*(Ci:) C D(C3) | 
D(C2), and hence C; | C3 | C2 , contrary to assumption. Hence D*(C3) C D(C2) 
and D*(C;)-D*(C2) = 0. Further D*(Ci)-D*(Cs) = Oand D*(C,)-D*(C2) = O. 


We can now apply Theorem 21 to the set Iz D(C,) U > C;. — Join the mid- 


points P;, P:, P3 of the ares C; to obtain a triangle PIPIP! The inverse 
image of this trlengle 1 is a closed curve P,;P2P3; meeting C; , C2, C3 only at P;, 
P,, P;. Either P:P2:P3;P,; or PiP3P2P; is positively oriented. Hence either 
|C,, C2, C3|* or | Cy, C3, Co|*. Thus at least one of the five relations must 
hold for the triple C; , C2, C3. 

No more than one relation can hold. For if both C; | C2 | C3 and C3|C,| C2, 
then D(C,) C D(C2) C D(C3) and D’(C3) C D(C) C D’ (C2), whence D’(C3) = 
D*(C3), D’(C1) = D*(Ci), D’(C2) = D*(C2). This gives D*(C,;) C D*(C2), 
a result which is impossible. Similarly the pairs of relations C; | C2 |C: and 
C; | C3 | C2 9 C; | Ci | C2 and C; | C3 | C2 are impossible. 

If | Ci, C2, C3|", then choose the curve P:P2P3P; of Definition 2. Choose 
D(C2) to include C,; and it will then include C;. If now also C; | C2| C3, then 
D’(C1) CS D’(C2) C D'(C3) for proper choices. Hence C; C D’(C2), Cs C 
D’*(C2), and this is impossible. Similarly | C,, C2, Cs|* and Ci | C3| C2 or 
C;| Ci | C2 gives a contradiction. 

If both | C; , C2, C3 |* and | C, , Cs , C2 |", then there are closed curves P;P2P3P, 
and P,P;P.P, positively oriented as in Definition 2. We can then choose 
D(C1), D(C2), D(Cs) as in the preceding paragraph so that C. UC; C D(C)), 
C; U C:C D(C3), C; U C; oe D(C2). Hence by Theorem 18 D*(C;) . D*(C;) = 0 
fori = j. If wethen apply Theorem 21, P,:P2P;P; becomes a positively oriented 
closed curve P;P:P;P; lying in the interior of the circle except for the points 
Pj on Ci, P: on C:, P3 on C;. This implies that the ares Cj , C2 , C3 in that 
order follow the positive orientation on the circle. It is thus impossible for 
P,P;P.P, also to be positively oriented. Hence not both | C,, C2, C;|* and 
|C,, C3, C2|*. The theorem is now established. 


18 See C. Carathéodory, Mathematische Annalen, vol. 73(1918), pp. 306-320. 
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Corouuary. | C,, C2, C3 |* is equivalent to the condition D*(C;)-D*(C;) = 
i ¥ j, for proper choices. 


2.6. Verification of other axioms. 
THEOREM 23. The definitions satisfy Axiom 3.1. 


Proof. Suppose | C;,C2,C3|*and|C,,Cs,Cs|*. Then D*(C;)-D*(C,;) = 0 
(¢ # j; i,j = 1, 2,3), D'*(C;)-D’*(C,;) = 0 (i ¥ 7; 7, j = 1, 3, 4) by the above 
corollary. We conclude from Theorem 18 that Dm(Ci) = D*(C,) (¢ = 1, 2, 3). 


We now apply Theorem 21 to the set II D(C;) U C;. ThearesC;, C2, C; 


in that order must then lie in the malities iin on the circumference and 
the same holds for C; ,C;, Ci. Hence Ci , C3, C3, C4 lie in the positive order. 
Let the mid-points of these ares be P; (i = 1, 2,3, 4). The triangles P{P3P; 
and P;P;P{ then have inverses which are positively oriented closed curves. 
Hence | Ci, C2, Ca|* and | C2, C3, Ca|*. 


THEoREM 24. The definitions satisfy Axiom 3.2. 


Proof. Suppose | C,, C2, C3|* and C,|C2|C,. Then we can choose D(C;), 
D(C2), and D(C) so that D(C,)-D(C;) = 0 (i ¥ j; 7,7 = 1, 2,3). For second 
choices D’(C;) we have D’(C;) C D’(C2) C D’(C,). It follows from Theorem 18 
that D’(C;) = D(C) and D’(C2) = D*(C2). Also D(C2)-D(C3) = O implies 
D(C3) & D*(C2). Hence D(C3) c D*(C2) & D’(C4) and C3 | C2 | C4 . Further 
D(C3)-D'*(Cs) = O and D(Ci)-D’*(Cs) = O, whence |C,, C3, Ca|*. If 
|C,, Cs, Ca|*, then by the preceding theorem | C,, Ci, C2 |*, and this is im- 
possible. Hence | Ci, C3, Cs) and | Ci, Ca, Cs |". 

We conclude, on the basis of Theorems 19, 20, 22, 23, 24, 


THEoREM 25. Let F be a regular curve-family filling the plane or, more gen- 
erally, a set of non-intersecting open curves tending to ~ in both directions in the 
plane. Then under Definitions 1 and 2 F becomes a chordal system CS(F) whose 
elements are the curves of F. 


3. Curve families as normal chordal systems 


3.1. The idea of normal subdivision. The simplest curve family is that of 
the parallel lines. In every regular curve family we can extract subfamilies 
homeomorphic with the parallel lines: e.g., the subfamily meeting a single cross- 
section. (See Theorem 30 below.) It is therefore natural to try to decompose 
the whole family into such pieces. The decomposition is made simpler if a 
larger piece is used, formed by the curves crossing an infinite cross-section which 
starts at a finite point and runs off to infinity. Such a family is homeomorphic 
with the parallel lines filling a half-plane. The normal subdivision of a curve 
family consists precisely in the decomposition of the curve family into (in 
general countably many) such pieces which do not overlap. The pieces fit 
together in a somewhat complicated fashion, most easily described by means of 
the chordal relations. We shall therefore begin with a discussion of the structure 
of a chordal system, by means of which the normal subdivision is defined. Then, 
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by means of several preparatory theorems, the normal subdivision of a regular 
curve family will be established. 


3.2. Subdivision of a chordal system. We shall first point out some elemen- 
tary theorems on how a chordal system can be subdivided. A fixed chordal 
system E will be assumed. 

DeriniTion. An element a of E wili be said to divide E if there exist two 
disjoint subsets 6(a) and 6*(a) of Z, not containing a and such that E = 6(a) U 
6*(a) U a and further: for b in 6(a), ¢ in 6*(a), b | a| c; conversely, if b| a} c, 
then either b C 6(a) and c C 6*(a) or else b C 6*(a), c C (a). 


THEOREM 26. Every element a of E divides E in a unique way. 


Proof. Let bo be any other element of E. Let 6*(a) be the set of all elements 
c of E such that bo | a| c, and let 6(a) be E — (6*(a) Ua). 6(a) and 6*(a) are 
disjoint and cannot contain a. 

Suppose b is in 6(a), b # bo, and ¢ is in 6*(a). Then bo|a|c and by) |a|b 
isfalse. We wish toshow thatb|a|c. bo |b|aand bo | a | cimply by Theorem 
17b\alc. bo|b|aand bo| a|c imply by Axiom 3.3b|a|c. | bo, a,b |* and 
bo | a|c imply by Axiom 3.2 b|a|c. Hence in all cases b| alc. If b = bo, 
the same holds by the definition of 6*(a). 

Conversely, suppose b|a|c. Ifbandc are both in 6(a) and if b ¥ bo ,c ¥ bo, 
then bp | a|b and bo|a|c are false. But then bo|b|a@ implies by Axiom 3.3 
bo | a | c; b | bo | a implies by Theorem 19 bo | a | c; | bo , a, b |* implies by Axiom 
3.2 bo |a|c. Hence there is a contradiction. If, for example, b) = b, then 
necessarily c C 6*(a), and this is a contradiction. If b and c were both in 
5*(a), then bo|a|b and by)|a|c, and Axiom 3.4 is contradicted. Hence a 
divides E. 

This subdivision is unique. For if b is any element of 6(a), then 6*(a) is 
uniquely determined as the set of all c such that b|a|c. Similarly 6(a) is 
unique. 

This theorem corresponds to the Jordan theorem as used above (§2.2). 

Notation. If ais any element of E, 6(a) will denote one of the two subsets 
into which a divides EZ. If the choice of 6(a) is fixed, then 6*(a) will denote the 
other of the two sets. 

DeriniTion. A subset V of E is cyclic if it contains at least one element and, 
when V contains at least three elements, | a, 6, c |* for every triple a, b, c in V. 


THEOREM 27. If V is cyclic and contains at least two elements, then 5(a) can 
be chosen uniquely for every ain V so that (1) V — a C &(a). For these choices of 
5(a) we then have 


(2) [a U 5*(a)]-[b U 8*(b)] = 0 
and 
(3) 6(a) > 6*(b) 


for each pair a, b of distinct elements in V. 
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Proof. For each a in V take 6(a) to include some other element b of V. 
But for any third element c of V, | a, b,c|*. Hence ec C 6(a). Thus V -a Cc 
6(a). The choice of 6(a) is then unique. 

Suppose now a and b distinct and c C 6*(b). Since a C 6(b), we have by 
Theorem 26 c|b|a. If c were in 6*(a), then similarly b | a | c, and Axiom 1 is 
contradicted. Hence c is in 6(a) and (3) follows. 

If the left side of (2) is multiplied out, we obtain terms a-b, a-6*(b), b-6*(a), 
5*(a)-6*(b). The first three are void since a and 6 are distinct and a C 46(b), 
b C é6(a). The last is void since 


5*(a)-8*(b) = 8*(a)-(5(a)-8*(b)) = 0. 


Hence (2) follows. 
Derinition. If V is cyclic and contains at least two elements, then 6(V) will 


denote the set [] 5(a), where (a) is chosen in accordance with Theorem 27. 
acv 


If V contains just one element a, 6(V) will denote one choice of 6(a). @(V) may 
be regarded as the “interior” of the “‘region bounded by V”’. 


THEOREM 28. If V is cyclic and contains at least two elements, then the condi- 
tion c C @(V) is equivalent to the condition: | a, b, c |}* or a|c\b for every pair 
a, bin V. 


Proof. Suppose cisin 6(V). Then for every pair a, b, we have c C 6(a) -6(b). 
The condition b | a | c is equivalent to the condition ¢ C 6*(a), and this is im- 
possible. Similarly a|b|c is false. Hence | a, b,c |* or a|c|b. Conversely, 
if | a, b, c |* or b| c| a, then c cannot be in 6*(a) or 6*(b), hence is in 6(a) -6(b); 
since this holds for every pair, we have c C @(V). 

Derinition. If V is a cyclic subset of E and 6(V) is determined, then A(V) 
will denote the set V U @(V). (In case V has only one element, there are two 
possible choices of 6(V), hence of A(V).) 

DeFINITION. Two sets A(V;) and A(V2) will be said to be adjacent if V; and 
V2 have exactly one element a in common and 4(a) can be so chosen that 
6(Vi) € &(a), 0(V2) € S*(a). 

Derinition. The chordal system E; is isomorphic to the chordal system E2 
if E, can be set into one-to-one correspondence with EZ, in such a way that corre- 
sponding triples have the same chordal relations. 

DeriniTIONn. A subset E, of E will be said to be half-parallel if it is isomorphic 
to the chordal system of the curve family of parallel lines y = constant in 
OsSy< @. 


3.3. Normal subdivisions. In order to define the normal chordal systems, 
we shall have to consider an at most countably infinite class of subsets V. of E. 
However, the relationships among the V, being somewhat complicated, it will 
be necessary to interpret the index a in a special way as a finite sequence of 
positive integers: 

DeEFINITION. Let @ be a sequence of integers p; (¢ = 1,2, --- , n) with p; > 0. 
Then, for any integer k > 0, a, k will denote the sequence p; , P2, --- , Dn, k. 
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DeriniTion. Let A be a class of finite sequences a of integers > 0. A will 
be termed admissible if the following conditions hold: 

(1) A contains the sequence: 1, and no other one-element sequence. 

(2) If a, k isin A and k > 1, then so also is a, k — 1. 

(3) If a, 1 is in A, then so also is a. 

Remark. We can associate with A a generalized “topological tree’ with 
vertices pa and lines papa. There are in general infinitely many line segments 
meeting at a point. 

DerinitTion. A subset Ey of E is seminormal if there exists an admissible 
class A of finite sequences a and a corresponding set of distinct elements a, of Eo 
such that 

(1) Ey = 6(a,) U a, for appropriate choice of 5(a;); 

(2) the sets V. = a, U -, dak are cyclic; 


and such that, further, the choices of 6(V.) for one-element sets V, can be 
so fixed that (6(V..) being now single-valued for all «) for all a: 

(3) if a and a, k are in A, then A(V..) and A(Va,x) are adjacent; 

(4) a. U 6(V.) is half-parallel; 

(5) Bo = DV); 


(6) for each element a of V. — a, there is an element b of 6(V.) such that 
lane & OT. 

The V, are then said to determine a seminormal subdivision of Ep . 

DeriniTion. E is normal if there is an element a of E such that 6(a) Ua 
and 6*(a) Ua are seminormal. If these two sets are seminormally subdivided, 
then E will be said to be normally subdivided. 

A normal subdivision of a curve family is illustrated in Figure 3, §3.6. 


3.4. Cross-sections and values of the chordal relations. We again let F be a 
regular curve family filling the plane. If G is a subset of F, then G will denote 
both the corresponding point set which its curves form and the set of elements 
of CS(F). In each application the particular meaning will be evident from the 
context. 


THEOREM 29. Let the curves C; and C, of F be joined by a cross-section pipr2 , 
with p,on C; , pponC,. Let S be the set of curves crossing pip, except at p, and pr . 
Then S forms an open point set and the condition C, | C3 | C2 is equivalent to the 
condition that C; is in S. 


Proof. Let P be a point on a curve C of S. Let Q be the point at which C 
meets pip2 and choose an r-neighborhood U(Q) so small that all curves meeting 
U(Q) cross pipe. By the second condition of regularity there is an r-neighbor- 
hood U(P) so small that every curve crossing U(P) crosses U(Q) and hence is 
in S. Hence S is open. 

If C, | C3| C2, then D(C) C D(C3) C D(C2) for proper choices. Hence any 
curve joining C,; and Cz meets C; and (; is in S. 

Conversely, if C3 is in S, then let C; meet pipe at Q. It follows from con- 
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sideration of an r-neighborhood U(Q) that C3; divides pip, into two segments 
PiQ, Qpe , one of which lies (except for Q) in D(C3), the other in D*(C3). Hence 
C, [© D(C3), C2 © D*(C3) for proper choice of D(C3) and C; | C3| Ce. 


Coro.uary 1. Let pips and pspe be cross-sections, with p; on C; (i = 1, 2, 3). 
Then pipsp2 is a cross-section if and only if py © D(C3), pe C D*(C3) for proper 
choice. 


Proof. If pipsp2 is a cross-section, then C;|C3|C2, whence p, C D(C3), 
p2 < D*(C3). Conversely, if p,; C D(C3), pe < D*(C3), then pipspe is a cross- 
section by Theorem 15. 


. . . . ay 
Coro.uary 2. If pip. is a cross-section, then there is a larger cross-section pps 
containing it in its interior. 


Proof. Let p; lie on C; , pe on C2, and choose D(C;) to include C,. Choose 
a cross-section p3pips through p;. Then by Corollary 1 one of p; and p, is in 
D*(C,). Let pj denote that one. Then pipip is a cross-section. Similarly we 
can find a cross-section pipip2p> . 

DeriniTion. A regular curve-family S filling an open region PR is said to be 
orientable if a positive direction can be assigned along each curve of S in such a 
way that for each point P of R there is an r-neighborhood U’(P) in which the 
curve ares are similarly directed. 

We assume always that an orientable family is properly oriented on each curve. 

Whitney has shown ([9], p. 270) that in an orientable regular family of curves 
there is a function f(p, t) with the properties: for each p in R and any ¢ in 
—«o <t< o there isa unique point g = f(p, t) lying on the curve C through p; 
f(p, t) is continuous in both variables (i.e., for each p and t and any ¢ > 0 there 
is ad > O such that p[f(p, 0), f(p’, ’)] < € if p(p, p’) < Sand |t — t’| < 4); 
S(p, 0) = p, and as ¢ increases (decreases) f(p, t) moves continuously in the 
positive (negative) direction on C. 


TueoreM 30. Under the assumptions of Theorem 29, S U C, U C2 can be 
mapped homeomorphically ona strip0 Sx S1,-—%” <y < = in sucha way 
that the curves of SU C, U Cz become the straight lines x = constant. 


Proof. Choose the cross-section p;pipep: of Corollary 2above. Let Cj and C3 
be the curves through p; and p, respectively. Let S’ be the set of curves crossing 
PiPiPep2 except at p; and p,. Then by Theorem 33 S’ forms an open set R 
and S’ is a regular family of curves filling R. 

Further S’ is orientable. For pip; divides R into two regions R’ and R”’. 
Each curve of S’ crosses pip; from R’ to R”. We assign the positive direction 
on each curve as from R’ to R”’. Let P be a point of a curve C of S’. Let C 
meet pip; at Q. By Theorem 8 there is an r-neighborhood U(P) containing the 
are PQofC. The ares of this neighborhood are then similarly directed. Hence 
S’ is orientable. 

Now let f(p, ¢) be defined as above in S’. Let p vary along the cross-section 
PiPiP2xP2 , Pp = p(r) in —1 < +r S 2, where we can assume p(—1) = p;, p(0) = 
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~Pi, pP(1) = po, p(2) = ps. Then P = f(p(r), t) gives a homeomorphism T of 
the strip —1 < +r < 2, —xw <t < & onto S’ so that each line r = constant 
becomes a curve of S’.. The set S U C; U C; is thus mapped homeomorphically 
by T' on the strip0 S$ 7 S$ 1,-—2@ <t< «. Setx = 7, y = tand our 
theorem is established. 


Coro.uary. Under the assumptions of Theorem 30, there is a cross-section qiq2 
joining any two points q, on C; and gz on C2. 


For let the images of gq; and q2 under T~ be s; and s2 and draw the straight 
line segment s;s2. 7'(s;s2) is then a cross-section qige . 


3.5. Extended cross-sections tending properly to infinity. 


THEOREM 31. Let C be a curve of F. Then the sets 6(C) and 8*(C) coincide 
with D(C) and D*(C) respectively for suitable choices of 6 and D. 


This follows from Theorem 26 and Definition 1. 


THEOREM 32. Let V be an infinite cyclic subset of CS(F). Then V is countably 
infinite and the curves C, of V (n = 1, 2, --- ) tend untformly to infinity. 


Proof. By Theorems 31 and 27 we can choose D(C) for every C in V so that 
D(C)-D(C’) = O for each pair C, C’ in V. Each such D(C) contains inner 
points. Hence there are only countably many sets D(C) and V is countably 
infinite. We number its curves as C, (n = 1, 2,---). If {P,} is a sequence 
of points with P,, C C, and {P,} has a finite limit point P, then choose a cross- 
section y through P and an r-neighborhood of P so small that all curves crossing 
it cross y. It follows that there are three curves C,, C, , C, of the sequence C,, 
crossing y. By Theorem 29 C,|C,|C:,Cs|C:|C,, or Ci|C,| C,, and this is 
a contradiction. Hence the curves C, tend uniformly to infinity. 


THEOREM 33. Let Co be a curve of F, K a circle of radius R, center at P on Cy , 
D(Co) chosen fixed. Then there is a curve of F lying in D(Co) and not meeting K. 


Proof. For each curve C in D(Co) choose D(C) C D(Co). Set d(C) = 
distance from P to C. Then C’ | C’| Co implies d(C’) < d(C”). Suppose 
every C in D(Co) meets K. Then d(C) has a positive finite least upper bound r. 
We can then choose a sequence C,, of curves in D(Co) such that d(C,,) increases 
monotonely tor. Take the point Q,inC,-K. Then the Q, have a limit point Q 
on a curve Cg. Take a cross-section y through Q. Assume the C, restricted 
to a subsequence (which we again call C,) such that the intersection points of 
the C, with y approach Q monotonely along y. Hence Cy, | C,, | Ce for m2. > m 
and both sufficiently large. 

Further Cy|C,,|Ce. For C,,|Co|Ce is impossible, since C,, C D(Co), 
Ce CS D(Co). Co| Ce | Cn, implies by Axiom 3.3 Cy | C,,|C,,. Hence d(C,,) > 
d(C,,), and this is impossible. |Cy, C,,, Co{* implies by Axiom 3.2 
Co| Cx, | Cn, , and this is also impossible. Thus C)|C,,|Ce. But that implies 
d(Cg) = r. Choose a curve C’ in D(Ce), whence C’|Cg| Co and d(C’) > 
d(Cg) > r. This is a contradiction, and the theorem follows. 
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TuHeoreM 34. Let Cy be a curve of F, D(Co) chosen fixed, P a point on Cy. 
Let M denote the set of all points Q such that there is a cross-section PQ. Let H 
denote M-D(Co). Then M U Cy, and H are non-void open simply-connected sets 
and are unions of curves of F. The boundary of H includes Cy and is a cyclic subset 
of F, that of M U Cy is either void or a cyclic subset of F. 


Proof. By the corollary to Theorem 30, M U C, is a union of curves of F. 
Every point of M U C, is joined to P by an are in M U Cy, hence M U Cyis 
connected. If Q is in M, choose a cross-section PQQ, , by the Corollary 2 to 
Theorem 29, and then an r-neighborhood U(Q) so small that every curve meeting 
it meets PQQ,. Hence U(Q) C M. If Q C Cy, then any r-neighborhood 
U(Q) isin MUC,. Hence M U Cy is open. 

If T is a closed curve lying wholly in M U C,, then no point Q interior to T 
can lie without M U C,, for then the curve Cg would intersect I, and this is a 
contradiction. Hence M U C, is simply-connected. 

Let Q be a boundary point of M U Cy, Q’ any other point of the curve Cg. 
Then the arc QQ’ lies in an r-neighborhood, by Theorem 8. Hence Q’ is a 
boundary point. The boundary of M U C, is thus either void or a union of 
curves of F. If there are at least three boundary curves, let J: , J2, J3 be such. 
J2| J: | Js implies Jz C D(J1), Js C D*(Ji), and the connectedness of M U Cy 
is contradicted. Similarly J, | J:|J3 and J; | J3| J: are excluded. Therefore 
| Ji, Je, Js |* and the boundary is cyclic. 

By Jordan’s theorem, Cy divides M U C, into two open simply-connected 
sets, one of which is H, and H is necessarily a union of curves of F. Furthermore 
the boundary of H includes Cy and, by the same argument as above, is a cyclic 
subset of F. 

Remark. The set H need not have the structure of the parallel lines and may 
indeed be very complicated. 


THEOREM 35. Under the assumptions of Theorem 34, for every circle K of 
center P and radius R there is a curve Cy in H not meeting K. 


Proof. Since M U C, is an open simply-connected set, it can be mapped on 
the entire plane by a homeomorphism 77; the curves of F in M U C, are trans- 
formed onto a curve family filling the plane. Under 7, H becomes a set 
D(T(Co)), K becomes a closed curve (hence a bounded set). It follows from 
Theorem 33 that there is a curve T(C’) of T(F) in D(T(Co)) and not meeting 
T(K). The inverse Co of 7(Co) then lies in H and does not meet K. 

DeFIniTIon. An extended cross-section will mean a curve T which meets each 
curve of F at most once. IT will further be said to tend properly to infinity in a 
given direction on I if it tends to infinity in that direction and in such a way 
that the curves meeting it tend uniformly to infinity with their intersection 
points with I. 


TuHeoreM 36. Let Cy be a curve of F, D(Co) chosen fixed, P a point on Cy. 
Then there is an extended cross-section T from P to © in D(Co) and tending prop- 
erly to ~, 
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Proof. Let K,(P) denote a circle with center P and radius n (n = 1, 2, --- ). 
For every Q in D(Co) let K,(Q) denote a circle with center Q and radius so large 
that K,(P) lies within K,(Q). Choose D(C) C D(C) for every C in D(Co). 

Now, in accordance with Theorem 35, we choose C, in D(C) outside of K,(P) 
and Q, a point on C,. Next, using Theorem 35, choose C2 in D(C) outside of 
K2(Q:) and Q2 on C;. Proceeding in this way, we obtain a sequence of curves 


Co, C1, C2,---,Ca,--- so that D(Co) D D(C;:) D --- DD(C,) D--- anda 
sequence of points P, Q,, Q2,---,Q,,--- so that there are cross-sections 
PQi, Q:Q2, +--+, QnQnii,---- By Corollary 2 to Theorem 29, T, = 


PQ:Q2 --- Q, is a cross-section. Thus, as n — o, I, approaches a limiting 
half-open curve [ which is an extended cross-section. Further, since C, , and 
hence D(C,), fails to meet K,(P), T tends properly to «. 


3.6. Normal subdivision of CS(F). 


THEOREM 37. Let T be a half-open curve from Cy to © which forms an extended 
cross-section. Then the set S of curves of F crossing T forms a half-parallel subset 
of CS(F). The set S — Cy is an open simply-connected set whose boundary is a 
cyclic subset V of CS(F). Further S — Cy = 6(V). 


Proof. Let T be given by z = f(t), y = g(t)inO0 St < ~. Let C, be the 
curve meeting I at P,:z = f(t), y = g(t). From Theorem 29 we conclude that 
t, < t < ts implies C;, | C:,|C.,. If D, is the line y = ¢ of the zy-plane, then 
¢(C.) = D, gives an isomorphism of S onto the set of lines D, in0 St < @. 
Hence S is half-parallel. 

S — Cy is connected since all its curves cross T. It is open, by Theorem 29, 
since it is a union of open sets. A closed curve y in S — Cy cannot include a 
boundary point Q of S — C> in its interior, for then the curve Cg would cross +. 
Hence S — C, is simply-connected. The fact that the boundary of S — Cy 
forms a cyclic subset V of F follows as in the proof of Theorem 34. V in- 
cludes C, . 

By Theorem 32, V is at most countably infinite and we number its curves as J, 
(n = 1, 2,---) with J; = Cy. Choose D(J,) D> V — J,, then &(V) = 


II D(J,). If C, is a curve of S, then for any Jn, , Jn, of V, Ce | Jn, | Jn, OF 


C,! Jn, | Jn, would contradict the connectedness of S. Hence Jn, | C:| Jn, or 
| Jn,» Ing, Cr |. Hence, by Theorem 28, C, C 0(V). Conversely, if C is a 
curve of 6(V), then C is in S. For suppose C is not in S. Then, since by 
Theorem 32 the J, tend uniformly to infinity, a point on C has a positive dis- 
tance from the set a J,. There must thus exist a line segment PQ joining the 


point P on C to the point Q on some J,, and otherwise containing no points of C 
or of >. J,. C lies in D(J,,), as does S. Since J,, bounds S, PQ must con- 


tain points of S, and there must be a boundary point of S other than Q along PQ. 
This is impossible. Hence S — Cy = 0@(V). 
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THEOREM 38. Let F be a regular family filling the plane. Then CS(F) is 
normal. 


Preliminary outline of proof. We take an extended cross-section T as in 
Theorem 36. From each boundary curve of S we take new extended cross- 
sections to infinity. Repeating the process indefinitely, we divide the family up 
into non-overlapping half-parallel sets. The only difficulty is to ensure that the 
whole family is exhausted by the process. This we do by covering the plane 
by a countable number of r-neighborhoods and making sure that these are all 
included as the process expands. 

Proof of theorem. Take a fixed point O of the plane on a curve C; of F. 
Choose D(C) fixed. We shall then carry out a seminormal subdivision of 
C, U D(C) corresponding to an admissible class A of finite sequences of positive 
integers. We shall let A, denote the subclass of A whose sequences have n 
terms (n = 1, 2,--- ). 

For every curve C of D(C;) choose D(C) C D(C). By Theorem 36, for 
each point Q on C we can find an extended cross-section H(Q) tending properly 
to © in D(C) and another extended cross-section H*(Q) tending properly to 2 
in D*(C). By Theorem 15, H(Q) plus H*(Q) forms an open extended cross- 
section T(Q). The set S(Q) of curves crossing T'(Q) is by Theorem 29 an open 
set. Hence we can find an r-neighborhood U(Q) lying in S(Q). 

Assume now a fixed choice of U(Q) for each point Q of D(C,;) U Ci. Let Ky 
be the circle center O and radius N (N = 1, 2, --- ) plus its interior. Then by 
the Heine-Borel Theorem a finite number of the r-neighborhoods cover the 
set Ky-(D(C:) UC,). We can thus choose a sequence U(Q;) (i = 1, 2, --- ) 


such that for r sufficiently large the set Ky-(D(C;) U C;) is included in }> U(Q)). 
i=1 


We can assume Q, is O. If Q is any point of D(C,) U C,, we shall denote by 
U(Q; , Q) the U(Q;) of lowest index 7 containing Q. We shall then denote by 
T'(Q; , Q) the half-open curve on I'(Q;) consisting of T'(Q,;)-(D(Ce) UCe). Since 
Q is in U(Q;), Ce must necessarily meet I'(Q;) and T'(Q; , Q) consists of the part 
of I'(Q;) joining the intersection point to » in D(Ce). S(Q;, Q) will then 
denote the set of curves crossing T(Q;, Q). S(Q;, Q) is then half-parallel, by 
Theorem 37. 

The class A; will now consist of the single one-element sequence: 1. C, will 
be the corresponding element of CS(F). 

Suppose now that the classes A;, Az, --- , A, have been defined and also 
the curves C, for a in A;, Az,---,A,. Then for a in A, choose a point Q. 
on C, at minimum distance from QO. The boundary of the set S(Q; , Q.) is then 
by Theorem 37 a cyclic set V. , at most countably infinite, and its curves can 
be given as Ca, Cai, Ca2,-+-:. The indices a, 1; a, 2;--- , with a varying 
over A,, then form the class A,,,;. The class A of all A, is now defined and 
admissible, and the curves C, are defined for all ain A. (See Figure 3.) 

Condition (2) is now fulfilled. If we determine 6(V,.) in the case of a one- 
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Fic. 3. NORMAL SUBDIVISION OF A CURVE-FAMILY 


Each cross-section (dotted line) joins a finite point to » and each determines a set of 
curves homeomorphic with the parallel lines of a half-plane. The assignment of values for 
a level-curve function f(z, y) is suggested on the figure. 
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element set V, as D(C.), then, since Ca, GC D(Ca), Ca © D*(Cax), we shall 
have in general 


(Va) = D(C.)- TT D*(Ca,x). 


By Theorem 37, S(Q; , Qa) = 6(Va) U Ca, and hence 6(V.) U C, is half-parallel. 
Hence condition (4) holds. 

The sets V, and V., have only the element C., in common, since 
Va — Caz CD*(Can), Var — Caxr GC D(Cax). Since also 0(V.) © D*(Cax) 
and @(Vax) © D(Cax), (Va) and A(Va,x) are adjacent. Thus condition (3) 
holds. 

Next we can verify condition (5). Suppose C is in D(C,) U C,, but not in 
> (V4). Then C cannot lie in 


(Vi) = [D(c)-I D*(C,,.)] UCU > Crs, 


hence lies in some D(C;,x); cannot lie in 


MVix) = [(D(Ci») II D*(Cix)| UCL. U > Crea; 


hence lies in some D(Ci,x.,.). Repeating this argument, we find that there is an 
expanding sequence of sequences a”, with a” in A, and a"*’ = a", k for some k, 
and such that C lies in each D(Can). Let Kw be the smallest circle which C 
meets. Then D(Can) must also meet Ky, and, since D(C.) does not con- 
tain O, Can meets Ky. But Ky-(D(C;) U C,) is covered by a finite number of 
neighborhoods U(Q;), U(Qs), --- , U(Qs) of the sequence U(Q;). On each Can 
the point Qa» was chosen at minimum distance from O, hence in Ky. 
U(Q; , Qa») was chosen with minimum index 7 to contain Qa» , hence 1 Si S s. 
Since there are infinitely many Q.. , for some n < p U(Q;, Qan) = U(Qi, Qar), 
with the same 7. But U(Q; , Qax) lies in the open set S(Q;), while U(Q;, Qa») 
contains boundary points or other points not in S(Q;). For, if p = n + 1, 
then C,» is a boundary curve of S(Q;), and otherwise 


Caw © D(Car-1) © --- C D(Canti) © D(Can) 


and S(Q;) © D*(Can+1). Hence there isa contradiction. Thusall of D(C) UC, 
is included in ZZ \(V.). This establishes condition (5). 


Condition (1) is immediate and it remains to verify condition (6). But for 
each Ca, let C be an element of 6(V.). Then C|C.|Ca,¥ is false. Further, 
by the expression for 0(V), CC © D*(C..) andnotC |Cax.|Ca. If, forevery C, 
C.|C|Cax, then the distance from O to C would be bounded above by the 
distance from O to C,,.. This is impossible since ['(Q.) tends properly to 
infinity. Hence | C.,C, Ca, |* for some C in 0(V.). 

We thus conclude that D(C;) U C, is seminormal and by the same reasoning 
that D*(C,) U C, is seminormal. Hence CS(F) is normal. 
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4. Existence of a level-curve function 


4.1. Further information about the normal subdivision. We first assume an 
abstract normal chordal system E with a seminormal subdivision of the set 
Ey = 4(c;) U c as defined above. 

THEOREM 39. A(Va)-A(Va') = 0 unless a = a’, k for some k or a’ = a, k 
for some k. 


Proof. Since c,,, C 6(c,;), we must have 


(Vi) = 6(c)-I] 5*(c1,x) 


for proper choices of the 6*(c;,). Since A(Vi) and A(Vi,x.) are adjacent, we 
must have 


Vix) = (cx) TT 5* (C141). 


Repeating this reasoning, we conclude that in general 


6(V.4) - 5(ca) I 5* (Ca,x) 


for suitable fixed choices of 6(cq). 
Hence (Va) = ca U > Ca U [a(ca)-IT 5*(cax)| by Theorem 27. Accord- 
ingly we then have 
Var CCax U 5(Ca,x) C 8(Ca) 
and for k # k’ 
AM(Van) A Via?) S [ean U 5(Ca,x)]- [ean U 5(Cax)] = 0 


from Theorem 27. 

Now for any V, and V with a # a’, let a be the largest sequence such that 
a=a,p,---,a =a,p’,---,withp#p’. Thecasea = a, p,a’ = a, p’ 
we have just treated. If a = ay, ~i, p2,---,p,, Withr > 1, anda’ = a, 
Pi, Po, +++, p,, Withr’ = 1, then 


AV 2) S Heaso..---.o-) G--> SOCagm) 


while A(Var) © 8(Cay.n;) U Cay.p; , Whence A(Va)-A(Var) = O by Theorem 27. 
If a = ao, Pi, P2, +++, Pr, With r > 1, and a’ = ao, then A(V.,) © 4*(Cay,9;) 
and again \(V.)-A(Va') = 0. Hence the theorem follows. 

Now consider a fixed set \(V.). The set cg U 6(V.) is half-parallel. Hence 
we can represent its elements as dj for 0 < t < o, whereby dy, | df, | df, is 
equivalent to the condition that & is between ¢; and ts. dg must necessarily 
be ca, since otherwise 6(V.) could not be in (cq). 

Notation. Let ca, be any element of Vz — ca. By the condition (6) of 
normality there exists an element df of @(V.) such that | ca, ¢ax, df |*. We 
shall let B(ca,) be the set of all d? such that | ca, Can, dt |*. 
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THEOREM 40. For each element Ca Of Va — Ca there is a unique number 
ta: 2 O such that either Blcax) = >. di? or else Blcax) = Dd. d*. 
t2ta,k t>tak 


Proof. If d?, © Blca,.) and t:> t, , then ca | d7, | d?,. Hence, by Axiom 3.2, 
|Ca, Cac, At, [* and d?, C B(cax). Thus B(ca,x) has one of the two forms 
indicated. 


4.2. Application to a curve family. We return to the family F, which we 
assume normally subdivided as above. Denote the curves of the half-parallel 
set 0(V.) UC. by D? in 0 S t < & (corresponding to the d? of the preceding 
section). 

TueoreM 41. Let PQ be a cross-section joining a point P on a curve Dj, to a 
point Q on a curve Cay. 

(A) If Dé, C B(Cax), then to < tax and the set of curves crossing PQ is given 
by all Df with t) S t < ta, and the curve Ca, . 

(B) If Dé, ¢ B(C..x), then to > ta, and the set of curves crossing PQ is given 
by all Df with ta, < t & t and the curve Cay. 


Proof. PQ must lie in 0(V.) except for Q, for if PQ meets a boundary curve 
at P; it must from P; on lie outside 6(V.). For any point Q; between P and Q 
on PQ the are PQ, is a cross-section in 6(V.). Since @(V,) is half-parallel, 
PQ, meets precisely the D? of an interval” [t , 4]. Thus PQ meets precisely 
those D? of a half-open interval [t , t’). 

Case (A). Wehave then | Ca ,Cax, D?,, |* and we must show f < t/ = tax. 
But we can then choose D(D/,,,) to include C.,, and C,. Suppose PQ were to 
cross Df,, at a point P;. Then P:Q must lie in D(D%,,) U Df, . But for a 
curve Df, meeting P:Q between P; and Q we then have & < ta. Further 
Cas | Di, | Dé, , Ca| Di, | Di, , and also Ca | Di, | Can, since Di, ¢ B(Cax). 
This contradicts Axiom 3.4. Hence PQ fails to cross Df,,. But PQ must 
meet curves Df with t < tax, since C, and C,, are in D(D/,,). Further 
Df, | Dt, | Ca. for th < t < tax, as follows from C. | D7, | Di, , Ca | Di, | Ca 
and Axiom 3.3. Thus PQ must meet all Df for ¢ sufficiently near t.,,and < tex. 
This is possible only if  < t= tax. 

Case (B). We must show tax = t’ < &. Suppose t.,, #0. We have then, 
by Theorem 28, C.| Df, |Cax. If PQ were to cross Dy,, at Pi, then take a 
curve D?, meeting P,Q between P; and Q. We must have & > tax. Hence 
C.| Df, | Di,. But also Df, | Df, | Ca by Theorem 29. Hence, by Axiom 
3.3, Ca| D?,|Cax. This contradicts Theorem 40. Thus PQ fails to cross 
Dé. But PQ must meet curves Df with t > tax, since Ca| Di, | Can. 
Further, for tax < ti < t,|Cax, Ca, Df, |* and Ca| D1, | D:,. Hence by 
Axiom 3.2, Ca. | D:, | Di... Thus PQ must meet all Df for ¢ sufficiently near 
ta, and > tex. This is possible only if ta, = t’ <b. 


4 We use the following convention on intervals: [a, b], (a, b], [a, b), (a, 6) mean respec- 
tively (whether a < b or b < a) the closed interval from a to b, the closed interval minus a, 
the closed interval minus b, the open interval. 
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If tax = 0, then Df, = C.and|C.,Cax, Df |* for allt > 0. PQ cannot 
meet C. since PQ C @(V.) U Cax. PQ must meet curves D7 with t > 0, 
and the same reasoning as in the preceding paragraph shows that PQ meets 
all D? for ¢t sufficiently small and > 0. Hence ta, = t' < th. 


Coro.iary. PQ can be parametrized by t in the interval [ta , to] so that to 
each value t ¥ ta, corresponds the point at which D? crosses PQ. 


The corollary is true since ; < & < és implies that D7, | D7, | Df, and hence 
by Theorem 29 that Df, crosses PQ between D/, and Df, . 


THEOREM 42. Let F be a regular family of curves filling the plane. Then there 
exists a function f(x, y) with the properties: 

(1) f(x, y) is defined and continuous for all (zx, y); 

(2) for every real number c the locus f(z, y) = c consists of an at most countably 
infinite set of curves of F; 

(3) in every neighborhood of any point (x, yo) there are points (x, y) for which 
f(z, y) > I (0 ’ yo) and points (x, y) for which f(z, y) < S(o ’ Yo). 


Proof. Let the subset C, U D(C,) of F be subdivided seminormally as above 
by the V, and let C, U D*(C,) be seminormally subdivided by sets V2 for a 
in A*. In each \(V.) = CU > Cax U >> D? we define a function f.(z, y) 

t>0 
thus: (a) for any point Q:(z, y) on a curve D? we set fa(z, y) = t = t(z, y); 
(b) for any point Q:(z, y) on a curve C,,. we set fa(z, y) = tax. 

fa(x, y) is then continuous in the closed set A\(V.). For in case (a) we take a 
cross-section y in C, U 6(V.) and containing Q. This can be parametrized 
by tso that Df meets y at the point corresponding to ¢, as in the above corollary. 
If we then map the set of curves crossing y onto a strip0 S$ 2’ S$ 1,-“ < 
y’ < #, asin Theorem 30, then f.(z, y) becomes the function f.(2z’, y’) = 2’. 
Hence f.(z, y) is continuous at each Q in case (a). In case (b) we choose a 
cross-section PQ joining Q to a point P of 6(V.). Then, by the above corollary, 
the same reasoning applies to show that f,(z, y) is continuous at Q. 

We define the functions f(z, y) in the same way in the \(V2), and they are 
continuous there. We note further that f.(z, y) = O for (z, y) on Ca, 
fr(z, y) = Ofor (x, y) on C2. 

Further let €2,, = +1 or —1 according as Df, © B(Cax) or Df,, € B(Ca.x). 
Ifa,k = 1,ke,---,ka, k, then set 


bak = €1,ko* Elko kg* °° * *€a* Cak- 


We now set f(z, y) = fi(z, y) in A(Vi). Suppose we have defined f(z, y) for 
(x, y) in \(V.) for all sequences a of at most n elements. Let a, k = 1, ke, 
ks, +--+, kn yknar. Letf(Ca,) be the value already assigned on C,,, as boundary 
of \(V.). Then, for (z, y) in A(Va,x) we set 


f(z, y) = f(Car) + batfan(2, y)- 
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By Theorem 39, f(z, y) is then uniquely defined. On C.,. there is no difficulty 
since fax(x, y) = Oon C.x. Hence f(x, y) becomes a continuous function in 
all of Co U D(Co). 

Similarly we construct the function f*(z, y) in Co U D*(Cy). Finally set 
f(z, y) = —f*(z, y) in Co U D*(Cy). Then f(z, y) is defined, single-valued, and 
continuous everywhere. 

In the neighborhood of a point (20, yo) of (V4), f(x, y) takes on values both 
greater and less than f(a, yo). For along a cross-section through (29, yo) 
fa(x, y) varies monotonely, and the same holds for f(z, y). The same holds for 
points of 6(V2). 

For a point Q: (x, yo) on a curve Ca, we first draw a cross-section QP 
joining Q to a point P of 6(V.) and a cross-section QS to a point S of 0(Va,). 
Then 


f(z, y) = f(Ca) + bafa(x, y) in (V4), 

S(x,y) = S(Can) + batfan(2, y) in MVa,x). 
These equations and 64. = €a,c5a give 

S(x,y) = f(Ca) + Safa(Can) + Sata sa a(t, y) 


in (Vax). Now if Df, C B(Cax), then fa(x, y) increases monotonely from 
P to Q, by Theorem 41 and its corollary. Further f.,.(z, y) increases from Q 
to S. Since also e4,. = 1, this implies that f(z, y) varies monotonely along 
PQS. If Dé, € B(Cax), then fa(x, y) decreases from P to Q and, since €a,x = 
—1, €arfan(7, y) decreases from Qto S. Again f(z, y) varies monotonely along 
PQS. The same holds for Q on a curve C2. 

Finally take Q on C, and choose cross-sections QP and QS with P in 6(V;), 
Sin 0(V?). Then f(z, y) = fi(z, y) increases from Q to P and f(z, y) = —fi (a, y) 
decreases from Q to S. Again f(z, y) varies monotonely on PQS. f(z, y) 
thus satisfies condition (3). 

The locus f(z, y) = ¢ certainly consists of a set of curves of F. If there were 
more than countably many curves in the locus, then in some \(V,) or \(V2) 
there would be more than countably many. But that is impossible. For 
V, is at most countable and, since by its definition f.(z, y) takes on the value 
c at most once in 0(V,), the same holds for f(z, y). There is a similar contra- 
diction for the V. (2) thus holds and the theorem is established. 

Remark 1. This theorem is a generalization of a theorem of E. Kamke 
(Mathematische Annalen, vol. 99(1928), p. 613). 

Remark 2. If F is a regular family filling any open region R and if a function 
f(x, y) exists with the properties (1), (2), (3) in R, then F is necessarily orientable. 
For take a point P on a curve C of F and an r-neighborhood U(P). Map 
U(P) o-homeomorphically on an r-rectangle | z’| < 1, | y’| < 1, so that P 
has image on y’ = 0. f(z, y) then becomes a function f’ of y’ alone and is 
moreover monotone. We direct the line y’ = 0 in such a way that, as we move 








or 
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along y’ = 0 in the positive direction, f’ increases to the left. We orient the 
curve C at P accordingly. This gives a unique direction throughout P and a 
proper orientation of the whole family. We have thus: 


COROLLARY TO THEOREM 42. Every regular family F filling the plane is 
orientable. 


F can thus be parametrized by Whitney’s function f(p, t) (see §3.4 above). 
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THE FUNDAMENTAL SOLUTION OF THE PARABOLIC EQUATION 
By F. G. DreEsseu 


1. Introduction. The function 


1 _ > (a; — &)° 
ia "Ge >») 


is known as the fundamental solution of the parabolic equation 


du “. Pu 
iat tthe (au = & ). 


2 
i=l Ox; 


(1) 





Following a method of successive approximations introduced by Hadamard’ 
for the case n = 1, Gevrey,” using the function (1) as the first approximation, 
showed the existence of a fundamental solution of the equation 


“ du 
(2) du + Deas +au— 5 = 0. 


If in equation (2) we replace Au by an elliptic operator 


~ @ du 
Ho) = % ar(ao5n), 
then the function in (1) is no longer available as the first approximation of the 
fundamental solution of this new equation. For n < 3, this new equation can 
be transformed into the equation (2), but for n > 2, this is not the case. Thus 
for n > 2, the existence of a fundamental solution is not shown by Gevrey’s 
method. 
In case the a;; in H(u) are not functions of the variable y, Rothe’ has shown 
that the equation 


ou 
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has a fundamental solution. He obtained his results by making use of the 
Green’s functions of H(u) and H(u) — du, so his methods are quite different from 
those of Gevrey. 
In the present paper we are concerned with the fundamental solution of the 
parabolic equation 
du 


‘s n ou n au ite 
(3) L(u) = } Oi saz, + Se Mag, + — 5p = 0 


ij=l 


under the following assumptions: Let R be a bounded open region in the z = 
(a1, +--+ , 2,)-space with the boundary R’; then for n S y S y’ andzinR + R’ 
the functions 


a a 
4 =~ aij; omer ie 5 i; y > i3%,j,k,s =1,---, 
(4) By ti az, dz;"" a; ; a (ai; = aj; t,j, k, 8 n) 
satisfy a Lipschitz condition‘ of order y where 0 < y < 1; also for these values 
of x, y 


bs GE §; 
i,j=l 
is a positive definite form. Under these conditions we construct the fundamental 
solution of (3) in R, that is, a function T(x, y; §, n) with the following properties: 
(j) For y > 7» and for each pair of points 2, — lying in R, the function 
T(z, y; &, 7) is a regular solution of equation (3). 
(jj) If T is a subregion of R and ¢(z) is a function continuous in R + R’, then 


g(x) if x is a point interior to T, 


yn 


lim : o(é) T(z, y; &, 9) dé = 


0 if x is a point interior to R — T. 


The methods we use to prove the existence of the fundamental solution are 
similar to those of Levi’ for the elliptic equation. That is, we start with the 
principal part of T', say Z(z, y; &, 7), which is similar to (1), and write 


r 


z+f [ 2, v5 5, 046, 758, ndeae, 


Now put I in L(u) = 0, and we are left with an integral equation to determine 


S(z, y; & 0). 


2. Definitions and notation. In the determinant | a;; |, let the co-factor of 
a;; divided by | a;;| be denoted by A;; ; then the function 


o(z, y; =) = z Agké; 


‘See formula (ii). 
5 E. E. Levi, Sulle equazioni lineari totalmente ellittiche alle derivate parziali, Rend. del. 
Cire. Mat. Palermo, vol. 24(1907), pp. 275-317. 
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is a positive definite form for 7 S y S y’, xin R + R’. Therefore there exist 
two positive constants g and G such that 


(i) gr S$ o(z,y;2 —&) SGr (" =D - 8). 
i=l 
We now define a function closely related to the function (1) 
s xp (-2&,2:8), s> 0, 
U(a, y; & 8) = 4s 
0, s<0. 


The function U(z, y, x — §& y — 7) will also be denoted by 


U(z, y/&, n). 


We shall say a function f(t, 7) belongs to the class A at the point (x, y) if it 
satisfies the following three conditions: 


(1) [" [ise oiaear < @, 


where 7 S 7 S y’ and dé = dé, --- dé, is the volume element in 2. 

(2) f(é, 7) is bounded on any closed set for which 7 > 7. 

(3) f(é, 7) satisfies a Lipschitz condition of order y (0 < y S 1) at (z, y). 
That is, there exist constants N, 6, b > 0 such that 


(i) se, 9 — $06, )| SNlly— 2 + Dn wl 


forn<y-é6S7rsSytbxr-—-besE2xr+b. 
A function H(z, y; §, n) is said to be of order B(a), if forn Sy S y’,zinR 
there exist positive constants M and A such that 


M 


| H(z, Y; , n) | Ss ; ae 4 exp (hy (x oa g, in n)); 
(y — n) 
where 
Yai 
(5) v(z,y)=- = 





4y ° 
Finally we note that if p, h are two positive constants with 0 < h < 1, anda 
is a variable = 0, then there exists a constant K such that 


(iii) a” exp (—a) < K exp (—ha). 


Any sum or product of a finite number of K’s arising from property (iii) of exp (— a) 
shall be indicated by (K). 
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3. Differentiation of V(z, y). In this section we shall show that the function 


6) view =f [ UG u/t, I, 2 ddr 


has a derivative with respect to y (y > »), and second derivatives with respect 
to the z’s, at each point (z, y) where f belongs to the class A. 

Our first theorem is concerned with the differentiation of V(z, y) with respect 
to y. 


THEOREM 1. [f f(, 7) belongs to class A at (x, y), and if y > n and x is in R, 
then 


of [ U(a, y/é, r)f(&, 7) dé dr = f(z, y) F(z, y) 
+ [° [U6 0-12, 012 UG, vie, dear 


+ f(x,y) [ [ ; U(x, y/&, 7) ddr, 


where F(x, y) is defined in (8). 


The integral involving the difference [f(£, ») — f(z, y)] is to be interpreted as a 
multiple integral, while the last integral appearing in the theorem is to be 
evaluated as an iterated integral in the following sense: 


ge if. ; " a 
ie sal Da 
f I, dy U(a, y/&, +) dé dr lim a { | & U(a, y/é, 7) ar} a 
Proof. Write the difference ratio in the form 


Viz,y + dy) — Viz,y)_ 1 f”* 
Ay Ay Jy 





[ UG,u + ay/t, DIG, agar 


+ is [ [we y + Ay/é, r) — U(z, y/é, r)lfdé dr 


=I+J. 


We consider the case Ay > 0. Let S be a sphere with center at z and of 
radius p. Assume p and 6 taken so small that S lies in R and the Lipschitz 
condition on f(é, 7) holds for 


y-é6Srsyrté, ECS. 
Denote the contribution to the integral J from the region R — S by J, , and the 
rest of J by Iz, then 


1 yt4y - gp" ) 
ins x | [ w+a-9 on (-, 3% — \f | d&dr, 
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where gp comes from property (i) of o(z, y; ~). Using the property (iii) of 
exp (—a) and the fact that f is bounded for y > 7, we see that 


(7) lim J; = 0. 


4y-0 


In considering the other part of J, we write 


yt+dy 
- fs.) ; [ U(x, y + Ay/é, r) dé dr 
ytdy 
al [veut ave, 9G 9 — se, wlatar 
=fzyh+h. 
If the 

lim I} 
4y-0 


exists, then, since f is continuous at (z, y), the limit of J} can be made arbitrarily 
small with 6 and p. It then follows from (7) that J and f(z, y)I have the same 
limit. 
In the integral J} introduce polar coérdinates defined by 
& — 4% =rcos hy, 


bf — t = rsin 6; cos 62, 


| 


En-1 — Ln-1 = 7 Sin 8; --+ SIN On-2 COS On, 


=rsin 6; --- sin 01, 


P= > (x, — 8) 


i=l 


wr 
3 
| 

8 
3 
| 


When this transformation is applied to the function o(z, y; x — &), r° can be 
factored out. Denote the remaining factor by ¢(z, y; @), then 


o(z,y;x — &) = r'o(z, y; 8). 
Following the change to polar codrdinates in J} , write 
trlo(z, y; OI'ly + Ay — cI = w, 
then 


1 yt+4y poe 
i= ral I [- [fe ¢ *"H(6@)w"" exp (—w*) dw dé dr, 


where 


H(@) = sin"? 6; sin” 6e see sin 6n—2 (0 < On-1 4 2r, 0 < 6. < Tv; 


B= dog (y + Ay — ro. 








Fre 


The 


In t 
hen¢ 


W 
diffe 
S(E, 
the 1 


(9) 


wher 


Mak 
of J. 
chan 
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hence 
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From the above representation of J}-the limit is seen to exist, and we have 
lim I = lim f(z, y)I2 = F(z, y)f(z, y). 
4y-0 


4y-0 


The function F(z, y) is defined by 


F(a, y) = 2” ia [ ves [ [o(a, y; 0)]" H (6) dO; «++ dOn 
(8) - 
. ‘ l w” exp (—w’) dw. 


Returning now to J, write it as three integrals 


rofl LoL. 


be & J xu (x, y + Ay/é, 7) — UC, y/é, *)ISE, 1) dé dr 


=Jit+d2+Jds. 


In the first integral y — + 2 6 > O, and in the second integral o = ge > 0, 
hence it readily follows that 


in Ui +d) @ [ . [+ [ ~ ZG, y/t, Df, 7) dt dr. 


4y-0 


Write J; as two integrals J} + J}. The f(é, r) in Js is replaced by the 
difference [f(é, 7) — f(z, y)] to obtain J}, and in J3 we have f(z, y) in place of 
f(é, 7). We first show that J} can be made arbitrarily small with 6. Using 
the theorem of the mean, we write J} in the form 


@ =f) [Useythay/s, DUG) Fe, Wade O<h<)), 
where 
te) 
U, = ay U. 


Making use of the Lipschitz condition of order y on f, we see that the integrand 
of J} is a function of order B(3(n — y) + 1). Using this fact in J} , we then 
change to polar coérdinates. Property (iii) is now used, and we see there is a 
constant M such that 





1 r d6 dr, PPM, lock Sow 


iiisu/ : 


 aledig ates ~ A 


Dropping hAy and taking 8 = 1 — $y, we see that the above integral exists; 
hence J} approaches zero with 6.° 


6 For Ay < 0, the integral corresponding to J} has to be handled in a slightly different 
manner. 
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We remark that if A is put equal to zero in the integral in (9), the same 
method that we used on J} shows that this integral approaches zero with 6. 
Therefore, we may pass to the limit under the integral sign in J}. 

Turning to J}, we write it as two integrals. In the integral that contains 
U(z, y + Ay/é, 7), change the variable of integration 7 to r + Ay; then we 
can write J; in the form 


Jj -e ”. [ve y+ Ay;z —&y-— 1) dé dr 


y—b—Ay 


os ar Los [ey +ay2-by-9 - UG, y;x—&,y—7)} dédr 


-& w | U(x, y/t, 7) dt dr = Sy, +S: +s. 


y—Ay 


The limit of S,; is easily obtained since the integrand is continuous. In 8S; 
change the variable 7 to r — Ay, and then its limit can be found in the same 
manner as the limit of J;. Applying the theorem of the mean to Sz, we have 


y—4y “le 
S: = f(z, y) é [gap eu t tai UC, y + ony. y—2) dear 
(0 <@< 1): 


It is no trouble to show that the limit may be taken under the sign of the integral, 
since Ay enters only in the continuous functions 


Ay ’ — Ajj . 
The limit of J? is thus seen to be 


lim Jj = f(z, y) [ U(x, y; x — &, 6) dé 
A4y-0 8 


— sew [fgets ve uie — DUG, u/t 0) ddr — fe, DPC, W. 


This completes the proof of Theorem 1 since the limit for J ? is the same as the 
following one: 


jaw) [", [ Usley/s 9 agar = se, v) [ UG, v2 - &8) a8 


— f(z, y) Cle= a(x, y, x — §)U(x, y/E, 1) dé dr 


— lim f(y) | U(x, y, 2 — &, 6) db. 


Some properties of the function F(z, y) that we shall need later are now 
stated in the following lemma. 











1e 


Ir 
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Lemma 1. The function F(x, y) defined in (8) is differentiable with respect to 
each of its arguments, and satisfies the inequalities 
(4n/G)" S F(z,y) S$ Gx/g)", nSysy, rinR+R, 
where g and G come from property (i) of o. 


This lemma follows from the definition of F(z, y) and the properties of c. 
Our second theorem is concerned with the differentiation with respect to the 
x’s of the function V(z, y) defined in (6). 


THEOREM 2. If i” t) belongs to class A at (x, y), then 











(10) = | f 2 Ue vie, ae, 2) dear, 
and 
Ae as [ [ [f(é, 7) — t) dé dr 
(11) 
+ sew) [ar fo ag 


All integrals appearing in Theorem 2 are to be considered as multiple integrals 
except the last one, and it is to be evaluated as an iterated integral in the fol- 
lowing order: 


y 3 : y-e Fe 
I dr r 02; 92; vee peor ” { x 02,02; vax) ™ 


Before taking up the proof of Theorem 2, we shall prove a useful lemma. 
Let x be a point in R and P be the region defined by 


%z-bsisut+b (¢ = 1,---,n). 








In what follows, we assume that b and another positive constant 6 have been 
taken so small that P C R and the Lipschitz condition on f(é, 7) at (z, y) holds 
throughout the space 


Poaon<y-éS7S8y. 


Lemma 2. Let H(x — &) = (m — &)%! --- (an — &,)%, where the a; are 
positive integers or zero and a, + --- + a, = a; also let f(t, 7) belong to class A 
at (x,y). Then the function 


sey =f one 2 Ute, v/t, fle) dé dr 


has a derivative with respect to x; at (x, y) equal to 


Fe ea ee aul ade + 402, w) fae JX uO a 


if28<a+yr+1. Here y is the order of the Lipschitz condition on f(t, r). 
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Consider the casei = 1 with Ar; = Ar > 0. Letz’ = (4, + Az, 2, +--+ ,2n), 
and write 
S(@’,y) —S@,y)_ 1 f[" f H@’ 


az al gape Wee -by-0 


= U(a, y; 2" -i%g- tI SE, tr) dé dr 


ew 1 - : a = 
all yi lie —)U(z,y;2 gy 7) 
— H(x —§)U(z,y/é,7) f(r) ddr = J(6) + 108). 


After applying the theorem of the mean in J (4), we see that the integrand 
is a function of order B(s), where 2s = (28 + n — a); hence 


y 
a2 jyolsuf f+ 
v-e dp (y — 7) 
where the function y is defined in (5). Since 0 < y S 1, conditions of the 
lemma insure us that 28 < a + 2. From this it follows that the above integral 
exists, and therefore J(¢) approaches zero with «. From this we conclude that 
we may pass to the limit under the integral sign in J (6). 

Write 7(6) = 1,(6) + J2(6). J,(6) is obtained from (4) by replacing f(é, 7) 
by the difference [f(¢, 7) — f(x, y)], while J2(6) is obtained by replacing f(é, 7) 
by f(z, y). We first show J,(¢€) is small with e. 

In J,(¢) break the integration with respect & into the three parts 


1-bsShSn, nS Sum+ 247, 1+ 2ArSh 524+ 5, 


and call the contribution to I,(e) of these Ij(e), Ii(), Ii’(e) respectively. 
In I{(e) apply the theorem of the mean. Making use of the Lipschitz condi- 
tion on f and also the fact that over the interval z, — b S & S 2 one has 


085% -8 &£%+ OAr — & (0<6é< 1), 








. exp [hy(x’ — §, y — r)] ddr, O<h<g, 


then | J{(€) | is seen to be dominated by the same type of integral as appears 
in (12). The dominating integral here has z instead of x’ and 2s has the value 
(28 +n+1-— a-— vy). However, the conditions in the lemma still insure 
I;(€) is 0(1) with «. I{’(e) can be treated like I{(¢) since 


OS &— m1 S 2& — % — Az) (0<@<)})), 


over the interval z, + 2Ar S §, S$ %,+ 5. 
In J;'(e) we do not use the theorem of the mean, so we may write 


= 


IN@®|s 7y: [exp (hy(2’ — &, y — 7) 





y—e %P’ Ga 
+ exp (hy(z — &, y — r))] dé dr 





+ AN fl [BREE exp eye’ 8, y — 2) adr (0<h<g), 


Az 


(y — 7r)° 











i- 


9); 
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where 
=(2+n—-—a-vy), w= (28+n-— a), 


N comes from the Lipschitz condition on f, and P’ is the subset of P where 
a S & S x + 2Az. We increase the integrand of the first integral on the 
right by replacing (x; + Az — &) and (x, — &) by zero. The range of & then 
takes care of Az, and the resulting integral is 0(1) with e. In the second integral 
multiply numerator and denominator of its integrand by 


| 24 + 4s — £1 - 
then 
la, — & |"|a. + Ax — & [7 < 2dz 
over P’. After canceling out the Az’s we see that the remaining integral is 
o(1) with ¢, since y > 0. 
This completes the proof that J;(e) = o(1) with «. If in J;(€) we replace the 
incremental ratio by the derivative, it is easy to show that this function is 0(1) 


with e. Thus in J,(6) we may pass to the limit under the sign of integration. 
To complete the proof of the lemma, we must show that 


13) lim 1406) = — fle) [dr f 2 te - DUG, vit, ak. 


Separate J,(6) into two integrals. In the integral in which 2’ is concerned, 
change the variable of integration & to & + Az, then we have 


Oe ee a eee 


where P; is the set defined by z; — b S § S 2; + b(j = 2,---,n). For 
Az < 4b, the function o in each of the above integrals is greater than the positive 
constant 3gb’, hence the integrand is continuous, and we have 


lim 1,(8) = f(z, of, ‘ [Hee = U(2z,y;2" —&,y — 7) 


H(z’ — &) = 
“ae UG, y;2' — &y *) Ja dr, 








where 
; dt’ = d& dé --- dé, 
2’ — §= (b, 22 — &, to é: 5 a fn), r— t= (—b, 22 — & , ‘e+ 3a = fn). 
Because of the way xz and é appear in H and U, the above integral equals the 
integral in (13). 
With the lemma proved, we now return to the consideration of Theorem 2. 
Write V(z, y) defined in (6) in the form 


oven [f+ f +L pores 
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In the first two integrals on the right in (14) either y — r 25> O00re 2 
gb” > 0; hence they can be differentiated under the integral sign at least twice 
with respect to the z’s. The last integral in (14) is the type to which Lemma 2 
applies. Therefore, we can state that Theorem 2 holds. It is to be noted 
that the integral appearing in (10) exists as a multiple integral, so we do not 
need to use the difference [f(, 7) — f(z, y)]. 


4. The order of the terms in L(u). The first derivative of U(x, y/t, 7) with 
respect to z; is a function of order B(}(n + 1)), and the second derivative can 
be written in the form 


(15) vU | An p > Ajj Axp(a; — §)) (rp — §,) 








a Sal on i+W »Y58,0); 
sy—a * iy — a) c+ az, v5 9) 


where W,(z, y; &, 7) is a function of order B(3(n + 1)). Similarly we have 


Ox; Ox; rs 





aU _|_ sin : 
(16) * a [ ccs + ac =| U + W2(z, y; &, n). 


The function W? is of order B(}(n + 1)). 
Making use of the definition of the A;; , we have from (15) that 





: aU n o 
2», ™ Ox; 02, [ 2(y — n) . Ay — =| 


+ a function of order B(" : ). 


(17) 





It is evident from (16) and (17) that, if in L(u) defined in (3) we substitute U, 
the resulting function is of order B(3(n + 1)). 


5. The integral equation. Since the function F(z, y) defined in (8) is bounded 
away from zero in the space under consideration, we may define the function 


U(z, y/é, n) 
F(é, n) 


Using this function, define the function I'(z, y; &, 7) as 


Z(z, y; &, 0) = 


T(z, y;3 &, 0) = Z(z, y; &, 0) +f [ ze, 7) f(s, 7; &, n) dsdr, 


where we assume for fixed (¢, 7) that the function f(s, 7; &, ) is a function of 
class A for each point (z, y) such that 


n<y, oC &. 








whe 
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Substituting T in L(u) and using Theorems 1 and 2, we have 
L(V) = L(Z) — f(z, y; &, 0) 


oi) S(s,r3& 0) — f(x, y; &, 0) 
+f fu eis oo Fas acer 


f(z, y3&n) f” : 
+ Bee [ [ e@asar. 


In the preceding article we showed that L(lU’) was a function of order 
B(3(n + 1)); hence we have 





L(t) = L@) fe, yita+ ff Lee, v5, DI, #58, n) dede, 


Setting L(T) = 0, we are left with the following integral equation to deter- 
mine f: 


(18) f(x, y;&, 0) = L(Z(z, y;&,n)) + [ [ vee, vs, 7)) f(s, 7; &, n) dsdr, 


where L(Z) satisfies a relation of the following type 


(19) | L(Z(z, y; & 0)) | s gai exp [hy(x — &, = n)] O<h< 9); 


for points z, in R+ R’,andynsSysy’. 
We shall show that the integral equation (18) has as a solution a function of 
class A at each point (z, y) such that . 


n<ysy’, 2c RB. 


First, however, we shall need some lemmas with reference to the following type 
of function 


W (a, y;§, 0; a, h) = pee exp [hy(z — &, y — 9). 
(y — n) 


Lemma 3. If 0 S a, 8 < $n + 1, and h, l are positive constants, then 
a 
i [ Woe, yi; 8,750, MW(s, 758, 958,D dsdr 
n R 


S K(a, B, 1, h)W(z, y;§,2;8 +a — jn — 1,p), 
where 4p = min (h, l) and K(a, 8, l, h) is a constant depending on a, B, l, and h. 
Let m(z, =) be the distance function 


m(z, &) = [> — 3" 


4 
’ 
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and write for short 
r=m(z,é), p=m(s,é), 46 = m(z, 8); 
then 
(r—p)/ <8, (r-8)' Se 


Break up the integral in Lemma 3 into the sum of two integrals, J; + I. 
In J; the 7 integration is over 7 S + S 3(y + 7»), and in J;, 7 ranges over the 
remainder of the interval (n, y). 

In J, , after changing to polar coérdinates’ with center at £, and making use 
of (r — p)’ S &, we have 


4(ytn) n—l h(r ai p) lp’ ] 
hen [ eae eee exp[ “eae 


where 


(20) a=['f['... [ xo. 


Replace (y — 7)* by its minimum value over the range of integration, then use 
property (iii) to obtain 


H(K)2°*"* (y+) h(r Pe’ p)” lp” 
hs = 5 - —= dpdr. 
y= ytel,  § Gyre Gy — 1) ae —w 
Over the range of integration 0 S p S 3r make use of the first of the following 
inequalities, over the range 3r S p < ~ use the second inequality: 


exp | Me =P) S exp |-m== 0p}, nit < s(y +n), 


<1, 














and one can readily obtain 
grtititin 
lin(n — 28 + 2) 


We can obtain a similar inequality for J; by using polar coérdinates with 
center at x, and the fact that (r — 5)? < p°. Thus the lemma holds. 


Lemma 4. If0 S a < $n +1,8> —1,1 > 0, then 


I, S H(K) W(z, y3&,21;a +B — 4n — 1, p). 





Qo ee 8 
W (a, y; 8, tr; a, D)(r — 9)’ dsdr 
" R 


jn 
s3({)" aramsan - a + 1,84 00-9, 


where H is defined in (20) and I, B are the gamma and beta functions. 
The details of the proof are omitted. 


7 We give the proof for n > 1. 








(2 


U 


(2 


the 











FUNDAMENTAL SOLUTION OF PARABOLIC EQUATION 199 


6. Solution of the integral equation. Returning now to the integral equation 
in (18), we have by successive substitutions 


f(z, y; &, n) = L(Z(, y; &, 7)) 
(21) 


y 

+ [° f L2G, 958, NLGls, 58m) dade + 
” R 

Using inequality (19), we find that 


f(z, y3&,)| S MW( 2, yt a" SF, h) 


y 
+ uw | / w(:, Y; 8, ro + a) w( rita" tH) dede + a 
n “R 2 2 
Referring to the K(a, 8, l, h) of Lemma 3, write 


— n+1n+1 n+i1n h n+1 h 
k= K( 2 ’ nT a n)K/ 2 pad) K(244, 14,4), 


(22) 











and let the m-th term of (22) be denoted by I(m). Then making use of 
Lemma 3, we have for m > n 


I(m +2) s unk f° f w(2, uss m3" as La) f- Id, 


n+1 
2 





-W («: Ti; = Ti+15 ’ a) (rina — n) *(ds*" dri+1) eee (ds* dr), 


where 7 = m — n. We may now use Lemma 4 on the above integral. Let 


1/4\" ; 
L=3(4)" aramra); 


then 


M™*KL""" p(a) Jinn 
T(h(m — n) + 1) pore 


I(m+2)s (y —- 





From the above inequality and the ratio test the series in (22) is seen to be 
absolutely convergent. Hence it readily follows that the function defined by 
(21) satisfies the integral equation (18). In order that I'(z, y; &, 7) satisfy 
L(u) = 0, we must show that f(z, y; &, ) satisfies a Lipschitz condition of order 
O0<7ye81. 


7. The Lipschitz condition. Again let 
H(z — &) = (1 — &)" --+ (@e — &)™, 
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the a; being positive integers or zero, then the terms of L(Z(z, y; &, 7)) are all 
of the form 





B(a, y)H(x — &) 
(23 Z(x, 5&0), 
) = y; 0) 
where each B(z, y) is a function of 
a ee Ser Li te 
WW) Or; ty) OX; Om 12) oy PB) ai, ” 


Because of the conditions on these functions and the way they enter B(z, y), 
we see B(x, y) satisfies a Lipschitz condition of order y > 0 at each point of the 
space under consideration. The function H(z — &)/(y — n)’ of (23), in terms 
of the symbol [a, 8] = (a1 + --- + a, , 8) is one of the following five possibilities 


(24) (0,0), (1,1), (2,1), (8,2), (4, 2). 


For y > 7 the function (23), with B(z, y) replaced by 1, is differentiable with 
respect to each of its arguments. Thus to show f(z, y; &, n) of (21) satisfies a 
Lipschitz condition, we need only consider the integrated terms. If y is the 
order of the Lipschitz condition satisfied by the B(z, y), then the next two 
lemmas will assure us that f(z, y; &, 7) satisfies a Lipschitz condition of order 


y = min (v1, 4). 
Lemma 5. Let 


Ie, 9) = [ : Ae UG, y/s, )Y (a, 1) dedr; 


then with z = y > n there is a constant K such that 


| I(x, 2) — I(z, y) | 


(25) K 


<|z-y|' anaeeill [iv \dede+ max |¥,0I]> 


if [a, B] has any of the values in the set (24). In taking the max | Y | the s are 
restricted to R + R’. 


Proof. Write the difference in (25) in the following form 


a a | ; 1 i U(z, 2/s, 2)¥(s, 1) ds dr 


° = 1 . 1 - ta vie—o) 
+ [ [ H(z — s) E pF" ~ Ga Lo ex Tae: ie Y dsdr 





’ H(z — 8) a(x, z;2—8) _ o(2,y; 2-8) 
+f, Fe Sa[e(- ie — 7) )- ex( ae — 7) ) Jravae 


“f H(x-s) a(x, y; x — 8) a(x, y;z — 8) 
+f R He — 3, «(- 4(z — 7) )-e(- 4(y — 7) ) | asar 


=Sitdetdst+Js. 








(2 








a i ed 


re 


dr 


dr 


dr 
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In J; make use of the inequality (zg — v) = (z — 7), in J2 use the fact that the 
difference in the brackets for the set [a, 8] in (24) is less than 


|z—y/ 
(28 + n) g-n 


and in J3 use the theorem of the mean; then the type of estimate indicated in 
the inequality (25) is seen to hold for J; , J2, and J3. 
Write J, in the form 


y aaa * 0a . “Tr — 
= [ [ A — 2) exp (- ote viz — 9) dv Y dsdr. 











(2— 7) J, av 4(v — 7) 
Now 
| 2 a(x, y; zt — 8) 
i 3 exp(- 4(v — 7) ) ae 
(26) sof = Wass = exp (v(x — 8, » ~ 1) do 





< (K)G [s ds ae) exp (h(x — s,u—17))dv, O<h<g, 
where g and G come from property (i) of ¢. In the last integral on the right 
change the variable of integration by letting 
[—v(e — s,v — rf = w. 
The left member of (26) is then seen to be dominated by 
(K)G exp (h(x — 8,2 — 7))|z-y|y—7*, O<m<h. 


If we make use of the above in J,, it is easily shown that the type of estimate 
in (25) applies to J, , and hence the lemma is proved. 


Lemma 6. If z = (x,---, tn), 2! = (ti, +++, en, Ley Lenny +++ y La) 
are two points in R, there is a constant K such that 


| I(x’, y) — I(z, y) | 


y’ 
< | 2; -—2;|' inal (/ / | ¥|dsdr + max | Y(s, 7) ) 
(y— an)" Wo oe treutn 
for {a, 8) having any of the values in the set (24). In taking the max | Y | the s 
are restricted to R + R’. 


Consider the case i = 1, and assume z; > 2. Then break the region R 
into the regions 


(27) 


R, where s < 21, 
, 
R. wherez, S 3 S 2, 


, 
Rs; wherez; < 3. 
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The contributions to I(x’, y) — I(z, y) from the regions R, , R; are readily shown 
to satisfy (27). Call J the contribution to I(2’, y) — I(z, y) from the region 
R: , and write it in the form 


4(y+n) y 1 fh 
din | I, ° i. I. (y — 7) [H(2’ — 8) UC’, y/s, 7) 
— H(x — 8)U(z, y/s, r)] Y dsdr = Ji + Je. 


In J; use the theorem of the mean and the fact that y — r = 3(y — 7»), and 
obtain the estimate in (27) concerned with the integral of | Y |. To see that 
J, satisfies the part of the inequality (27) concerned with the max | Y | , write 
it as two integrals. Of these two integrals call J; the one containing the point 
x. The integral containing the point z’ can be treated as we now treat J>. 


u 
| J2| S max | Y(s,7) | (K) | / a exp (hy(x — s, y — r)) dsdr, 

2r2u+n Mutn) 9a: (y — 7)” 
0<h<g, 


where 2v = (28+ —a). Making use of the fact that | z: — s:| < | 2; — 11 | 
in R., we have 


|Jz| < |2i1—a1*(K) max | ¥| 
2r2utn 





y 
x [ / - . exp (hy (x — s, y — r)) ds dr. 
Kuta) 4x2 | 21 — 81 |*(y — 7) 


If we remember that [a, 8] is limited to the set of values in (24), | J2 | is seen from 
the above to satisfy the part of the inequality (27) concerned with max | Y |. 
This completes the proof of Lemma 6. 


8. The fundamental solution. The last two lemmas show that if & is in R 
then f(z, y; §, 7) defined by (21) satisfies a Lipschitz condition in the neighbor- 
hood of each point (z, y) where y > n and zisin R. It then follows that the 
function 


T(z, y;&,n) = Z(z, y; &, o+] [ 20, y58, 296,738, ds dr 


satisfies the differential equation L(u) = 0 for y > n and z, éin R. In order 
to know whether I'(z, y; &, 7) is a fundamental solution of L(u) = 0, it remains 
to show that I satisfies property (jj). From the definition of f(z, y; &, ») and 
Lemma 3, we see that the integral part of I'(z, y; &, 7) is a function of order 
B(4(n — 1)). If the integral of a function of order B(}n) over a subregion T of 
R remains finite as y approaches 7, then the integral over T of a function of 
order B(3(n — 1)) will obviously approach zero. Hence 


(28) lim [ o(€)T(a, y; &, 0) dé = lim [ e@ze, use n) dé, 








fo! 


sa 
on 


is 


ha: 
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where ¢(£) is a function continuous in R + R’. For z interior to R — T and 
é in T there is a positive constant, say k, such that o(z, y, x — §) > k > 0, 
hence the limit in (28) is zero for z interior to R — T. By methods similar to 
those used in the first part of §3, it is readily shown that 


lim / e(&)Z(z, y; &, 0) dé = ¢(z) (x interior to T), 


hence I'(z, y; &, ) is a fundamental solution of L(u) = 0. 
Boundary value problems for L(u) = 0 will be considered in a later paper, 
for now we conclude with our main result. 


THEOREM 3. If the following functions of x, y 
gE IO 
ay? = a az, 

satisfy a Lipschitz condition of order y (0 < y S$ 1) forn Sy S y' andzinor 
on the boundary of the bounded region R, and if for these same values of x, y 


ai, a (i,j, k,m = 1, ---,n) 


he a 
ij=l 
is a positive definite form, then the parabolic equation 
‘ du =“ du du 
p> i Secda, + 24 da, += ay oF 


has a fundamental solution given by 


(2, y;3&,n) = Z(z, y; &, 0) +/ [ aes, t)f(s, 7; &, 0) ds dr. 
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ON THE ABSOLUTE SUMMABILITY OF FOURIER SERIES, III 
By W. C. RanpDELs 


In this paper it is proposed to prove the following theorem. 


Tueorem. If f(x) is such that at every point y on the closed interval (—7, 7) 
there are a function g,(x) and a 6 > O such that g,(x) = f(x) for|x —y| <éand 
the Fourier series of g,(x) is absolutely summable | C, 1 |, then the Fourier series 
of f(x) is absolutely summable | C, 1| on (—7, 7). 


This is analogous to a theorem on absolute convergence proved by Wiener.’ 
We must first make some general remarks about absolute summability | C, 1 |. 
A series }> z, is said to be absolutely summable | C, 1 | if 


dle? - os] = 2 l y(n — vx, - 1 Fin — - 1)z, | 


n=1 a=1|2 + 1 3=0 | 





(1) 


eo 1 n 
= —— Z| < . 
a= tin! €;" | 
In order to apply this definition to Fourier series in the exponential form we set 
In = (c,e'"” + c_,e'™*). 


It has been proved’ that if a series }> z, is absolutely summable | C, 1 |, then 


5 | an | 

X n cdi 

From this it follows that if a Fourier series is absolutely summable | C, 1 | over 
any interval (a, b), then 


(2) y lel < w, 


By the Heine-Borel theorem and the hypotheses of the theorem there will 
be a finite number of overlapping intervals (8; , 5;) covering (— 7,7) and func- 
tions gi(z) such that the Fourier series of g;(z) is absolutely summable | C, 1 | 
and gi(2) = f(x) on (8; , 5;). These intervals may be chosen so that 5; < ii < 
bi41 < 8; 


Received March 7, 1940. The author wishes to thank Professor N. Wiener for sug- 
gesting this problem. 

1 Norbert Wiener, The Fourier Integral and Certain of Its Applications, Cambridge Uni- 
versity Press, 1933, p. 99, Lemma 6\5. 

2 E. Kogbetliantz, Bulletin des Sciences Mathématiques, (2), vol, 49(1925), pp. 234-256. 


204 








It 





er 





ON ABSOLUTE SUMMABILITY OF FOURIER SERIES, III 


The functions A;(z) are now defined by 
A(z — 6)°+ Biz -6), & S 2 <8, 
h(z) = $1, ia St < bu, 
1 — higs(z), bur S 2 <b, 
where A;, B; are defined by the relations 
3A,(hj-1 — 6:) + 2B; = 0, 


(3) : 
A(8-1 — 6:)° + Bid. — 3,)* = 


205 


The second relation of (3) implies that h;(z) is continuous, and by the first rela- 


tion we see that 
hi(8) = hi(5¢1) = hi(Si1) = hi(8;) = 0, 


so that h;(x) is also continuous. Therefore 


(4) ex(hi) = = f hi (x) . dz 
= O(n). 
It is also clear that 
De h(x) = 1, 
and 
(5) f(z) = > gi(x)hi(x). 
The Fourier coefficients of gi(x)h;(x) will be given by 
(6) en(gi-hi) = ¥ ealhidenn(9, 


where the series on the right converges since h;(x) is of bounded variation. 
convenience we put 


Cn(gi-hi) =Cn;, en(hi) = b,, Cn(Qi) = a,. 


Then from J. and (6) we must consider 


x | p> v[c,e"* + ce”) | 


eF1) 
a Lae : 1) | yy :4 Dm [d,—-me*? + d_»-me*”)] | 
* ert n(n ‘; 1) m - | bm | | >» [a,-me” + boat "T1 


= Y lol Slee [a,_ne"* + ame”) |. 


For 
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Ifn =m-—1,m> 0, 


n m—1 n 
Ys ¥0,-me™ = > 70,” re 2 0,.¢°" 
v=0 


n—m 


= rane ry e™ p> ua, eit? re me'™? >>) a,e' 
u=0 

=h+h+]1s, 

and 

n ; n—2m F 

> v0» in = VO_»—-m€ —ivz re > vO_»-m€ —ivz 

v=0 v=n—2m 
n n—m 


8...¢°" + e'™™ 7. pa_,e 
u=0 


v=n—2m+1 


. n—m m—l1 
—me  % —K—™ = a a 
u=0 


—m 


= Ain + Hen, + Hn + Ha, 
where, if m > n — m + 1, H;, drops out and 


n—m 


Ha, = > pa_y,e 
y= 


—ipz 


Then since > a, is absolutely summable | C, 1 |, we have 


Eee pl ie t Mel = Zig ae le” Zalme + anol <=, 
and 
} : ; wr 
Samy l= 2 ery! eee 
1 
= O(m? 3 Mass ain) = O(m). 
Then by (2) 


> 7 m| Dae! “| 


a=m n(n + 1) ‘c 1) <=. n(n + 1) * 1) p= | 


smd la, | > 


norm n(n + 1) ‘: 1) 


= O(m xl ) = O(m). 





Sir 


ant 


Fir 


SO 1 
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Similarly, 
Lat 1) | Hoe | = Leet mle a, | 
= 1 
a o(m> pe | a 2 n(n + 5) = Olm), 


and, since (n + m) S 2(n + 1), for n = m, 


> es | Hin | = > ol Sa > ee 


n=m n(n + 1) nam 2(N + 1)! yen—2m+1 


- of E =, lal) 


n=m Nh n+1 1 ,=n—2m+1 


” (= Jt | Gomme ) = O(m). 


u=0 n=m | n+1 | 





Finally 

eo 1 ) 
so that 

Law +1)'= >> vid,me"* + ame *]| = O(m). 
But we have 
DE ese + 1)! | y» [a,_-me° vr aa ee ae | = 1—— n(n + nn +1)” n’) = O(m). 

Therefore 

a ID» [a,_me"* + ame *]| = O(m), m = 0. 


n(n + 1) + 1)" = 


The similar result for m < 0 can be proved in exactly the same manner, and 
therefore by (4) 

awe + H's | >» [c,e* + C.€ "= | = 0( mba) coal O(1). 
This proves that the Fourier series of h;(x)gi(x) is absolutely summable | C, 1 |, 
and so by (5) f(x), being the sum of a finite number of functions having Fourier 


series which are absolutely summable | C, 1 |, must also have a Fourier series 
which is absolutely summable | C,1|. This completes the proof of the theorem. 


UNIVERSITY OF OKLAHOMA. 








ADDITIVE PRIME NUMBER THEORY IN REAL QUADRATIC FIELDS 
By ALBERT LEON WHITEMAN 


1. Introduction. Recent years have seen repeated decisive steps made 
toward a solution of the Goldbach problem. For almost two centuries this most 
difficult problem of additive number theory was intractable. Finally, in 1922 
Hardy and Littlewood’ introduced a powerful new method into analysis and 
proved on the basis of an unproved conjecture about the Riemann zeta-function 
that every sufficiently large odd number can be represented as the sum of three 
odd primes and that “almost” every even number is the sum of two primes. 
In 1930 Schnirelmann,” employing an ingenious modification of the Viggo Brun 
method, proved directly that every even integer can be represented as a sum of 
not more than 800,000 primes. The number 800,000 was lowered to 2,208 by 
Romanoff’ in 1935, to 71 by Heilbronn, Landau and Scherk* in 1936, and to 
67 by Ricci® in 1937. In the same year Vinogradow® combined the Hardy- 
Littlewood method with a new method of his own and gave the first complete 
proof that every sufficiently large odd number is the sum of three primes. Later, 
Estermann,’ extending the ideas initiated by Vinogradow, proved that “almost” 
every even integer is the sum of two primes. 

Less attention has been paid to the problem of representing numbers in an 
algebraic field as the sum of primes. Indeed, the only contributions in this 


Received March 9, 1940. 

1 Some problems of ‘‘Partitio Numerorum’’, III: On the expression of a number as a sum 
of primes, Acta Mathematica, vol. 44(1922), pp. 1-70; Some problems of ‘‘Partitio Numer- 
orum’’, V: A further contribution to the study of Goldbach’s problem, Proceedings of the 
London Mathematical Society, (2), vol. 22(1923), pp. 46-56; see also E. Landau, Vorlesungen 
tiber Zahlentheorie, vol. 1, Leipzig, 1927, pp. 183-234. 

2 On additive properties of numbers (Russian with a French résumé), Ann. Inst. Poly- 
techn. Novoéerkassk, vol. 14(1930), pp. 3-28. 

3 On the Goldbach problem (Russian), Mitt. Forch.-Inst. Math. u. Mech. Univ. Tomsk, 
vol. 1(1935), pp. 34-38. 

4 Alle grossen ganzen Zahlen lassen sich als Summe von héchstens 71 Primzahlen darstellen, 
Casopis pro Péstov4ni Matematiky a Fysiky, vol. 65(1936), pp. 117-140. 

5 Su la congettura di Goldbach e la constante di Schnirelmann, Annali della Scuola Nor- 
male Superiore di Pisa, (2) vol. 6(1937), pp. 91-116. 

6 Representation of an odd number as a sum of three primes, Comptes Rendus de 1’ Aca- 
démie des Sciences de l’URSS, vol. 15(1937), pp. 169-172. 

7 On Goldbach’s problem: Proof that almost all even positive integers are sums of two primes, 
Proceedings of the London Mathematical Society, (2), vol. 44(1938), pp. 307-314; Inde- 
pendent proofs have also been given by J. G. van der Corput, Sur l’hypothése de Goldbach 
pour presque tous les nombres pairs, Acta Arithmetica, vol. 2(1937), pp. 266-290, and by 
Tchudakoff, On the density of the set of even numbers which are not representable as a sum 
of two primes, (Russian), Bull. Acad. Sci. de l’URSS, Ser. Math. No. 1, vol. 40(1938), 
pp. 25-39. 
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direction are Rademacher’s,’ who, in a series of three memoirs, carried over the 
Hardy-Littlewood method. He showed that if a certain hypothesis concerning 
the distribution of the zeros of Hecke’s ¢(s, \)-functions is true, every sufficiently 
“large” “odd” number in an algebraic field is the sum of three primes. In this 
paper we prove that the same hypothesis implies that ‘almost’’ every “even” 
integer in a real quadratic field is the sum of two primes. We restrict our con- 
siderations to a real quadratic field because we wish to avoid numerous cumber- 
some formulas and because all the difficulties that would be involved in extend- 
ing our work to a general algebraic field have already been overcome by 
Rademacher. 

The present paper fills a gap in the literature which has existed for a number 
of years. However, in view of Vinogradow’s work, the importance of an in- 
vestigation of this kind which still makes use of a drastic hypothesis may seem 
questionable. It should therefore be emphasized that the tools necessary to 
carry over Vinogradow’s intricate analysis have yet to be created. The author 
believes that the proof given here is a first step toward this goal. 

It will be seen in several instances that our methods are very different from 
those employed by Hardy, Littlewood and Landau. Thus in §4 we consider 
the analogue of a certain geometric series. An explicit formula for the sum is 
no longer available and we find it necessary to employ a Fourier expansion in 
order to estimate the sum. Again in §6 we are able to dispense with an argu- 
ment concerning Farey dissection which does not seem to have an obvious 
analogue in algebraic fields. 

In conclusion I wish to express my deep appreciation to Professor Hans 
Rademacher for many valuable suggestions in connection with the preparation 
of this paper. 


2. Preliminary results. Throughout this paper we shall have frequent oc- 
casion to use the letter C to denote a positive absolute constant not necessarily 
the same each time it occurs. 

We consider a fixed real quadratic field k(d') with positive discriminant 
d (d = 0 or 1 mod 4). The fundamental ideal or “differente’” of the field 
will be denoted by d. If y is an algebraic number, then we write S(y) = y + 7’ 
and N(y) = vy’, where y’ is the conjugate of y. The ideal yd is, in general, 
fractional. We remove the common ideal factors from its numerator and 
denominator, put yb) = 6/a, and refer to the ideal a as the denominator of yd. 

For future reference we now cite a known theorem” on Farey dissection in 
k(d’). 

8 Zur additiven Primzahltheorie algebraischer Zahlkérper, 1, 11, 111, Abhandlungen aus 
dem Mathematischen Seminar der Hamburgischen Universitat, vol. 3(1924), pp. 109-163 
and pp. 331-378; Mathematische Zeitschrift, vol. 27(1926), pp. 321-426. These papers will 
be cited as Rdm. I, II and III, respectively. 

* For a definition of the ‘‘differente’’ of an algebraic field and a discussion of its prop- 
erties see Hecke, Vorlesungen tiber die Theorie der algebraischen Zahlen, Leipzig, 1923, 


pp. 131-136. 
1 Rdm. III, p. 329, Lemma 4. 
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Let M denote the totality of all pairs of real numbers (z, 2’). Let M bea 
positive integer such that M > N(d)." Then the Farey dissection of M with 
respect to M is described by 


Lemma 1. The manifold IM can be divided into non-overlapping rectifiable 
regions %§, which completely cover the plane. The regions §, correspond to real 
quadratic numbers y such that yd has an ideal denominator a whose norm does not 
exceed M. Furthermore, we have 

(a) The region §, lies entirely within the region defined by the inequality 


4M 


(2.11) 1+M\z-y)Qd+Mz — 1D) 3 n@’ 





(b) The region §, contains the region defined by the inequality 


M 


(2.12) + Mlz—7)0+ Mle —7') 8 Te: 


(c) If ¥1 = v2 (mod 1/0), then §,, and §,, are congruent and homothetic. In 
particular, if y runs through an incongruent residue system mod 1/d, then the 
aggregate of the corresponding §, forms a region 8 having the following property: 
corresponding to every point (z, z’) there is just one point that is congruent mod 
1/d and lies within B. 


We shall also need the following lemma. 
LemMa 2. For (z, 2’) in §, we have 
, , , 1 
le-y|+l2—-71 82, le-vlle’-y'1 <5. 


This lemma follows at once from Rademacher’s theory of Farey dissection 
in an algebraic field.” Let Q, , 2 be a basis of k(d'). Then we have for (z, 2’) 
in §y 

mM : mM 
ls—¢1 3 ges |e’ - 7'| 5 >, 
| bi: Qy + eM | | biQy + eX | 


where 
0 < |b: + bo%| <M’, 0 < | b,M + bo2| < M’, 
| biQ, + beM | | iQ; + 622 | 2 N(a). 


11 It should be mentioned that the ‘‘differente’’ plays an important réle in the investiga- 
tion of the fundamental generating function (2.22); for this reason it was found convenient 
to introduce it into the theory of Farey dissection. 

122 Rdm. III, pp. 327-332. 





We 


Thi 
T 
real 


(2.2 


whe 
prin 
resu 
veni 


(2.2 
whe 
(2.2 
(2.2 


The 
(2.2: 


m a 
(2.2. 


whe 


(2.21 


) 


nt 





ADDITIVE PRIME NUMBER THEORY IN REAL QUADRATIC FIELDS 211 


We next recall that N(d) = d.” Hence 
M* = [M+ be |M 1 








_ Ss — s <1 
27-71 Spe phe Na) N@>’ 
lz’-y'|s M” g [bm + ba | a ai 
~ 1b Qt + be | ~ N(a) “N@)~ ’ 


= = oe it ol 
| biQi + bee] | b12; +b |M ~ N(a)M a 


This completes the proof of the lemma. 
The fundamental function employed by Rademacher in his investigations on 
real quadratic fields is the following series in two complex variables ¢ and ¢’: 


(2.21) > exp (—wt — w’t’), w > 0, 


where the notation w > 0 means that w runs through all the totally positive” 
primes” in the field. But, as will be explained later, this function leads to a 
result which is not suitable for our present purposes. It was found more con- 
venient to investigate the function 





lz—y||2’—7'| 


(2.22) f(t, ’) = ¥ log N@) exp (—wt — o't’), w> 0, 
where 

(2.23) t = w — 2miz, t' = w’ — 2riz’, 

(2.24) w, w’ > 0; z, 2’ real, 


The conditions in (2.23) and (2.24) assure the convergence of the series in 
(2.22) and indeed the uniform convergence for w, w’ = R > 0. Hence, for 
m a positive integer, we clearly have 


(2.25) f(t, Ut) = DE Anm(u) exp (—ut — w't’), =n > 0, 
where » runs through all the totally positive integers in the field and 
An(v) = >> log N(w:) log N(w2) --- log N(wm), 


W1, W2,°**, Wm > O, @ + wet --- tom = v. 


(2.26) 


In part I of the author’s doctoral dissertation at the University of Pennsyl- 
vania, Rademacher’s method was applied to (2.22) and (2.26) and the following 
two principal results were obtained. 


13 Hecke, loc. cit., p. 133. 

14 An integer u in a real quadratic field is said to be totally positive if u > 0, u’ > 0. 

15 An algebraic integer is said to be prime if the principal ideal which it generates is a 
prime ideal. 

16 Rdm. I, pp. 112-113. 
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Lemma 3. Let @ denote” the upper bound of the real parts of all the zeros of 
all the Hecke ¢(s, \)-functions” in a real quadratic field. Let d denote the discrimin- 
ant, h the class number, and n the fundamental unit of the field. Then we have 


u(a) 1 | 
2h log n ¢(a) (w — 2ri(z — y))(w’ — 2wi(z’ — y’)) 


yim (1 + 2el2 —y |/w)**(1 + Qa] 2’ — y’ |/w’)** 
wertt wp’ ore 


ite (1 + Qe] z — y|/w) (1 + 2x | 2’ — y’|/w’)* 
, ww’ 
where f(w — 2miz, w’ — 2wiz’) is defined by (2.22), (2.23), and (2.24). Here 


u(a) and (a) denote as usual the Mobius u-function and the Euler g-function 
respectively. The ideal a is the denominator of y». 


Lemma 4. Let A,,(v) be defined by (2.26). Then, with the notation of Lemma 
3, we have form 2 3 





Sw — 2riz, w’ — 2riz’) — 





(2.3) < CN(a 


+ CN (a) 





’ 


4 
T__ Nw""S (0) + O(N)" 0 


(2.41) An(v) = aia Fe 


where S»(v) is the so-called ‘“‘singular series”’ 


(2.42) ©,(v) = > (2 y > eo 2eist) mod ; 


g(a)) 4 
n= JI (1- (pers) (+ ee) 
“7 OC - Wway-i) C+ way 
We now prove a lemma which will be very useful in the sequel. 


Lemma 5. Let 


(2.51) g(w, 2) = >. a, exp [—(uw + p’w’) + Qwi(ue + w’2’)], 


where a, = O(| N(u) |°), uw > 0 and w, z are taken as in (2.24). Let w: , we be a 
basis of the fractional ideal 1/b. Put 


(2.52) Z = wd, tote, 2’ = wt) + tr, 21, Xe real. 


17 The exact value of @ has not yet been determined. However, it is known that 
450381. 

18 For the definition of the Hecke ¢(s, A)-functions and a discussion of their properties 
see Rdm. III, pp. 362-367. 

19 If we had chosen (2.21) instead of (2.23) as our fundamental generating function, then 
the result corresponding to (2.41) would have contained a troublesome factor (log N(v))™ 
in the denominator of the principal term. 





whe 
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Then we have 
1 1 
2 \2 —2uw—2y!w’ 
58) | [ |\gw,2)/'dndn= Clate**™, n>. 
6 0 m7 


Rademacher has established the convergence of the series in (2.51) and indeed 
the uniform convergence for w, w’ = R > 0.” Let @ be the conjugate of a. 
Then 


[ f \o(w, 2) Parrdrs = ff g(0, 2\g(w, 2) des dn 
= [ [ x a, exp [— (uw + pw’) + 2ri(uz + p’2’)] 
>> a, exp [— (vw + v’w’) — Qri(vz + v’z’)] dx, dx. 
» [[z X aya, exp [—(u + »)w — (a! + »?Qw'] 
-exp [27ix,S((u — v)w:)] exp [2riz2S((u — v)we)] dri dre 
= 2 x a, a, exp [—(u + v)w — (u’ + v’)w'] 


l exp [2niz:S((s — »)en) dz, I exp [2niz,S((p — »)eos)] dze, 


where » > 0,» > 0. Since the two equations 
S((u — v)or) = 0, S((u — v)we) = 0 


have simultaneous solutions if and only if « = v, and since S((u — v)a;) and 
S((u — v)we) are rational integers, the lemma now follows immediately. 


3. The Farey dissection. Since Lemma 4 is not necessarily true for m = 2, 
we are led to investigate the average deviation of A,,(v) with respect to its 
asymptotic representation. Accordingly we put 


d 
(2h log n)"I?(m) 


2 
’ 





3.11) DlV,V)=¥ (4.0) rm Niw)""Sa()) 


where now m = 2 and the sum is taken over all totally positive integers u lying 


in the rectangle 0 < » S V,0 < yp’ S V’ and V, V’ denote two arbitrary positive 
real numbers which are not necessarily the conjugates of an algebraic number. 
The convergence of S,,(u) for m = 2 follows directly from its representation 


in (2.43) as an infinite product. In order to study (3.11) by means of the 


20Rdm., I, pp. 112-113. 
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Hardy-Littlewood method we first apply Lemma 5 and obtain after a slight 
modification 

- d 
Dn V, V’ < 2Vw+2V'w (4. =. TR Ses 
V6 V9 sO LAW) — ai og aT 


NW)""Salu)) ree 


_ ,2V¥wt2v’w’ Ee _ d > sinh 
_ LI (400) @hlog 3 *P'Oy en(u)) 


-exp [—(uw + p’w’) + Qi(uz + y’2’)] ‘ddr, p> 0. 


(3.12) 


For the sake of brevity we now introduce the abbreviation 


= d mls 
(3.13) Fu(w, 2) = (2h log n)"I*(m) > N(u)” Sn (u) 


-exp [—(uw + p’w’) + Qri(uz + y’2’)], uw >O. 
Then, substituting from (2.23), (2.25) and (3.13) into (3.12), we have 


(3.14) D,(V, V’) S exp (2Vw + 2V'w’) [f \f"(w, z) — Fn(w, z) |? daydze. 
o 


At this point it is convenient to assume that 


y’ 
(3.21) mn Sp Sn, 
where 7; denotes the fundamental unit mod 1." (Later we shall see that this 
restriction does not entail any loss of generality.) Furthermore, we shall 
henceforth take 


1 sari 
(3.22) w= > w' = Ti 


We are now in the position to introduce the Farey dissection described in 
Lemma 1. To accomplish this we observe that the transformation (2.52) which 
was used in obtaining (3.12) carries the region of integration in the variables 
21, 2 into a new region of integration in the variables z, z’.. This new region 
of integration is precisely the region 8 described in Lemma 1. On the other 
hand, the transformation (2.52) carries all pairs of real numbers (z, 2’) into all 


21 In general we let (a) > 1 denote the fundamental unit mod a, that is, (a) is totally 
positive and 7(a) = 1 (mod a); moreover, every other unit with the same property can be 
represented as n(a)" where n is a rational integer. Hence m = 7 or m = 7° according as 
the fundamental unit 7 is totally positive or not. Another name for m is the totally posi- 
tive fundamental unit. 
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pairs of real numbers (z;, 22). Therefore, each §, is carried over into §,, say. 
In this manner we obtain from (3.14) that 
DulV,V') SCX | f fw, 2) — Faw, 2) [Pderdrs, 
By 
y mod 1/b, N(a) s M. 


We now return to Lemma 3. In order to apply the Farey dissection we put 


(3.3) 


(3.41) z=yt+y, Z=7t+y’', 

and 

(3.42) M = VV’). 

Then, by (2.11), (2.12) and (3.41) we have for y + y in §, 
(3.51) (1+ Mly)Q+Mly') <¢ x. 


Note next that (3.21) clearly implies that 
(3.52) c(vVv")' < o < c(vv"y'. 


From this it follows, in combination with (3.22) and (3.42), that for y + y 
in §, we have 


< won 4 + 2nCM |y|)(1 + 2nCM |y’|) < C(VV’)'. 


Applying this result on (2.3) and introducing the substitutions (3.22) and 
(3.41) give 

1 p(a) 1 

i yr? + ) oe 
(3.61) oC 7 4) ~ Bhlogn ela) (wo — 
< CN(a)*(VV)***** + CN(@)*(VV) 

for y + y within §,. Since } S @ S 1 and since N(a) S M, it follows finally 
that for y + y in §, we have 


1 (a) 1 
(3.62) fi (}. 7? v) ~ Qhlogneg(a) (w — 2riy)(w’ — 2wiy’) | 














vpPrtie 





4. A Fourier expansion. We now return to the function F,,(w, z) defined 
in (3.13). Introducing the substitution (2.23) and making use of (2.42), we get 
d 


m—1 An : — 
(4.11) seabed Gh log "Tm 2 NW) Do Am(u; a) exp (—pt — y’t’), 





n> 0, 
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where a is the summand in the second summation, and where, for the sake of 
brevity, we have put 


(4.12) Aatusa) = (#3Y" exp (—2nistrw)], —-y mod ¢. 
The absolute convergence of the last sum follows from the well-known formula” 
(4.13) DX exp [—2riS(yn)] = Le N()u(a/0), 

Y 


where the summation is for y mod 1/d and 6| (a, uw). From this formula we 
easily deduce an estimate independent of a, namely, 


| > exp [—2xiS(yu)]| < D> N(b) S CN(u)’, 
= 
where the summation is for y mod 1/d and 6| yu. Because of the absolute 


convergence we may now interchange the signs of summation in (4.11). We 
get thus 


d m-—1 Fu 
F,,(w, 2) = (Gh log »)"T*%m) > ¥ NW)" An(u; a) exp (—ut — y’t’) 
d m—1 (ey 
= Ghlog a" TXm) > ENO" (CG) 
(4.14) 
>> exp [—2riS(yp)] exp (—ut — n't’) 
. > (ey x x N( 1 ox (— ~— 'u’), 
~ (2h log n)"T2(m) — \ ola) ee oe 
where we have put 
(4.15) u = w — 2ni(z — y), ul = w’ — 2wi(z’ — 7’), 


and where the summation is for a; y mod 1/d; and uv > 0. 
Our next object is to estimate the function 


(4.21) g(u, u’) = >) Nu)” exp (—pu —n’'w’), =n > 0,7 


which appears in (4.14). In order to accomplish this we first expand g(u, wu’) 
into a Fourier series by means of the well-known Poisson method. Let Q,, 
be a basis of k(d'). Then the function 

(4.22) Gz,y) =D &@t+o9n™ +2)” exp[-G+)u—- Ww’ + e)v'l, 
where 

(4.23) E=7y+yh, = 2% + yh, x, y real, 
and the summation extends over all algebraic integers » for which » + & > 0, 
u’ + &’ > 0, is periodic in both z and y with the period 1.” It is not difficult 


22 Rdm. III, p. 335. 
23 This ingenious application of the Poisson method is due to Siegel, Mathematische 


Annalen, vol. 87(1922), pp. 5-9. 





wh 


ry") 


24 
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to show that it is legitimate to develop G(x, y) into an absolutely convergent 
Fourier series of the form™ 


(4.24) G(x, y) = b> = Ay exp [Qri(kx + ly)], 
with 
ta 
ml r\m-1 
(4.25) ™~* [ I > evteeu'se(u + &)™ "(u’ + &’) 


-exp [—(u + &)u — (u’ + &’)u’ — Qwilkx + ly)] dzdy, 


where the sum extends over all algebraic integers » and ¢, = 0 or 1 according 
asa <Qora20. From (4.23) we have 


a(é, &)| _ | 


4.26 i! | ‘1! =d 
ae A(z, y)! | % 
and 

exp [—2xi(kx + ly)] = exp [—2mid *&(kQ; — 10}) 
(4.27) 


— Qwid*t’(—kQ, + 12). 


If uw is an algebraic integer, then S(ud~) is a rational integer. We may therefore 
write the last equation in the form 


exp [—2mi(kx + ly)] = exp {—2rid “[(u + £)(kQ: — 19))] 
— Qwid™[(u’ + £’)(—kM, + 19,)]}. 
Introducing the substitutions (4.23), (4.26), (4.28) into (4.25) we find 


Ay =d* UD Df ceveceserGu +)" + 2)" 


-exp {—(u + lu + Qrid*(kQ, — 10;))} 
-exp {—(u' + lu’ + Qeid *(—KkQ, + 10,))} dé dé’, 


where the double integral extends over the image of the unit square in the 
zy-plane on the é’-plane. We now set » + — = U, yw’ + & = U’ and obtain 


(4.28) 


dua? [ [ evev'(UU’)”” exp {—Ul[u'+ Qeid*(ka: — 10;))} 
-exp {—U’[u’ + 2nid*(—k® + 10,)]} dU dU’ 
=a? [ U™” exp {—U[u + 2nid *(kQ; — 10;)]} dU 
0 
; I U'™ exp {—U'lu’ + 2xid*(—kQ + 19,)]} dU’. 


* Compare Siegel, loc. cit., pp. 5-9. 
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The last two integrals contain complex parameters. However, absolute con- 
vergence is assured since R(u) > 0, R(u’) > 0. Therefore, we have finally 


4.29) Au = d*T*(m) - : 7 + iy" 
wee fn ”) a + Bid ER, — I) Lw’ + Bri (I, + DT” 


Introducing (4.27) and (4.29) into (4.24) we get 





Ge, = > = a T*(m) 


__exp [2mid *g(kQ; — 101) + Qwid*e’(—k + 19))] 

[u + Qwid*(kQ, — 12;)]"[u’ + Qwid*(—kQ + 12)]”"" 
Since 2; , — Q; is also a basis of k(d'), the last equation may be written in the 
simpler form 


D> wt’ +2)"" exp[-—( + du — (u’ + &)uv] 








- gr exp [2rid (EA — £'0’)] 
re X (u + 2rid-*r)™(u’ — 2rid)’)™’ 
where A runs through all the algebraic integers in k(d'). For our application we 
put z = 0, y = 0 and obtain the following transformation of (4.21) 


ny _ $2 1 
g(u w’) = Tm) Be Or ae (w — Ded 


_ i l(m) 4 1 
(uu’)™ — x0 (u + 2wid-rA)™(u’ — 2rid-*d’)™ 





(4.31) 





The first term in (4.31) will be used as an approximation of g(u, uw’) and the 
second term will be used to estimate the resulting error. From (3.22), (3.41) 
and (4.15) we have 


> 1 
xo | U + Qrid-d |"| u’ — Brid-*d’ |" 





(4.32) 





1 
=e a (V+ + 2n|y — d4d]|)™(V' + Qx|y’ + dd’ |)” 


In order to estimate the last sum we first show that for y + y in §, and for A # 
0 we have 


(4.33) max (|y— dr, |y’ + dn’ |) > C. 
This can be proved in the following way. By Lemma 2, we have for y + y in §, 
ly—a al tly + an | >= [da] + lan’ | — [yl - I 9’! 

=a (\a| + r'|) - 2. 





for 
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Therefore, for | \ | + | \’ | = 3d’ it follows that max (| y — da], | y’ + dn’ |) 
> 3. Let us now observe that the two quantities | y — dd | and | y’ + dn’ | 
cannot simultaneously equal zero. Otherwise we would have 
lyy’| = |e.’ | 2 5, 

and this contradicts Lemma 2. Since there are only a finite number of algebraic 
integers \ for which |\| + |’| < 3d, it is now clear that the inequality 
(4.33) holds for all X. 

Next, a simple geometrical consideration shows that the number of solutions 
of the inequalities 


(4.4) ks|\y-a'|<k+1, Isly+a'|<14+1 
in integers \, \’ is less than C. 
Applying (4.33) and (4.4) to the right member of (4.32), we obtain finally 
fory + yin §, 
ce SCRE eva 
0 (Vt + 2e|y — d*dr|)™(V' + Qx| y’ + dd’ |)™ 


1 1 < 1 
. el esey-ne + @scv—e + 2 ev 





(4.5) 


= & (2x1V—1)™ is pa x acu} 
< c(vv’), 
where we have used (3.52) in the last step. Combining (4.31) and (4.32) with 
(4.5) now yields the desired estimate 
| 
(4.6) |g(u, u’) — d*r*(m) —'_| < civ), 
(uu’)™ 


fory + yin §,. Let us put 


7 a d of) , 
(4.71) F,(w, z) = (2h log »)*T*(m) (=e g(u, u’). 





Then (4.14) becomes 
(4.72) F»(w, z) = > F,(w, z) = > Fy(w, 2), 


where.y, I runs through a residue system mod 1/d independently. Furthermore, 
from (4.15) and (4.6) we have the estimate 








Py, 2) — (2 ; | 

‘ - | Fy(w, z) (4) (2h log n)™ (w = 2ri(z - v))™(w' - 2ri(2’ _ 7’))™| 
7) 

1 ryn\in 

< C Zar (vv’)™, 


for y + y in §. 
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5. Outline of the method. Our next object is to estimate D,,(V, V’). To 
accomplish this we split D,,(V, V’) into four infinite sums and then estimate 
each sum separately. After introducing (4.72) into (3.3) we obtain 


DaV,V) SCL f gw,2) - D Fr(w,2) farrdrs 
°; 


CL] [ ireo,2) - Fylw,2) — Prt, 2) Pazar, 
7 - fy 


(5.11 
mane < cx] fire, z) — F,(w, z) dada. 
3, 


+C ZI] | 2 Fru, 2) drs dre 
3, 


=S,+S1, 


say, with y, [ mod 1/d) and N(a) S M. Now let M* be a positive integer 
such that M* < M. Also let % denote the denominator of Td. Then we have 


i-CD] [|X Fr(w,2)fdrdn 


3, @sM* 
+c> lf | > Fr(w, z) Pdridr, = ¢ Do l/ | do Fr(w, z) |? dai dr 
Y - pg B ¥ - pred 


+C > lf | > Fru, z) — 6,F,(w, z) ? day do, 
7 r 


3, @>M* 


where y, I are taken mod 1/d, N(a) S M, q = N(Y), and where 6, = Oif N(a) S 
M* and 6, = 1 if M* < N(a) S M. Hence 


Sis cx] | > Fr(w, z) |’ day da. + c> [ [1X Frew, 2) |? day dz» 
7 xy 7 3 


3 ag" 8; a>M* 
(5.12) +c / / | Fy(w, 2) [? day dre 
7 8: 
™ Se + Ss + Ss, 


say, where y, T are taken mod 1/d, N(a) S M, and in the last summation M* < 
N(a). Combining (5.11) with (5.12) we have finally 


(5.13) D,(V, V’) S Si + Se + S3 + Sy. 





(6. 
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6. Estimation of the sums. 
(i) Estimation of S:. We shall need the following two preliminary estimates: 


| 1 f l+e 
(6.11) > [/ s(p. 7+ ») dz, dz, < C(VV"’)™, 
By 
with y mod 1/d) and N(a) < M, and 
| 1 | rr\l+e 
(6.12) s(f.1 +) < c(vy'™. 


In order to obtain the estimate in (6.11) we first recombine the pieces of the 
Farey dissection and then employ an argument similar to that used in proving 
Lemma 5. We get thus 


E [fls(forty) saan [ [\y(Gorts) ana 
3 


= [f > log N(w) exp [— (ww + w’w’) + 2ri(wz + w’2’)] 


(6.131) RB log N(w*) exp [—(w*w + w*’w’) — Qeilwtz + w*’2’)] dx daz 


= > | log Nw) |? exp (—2ww — 2w’w’) 


® 


<C Do N(u)‘ exp (—2uw — 2u’w’), 
—_ 
where y is taken mod 1/d, N(a) S M, w > 0,#* > 0, andu > 0. We now 
group together those terms of the last sum for which 
kKSu<k+1, lsu’ sl+l. 


Then, for given k, 1, the number of values of y, y’ is finite and has a maximum 
value independent of the values of k,l. Hence, for u > 0, 


D N(u)‘ exp (—2Quw — Qu’w’) 
<C4+C>D } (kd exp (—2kw — 2’) +0 Eke + 0 Dre’ 
=] [=] k=1 


l=1 
2 o(1 +> we) ( +> we) 
k=l t=1 

< c(1 4 v)'*(1 + i a 

<cvvy. 
The second estimate is derived in a similar manner. We have 


lfVy¥+y)| Cd N) exp (—ww — w’w’) < C(VV’)"**, w > 0. 
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We now return to the sum §; defined in (5.11). Introducing the substitutions 
(3.22), (3.42) and (4.73), we obtain after some simplifications 


Sfp poe 
SiC =, =, dx, d. 
is - R v(F vty), (7 y+) X1 AL, 


re C(VV’ cites > qe 


141 1 P 
eee (}. y+ ») 
ff + V ay} dx, dz2 
J) OF eV [yO FeV Ty DP 








+ CWV" D Jf dz, des, 


where y is taken mod 1/d, N(a) < M, om where we have used the abbreviation 


1 a) 1 a u(a) 1 
(6.142) y (y 1+ v) =f (y. y+ ) 2h log n e(a) (w — 2riy)(w’ — Qriy’)’ 


The first sum in (6.141) is easily estimated by applying (3.62), (6.11) and 
(6.12). We get 


| 1 2 1 2(m—1) 
x ffir +1) ie +) dx; dx2 
8; 
| (5 )/ (F rn} 
(6.15) = max {|¥ pyrty f purty 


[ [ s(F.7 + ) “desde, 


< C(VV' He (Vy) ato (py! ye = C(VV retain -$+(2m+1)e 


with y mod 1/d and N(a) S M. 
The estimate of the second sum in (6.141) is more involved. First of all, 
from (2.3) and (6.142) we get 


1\2(m—1) ly(v~, ¥ + y) \? 
(VV’) Lo aren I (i + 2nrV | y |)2"-D(1 + 2rV’ y rem) dx; dx. 











l+4e 
< C(VV)ettm— 1) +2¢ x ne 
1 
(6.161) a} | (1 + QV | y|)2"2(1 + 22V"| y’| [inca O01 dite 
a N(a)**** 
+ C(VV )? , iD g(a)2m—D 





5 [J l 2m—3—2 dx; dz 2 
( t 2rV | y |)?" 2e(] + QnrV , | y’ | 2 Ot ’ 
8, 


7 


with y mod 1/d and N(a) Ss M. 





He 


(6.1 


whi 
Ove 


(6.1 


Col 


(6.1 


C2 


2) 
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Since the estimates of the last two sums are much the same, we shall here 
treat only the first sum in detail. There are two cases to consider according 
asm = 2orm> 2. In the case m = 2 we introduce the change of variables 
2nV |y| = U;, 2nV’|y’| = U2 which carries §/, into ¥,, say. Now, from 
(2.52) and (3.41) we have 


, oT 22rVa, Vw | ’ 
9, Us) | sheotute value of f . ; jl = As 
| (a1, 22) \2eV'w, 2eV' ws | d 





Hence, using these transformations, we obtain 





[J erga, O21 GY: 
(1 + 2nV | y ) ait (| — nV’ | y’ |)2m-3-2e 1 2 
By 


r — 1 
- Or ve) [I (+ Uy?" + U2) 
By’ 


¢ pgyn- 1 
on (VV’) [/ (1 + U;)?"3(1 + U,)?m-3—2 
3%’ 


dU, dU2 








(6.162) = dU, dU2 


< c(VV’)” I! dU, dU; = C(VV’)* lf dU,dU2 


3,’ U2 
< cv’)? / { as} aU, 
Ue U, 


where, because of (3.53), the inner integral in the last member of (6.162) extends 
over the interval U,; = 0, 1 + U; < CM/[N(a)(1 + U2)]. Hence we have 


CM 
? eagles 
N(a)(1+ U2) ~ ’ 
(6.163) [ aw: = aap tld 
—1 for — 7 3 
Fone + U2) N(a)(1 + U2) ~ 
Combining (6.162) with (6.163) now yields 


1 


Ai (i + nV | y |p + 2nV"| y’ yaaa dx2 





n\-1 CM 
_ ae (sea +Uy ~ 1) dU: 
, CM C(VV’)"M ( ) 
< 000" rae Tet = aay (2 + Ne) 
1\—}+e 
<c WV” 


N(a) ’ 
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where p = CM/N(a). Therefore 


(Vyyetein— tte > 2a N(a)**** 1 


r ear J / cao 





(6.165) ry20+2m—1+3e SN (a) 
< C(VV’) Lyi 
with y mod 1/d and N(a) S M 
It remains to estimate the outer sum in (6.165). For this purpose we observe 
that to every ideal a there correspond ¢(a) numbers yd that are incongruent 
mod 1 and such that yd has the denominatora. Hence, there are g(a) numbers 


that are incongruent mod 1/d. The sum in question therefore becomes 


> N(a)* ~ N(a)* - yp N@ < > bes (N(a) + 1) 





7 p(a)2m—D g(a)2"-3 g(a) - N(a)'“** 
(6.166) 
A MV € wat rrvle 
< log (M + 1) > WO ye < CMM" = CCV)", 
with the summation over y mod 1/d and a, where N(a) = M, and where we 
have made use of the well-known inequality” 
(6.167) e@) =c NO 


log (N(a) + 1)* 
From (6.165) and (6.166) we deduce finally that for m = 2 


1\20+2(m—1) +26 N(a)'** 1 
oe 2 arm J Reema cence ade! 





dz, dx 
(6.168) 

< eC 
with y mod 1/d and N(a) S M. Similarly we may show that the result stated 


in (6.168) is also valid for m > 2. The only essential difference in the proof 
is that for m > 2 we have 





1 
dU, dU: 
J J (1 + tie (1 4 vu)" 1 2 


< | | . dU, dU = C. 





( 1 + U;) 2m—3—2 (1 + Us) 2m—3—2e 


The estimate of the second sum in the right side of (6.161) is also obtained 
in a similar manner. We get 
- N(a)**** I 1 
1\2m—} 
6 17) (VV ) 2 ae £ (1+2rV |y |) >" (1+22V" | y’ |)" > dx, dz- 





< c(vv’) s 


25 Rdm. I, p. 147. 








(6. 


wi 


(6. 


aut 
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with y mod 1/d and N(a) S M. We now consider the last sum in (6.141). 
A rough estimate will suffice. 


(WWD oe ae J [ ariaz < (vv p> ron [ [ dx, dry 


8, 


(6.18) = (VV’)” p> =(VV’)" > ane 


na 
or 
< c(vv)" > 





< c(VV’)” 
wap < OV, 
with the summation over y mod 1/d and a, where N(a) S M. 
Finally we combine the results of (6.141), (6.15), (6.161), (6.168), (6.17), (6.18), 
(6.19). Since } S @ S 1, we may verify immediately that 
< COV fr Heo 4 c(vv’y" + c(vv’)™ 


(6.19) < corre 
where we have replaced (2m + l)e by «. 

(ii) Estimation of S:.% From the estimation of F,(w, z) in (4.73) we have 
after an elementary modification 


Fr(w, z) = (Ry : - . 





ba 2h log n)™ (w — 2ri(z — T))™(w’ — Qxi(z’ — T’))™ 
(6.21) e(A)/ (2h log n)™ ( ( ))™¢ ( )) 
B vv), 
+ ae ( ) 
where B is an absolute constant such that |B| < C. Before introducing 


(6.21) into S, (defined in (5.12)) we apply the Cauchy-Schw arz inequality and 
then interchange the signs of summation. We get thus 


s. scm" > || \ | Fr(w, z) |? day daze 
Y ly 
By 
=cmM*> > If | Fr(w, z) | dx; dzz 
Ty" By 


(6.22) =CM*> / / | Fr(w, z) |? day dae 
s S| 
: Or 
1 


<CM* 2, —=; dxid 
% a IJ (w+ 2nl2—T)™ wo +2e\2°-)™ 
Or 





+cM*(vyy" / / nda = +S, 
r , 


_ Bi. 
¢(2)?" 
Gr 


26 The idea of the method employed in this paragraph was kindly suggested to the 
author by Professor Rademacher. 
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say, with y, T mod 1/b, N(a) < M, and N(M%) < M* and G; denoting the area 
that remains after §r is removed from the fundamental parallelogram. 
We first estimate S;. In view of (2.52) we introduce the substitution 


r, , , 
Y =2—T = wt + oot. — T Y’ =2) — I = wt + wed, — I” 
’ 


and get 





[] 2 : 2 dx; dx2 
2 (wt Qn |2—7/)(w! + 2x | 2’ — 1" |/)™ 





Gr 
1 
6.23 < (vvV")™ - dz, d 
aaa lod. JJ G+ 2e|¥|w)™+2e/¥’ [wo 
Or 
d 2m—1 1 
= — (VV’ a a =U 
_ JJ ai+oy a+r” 


or 


where @; denotes the area that remains after ¥r is removed from the plane. 
Now by Lemma 1 we have for [ + Y not in tr and hence for Tr + Y in GP 


, M 
(1+M|Y|)(1+M|Y’|) > C Fp: 
Therefore, by (3.22), (3.42) and (3.52) we have for f + Y in Gr 
M 
ry i. 
(1 + Ui)(1 + Us) > C aH = P, U, 2 0, U. 2 0, 


where the letter P has been introduced for the sake of brevity. 
The convergence of the integral in (6.23) is assured since 2m 2 4. Hence 


we may write 
e 1 dU, 
J J < l ESIA ret Riess. ito dU2, 
Gr 


where the inner integral extends over the interval U; 2 0,1 + Ui > P/(1 + 
U2). An elementary integration now yields 


1 P 








aU, —-s for aA <i, 
wi(i+0)™ | 1 fit+u\™ P 
a, ae 
mi ( P ‘) ~ tsa ** 


Hence 


dU, _ 
[|< CI coor CF OD™ (1 + U2)" ve ea P11 + U2 aUs 
(6.24) °F 


C C 
< P2m-1 . Pee 


log (P + 1) < C(VV’) NM)?" 








Ir 


Ww 


Ww 


( 


Ww 
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Introducing (6.23) and (6.24) into S2 gives 
, re N(w)*"” . ” N(W 2m—1 
S: < CM*(VV")"* <CM*(VV’)™*** a 
(6.25) wry (ay (wv aM) 
<CM*(VV’)™ ***(log (M* + 1))"" 01 << CM***(VV’)™***, 


where the first summation is over [! mod 1/d and the others over Y, for 
N(YM <= M*. 
The estimation of S; involves no new difficulty. We have immediately 
” 21717 1\m 1 
S? = M*(VV’) » [f aevaz, 
OP 
; 5 1 1 ,l . > 1 
< M*(VV’)” am { [ 4 dz, = M*(VV’)" > 
( ) Y oa A 1 dX2 ( ) 7 oa 
< C(VV’)"M***, 


with [T mod 1/d and N(Y%) <= M*. 
(iii) Estimation of S;. In order to estimate S; we recombine the pieces of 
the Farey dissection and obtain 


S3 = [ [ | Fr(w, z) ? dx: dze, 


where I is taken mod 1/d and N(Y%) > M*, with 





(6.26) 


d m—1 
31) FP) = Ghlogatim) > 


Do Am(u; MD) exp [—pw — p'w’ + 2wi(uz + v’z’)], 


where the summation is over T mod 1/d, u» > 0, and A for N(Y) > M*, and 
where we have used (4.11). 

The estimation of A,»(u; %) depends on (4.12) and (4.13). We first observe 
that Am(u; 2) is zero if A is not square-free. If Y& is square-free we put A% = 
%s%, where %, | w and (%., w) = 1. Then, making use of (6.167), we have 


9) = Mr) _ eh) N(x" 
|Am(us | = apy | 2 @n( i) ea = © N@iy Neh)’ 
where the summation is over 6 | %,. Hence 
' N(%)‘ N Q)* 
| 2 Ans DSC 2 ye NOLIN) 


N(&)>-M* 4, We. square free 
Bile 














1 l 
p> N()""-* | 2. N(%)"—-* 


%, square free N(82) >a 


C 


IA 
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1 
<c do NQ)"""-* 


Mile 
N(&,)>M* 


1 M* —m+l-+e 
bie 2 N(%h)"* yee) 


4, square free 


(6.32) 





< CMe a l= CMe ttt > u(b)? 


Mile ble 
4, square free 


- CMe IT (1 + p(B)? 7 CM*™* +9! 


lu 


< CN (u)* ho 


where ¢ denotes the number of different prime ideal factors of yu.” 
Introducing (6.31) and (6.32) into the integrand of S; we get 


Ss < CM*?mt2t 
1 pl 

-[ [SD W™™ exp [— (aw + ww!) + 2nilue + w'2)]Pdride, n> 0. 
Lemma 5 is now clearly applicable. We obtain 
Ss < CM* 2m ttt z N(y)™?** exp (—2Quw = Qu'w’) 

< CM* ttt max {N(u)*"?** exp (—pw _ p’w’)} 

> exp (—nw — p’w’) 
be 


(6.33) 
~_ CM 2882 (any) tte > exp (—pw ae p’w’) 


< COM* tt ( Vv’) ***(vy’)'* 
_ C(V ew Me omtttte 


2m—2+2e 


where » > O and where we have calculated max {N() exp (—yuw — 
u’w’)} by means of an easy differentiation. 
(iv) Estimation of S,. By (4.73) and (5.12) we have 
s<cX - —_ dards 








1 
7 (a) I (w + 2x | y|)?™(w’ + 2x | y’ |) 
(6.41) P , 
+ C(VV"’)” x ae IJ dz, dz2 


27 For a proof of the estimate 2‘ < CN(u)‘ see Landau, loc. cit., pp. 188-189, Theorem 
221. 





(6. 


(6. 
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with y mod 1/) and M* < N(a) S M. The two sums in (6.41) may be esti- 
mated by using methods already explained in detail. Thus we find, putting 
p = N(a), that 


1 
x roe | J (w + 2m | y [)?™(w’ + 2x | y’ |) pane 


M*<psM 





M*<psM 


= 7 Ur\2m a 1 
al dd , ota) IJ (+ BV yp + eV Ty pe 


1 
uecrsu o(a)n J] (1+ Ui" + U2) 
3,’ 








d 
Ss (vv) dU,dU:2 
2r 


(6.42) 








1\2m—1 1 1 r ry 
< Ow 2. am J resi nces 7 ee 


1\2m—1 1 
< CVV") 2. N(a)2"1-@m—ve 


< cy; pee tatGe-te 


For the second sum in (6.41) we obtain 


(vy > ar / / dr, dx2 


7 
M*<psM 3, 


<(vvy” > ar [ [ drs dry 


¥ 
M*<psM 


(6.43) < C(VV’)” pe ei 


"ym 1 
< c(VV") Z. N(a)2"-1-@n—« 


< C(V Vv’) Menta ne 





7. The main theorem. We proceed to the estimate of D,,(V, V’). Combin- 
ing the results of (5.11), (5.12), (5.13), (6.19), (6.22), (6.25), (6.26), (6.33), 
(6.41), (6.42), (6.43), we have 


D,(V, V’) = C(VVytn + OMY) 
(7.11) + c(VV’)"M*"*" + C(VV')n es tet 
+ c(vv'y" "Me" 4 owwynr". 
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Let us take M* = (VV’)'. Then (using the fact that } < @ < 1) we may 
easily verify that the right member of (7.1) is dominated by the first term. 
Hence 


(7.12) D,AV, V’) < cvy yn. 


We recall that up to the present we had assumed that n° < V’V"' S m 


(see §3). We shall now remove this restriction by showing that (7.12) is true 
in general. For this purpose we put 


(7.21) Vo=Vm', Vo = V'm', 


ai V 
(7.22) ne - v, Ss mm, 


where V and V’ now denote two arbitrary real numbers and 


— log V’ — log V | 
mais [' 2logm — _) 


It follows from (7.22) that 
Di»(Vo, Vo) < c(v.¥." 


in thesame way that (7.12) follows from (3.21). Furthermorefrom (7.21) wehave 
VoVo = VV’. Therefore, in order to finish the proof it is only necessary to 
show that D,(Vo, Vo) = Dn»(V, V’). This can be seen directly from the 
definition (3.11). For, all totally positive integers » which satisfy the inequali- 
ties 0 <u S Vo, 0 < yw’ S Vo also satisfy the inequalities 0 < pn =V,0< 
u’m < V’, and conversely. If we now write u in place of unk , the proof is 
complete. 


We collect our results in 


THEOREM 1. Let @ denote the upper bound of the real parts of all the zeros of 
all the Hecke £(s, d)-functions in a real quadratic field k(d’). Then for m 2 2 
we have 





d' m— 1S )s 1\20+2m—f+e 
(3) L(AnW) - grea NWSW) s VN, 
whereO0 <u S V,0 <p’ S V’, and where An(u) and S»(u) are defined by (2.26) 
and (2.42), respectively. The letter h denotes the class number and the letter » 
denotes the fundamental unit of the field. 


Our next object is to interpret this theorem so as to yield the additive prime 
number theorem mentioned in the introduction. For this purpose it is neces- 
sary to study Se(u). From (2.43) we obtain 


1 a 1 
cae aw = T(1- sarc) I(1+ + wari): 
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Since the infinite product in (7.31) converges, Se(u) vanishes if and only if a 
factor vanishes. Clearly this occurs if and only if there exists a prime ideal 
$* such that N(B*) = 2and B* */ yw. Fora clearer statement of this fact we 
find it convenient to adopt the following terminology. Let I denote the product 
of all the different prime ideals $ such that N(®) = 2. If such prime ideals do 
not exist, let { denote the principal ideal (1). An integer yu is said to be “even” 
if 1 | uw; it is said to be “odd” if (l, 4) = 1. In other words, if u is “even” the 
prime factors with norm 2 (provided any exist) all divide yu; but, if u is “odd” 
no prime factor with norm 2 divides uy. Using this terminology we may now 
state that S2(u) vanishes if and only if u is “not-even”. If u is “even” Se(u) 
does not vanish and we pick out from (7.31) those factors which arise from prime 
ideals with norm 2. The product of these factors is 2’, where g is the number 
of different prime factors with the norm 2. It is well known that g = 1 + 
(d | 2), where (d | 2) denotes the Legendre symbol.” Therefore (7.31) becomes 


(.) = 2.91410 — 1) py 1 + V@) - 1" 
Ce = 32 I(: wes ap) i ioe 





(7.42) N@) 1 
>C _ 
Wve 
where N(B) > 2. 

We are now in the position to derive our prime number theorem. We shall 
call a totally positive “even” integer wu a ‘‘non-Goldbach”’ number if there does 
not exist a pair of totally positive primes w , w, such that wu = w: +a. By 
(2.26) and (7.32) we have for a non-Goldbach number yu 


da’ . 
(4.09 - Ke RG NWxt)) 





(7.51) N(@) — 1\? 


where N(Y) > 2. Let N(a, b) be the number of non-Goldbach numbers u 
such that a < w S 2a,b < yw’ S 2b. Then (7.41) clearly implies 


d 
(7.52) > (4.0) ~ (2h log n)?T2(2) 


where 0 <u» S V,O < yw’ S V’. Therefore, by (7.3) and (7.52), 
N(aV, 4V’) = C(V)" 





NW)@xt)) > CNGV, VYGV, 


In order to estimate the number P(V, V’) of non-Goldbach numbers uz satisfying 
the inequalities 0 < » S V,0 < yw’ S V’ we subdivide the rectangle with 
vertices at (0, 0), (V, 0), (0, V’), (V, V’) into an infinite number of smaller 
rectangles by drawing lines through the points ($V, 0), (2V, 0), (2V, 0), --- 


28 See Hecke, loc. cit., p. 110 and pp. 186-187. 
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parallel to one of the sides and through the points (0, $V’), (0, }V’), (0, $V’), 
--+ parallel to the other side. We then have 


, x 2 V V 
pv,v) = & & (ZZ) 


nt-i-+e 2 CS) 1 1 
C(VV a a 2 > (Qm)26-4+2¢ (2)20-t+¢ 





IIA 


< 1\20—4+¢ 7 = 1 
< C(VV’) zu 2. oy. 


< c(vv")**, 
This completes the proof of 
THEOREM 2. Let @ denote the upper bound of the real parts of all the zeros of 
all the Hecke {(s, \)-functions in a real quadratic field. If 
0 < i, 


then almost all totally positive even integers in the field can be represented as the 
sum of two totally positive primes. More precisely, if P(V, V’) is the number of 
totally positive even integers u in the rectangle0 < » S V,0 < uw’ S V' which 
cannot be represented as the sum of two totally positive primes, then 
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A THEORY OF ANALYTIC FUNCTIONS IN LINEAR ASSOCIATIVE 
ALGEBRAS 


By James A. Warp 


1. Introduction. In 1893, Scheffers [50]' published a pioneering paper in the 
theory of functions in linear algebras. He showed that, fora distributive algebra 
with a unit element over a complex field, a necessary and sufficient condition 
that the derivative in the ordinary sense exist is that the algebra be commuta- 
tive, and for the integral to exist it is necessary and sufficient that the algebra 
also be associative. Many attempts have been made to define derivative, 
integral and analytic function in such a way that at least part of the ordinary 
function theory might carry over. Some of the definitions are very ingenious. 

In the present paper, derivative is defined for every function, and a function 
is called analytic if its derivative lies in a certain algebra D D A, which becomes 
% when Y% is commutative. By thus allowing the derivative to be outside the 
original algebra %, Scheffers’ limitations are avoided. In fact, this general 
definition of analytic function is shown to be equivalent to that of Hausdorff 
[26], who did not succeed in obtaining a definition of derivative to go with it. 

The author has concluded the paper with as complete a bibliography on 
analytic functions of linear algebras as he has been able to obtain. 

The present paper is taken from the author’s doctor’s thesis at the University 
of Wisconsin, written under the direction of Professor C. C. MacDuffee, whom 
the author wishes to thank for his interest and help. 


2. The derived algebra. Let % be a finite linear associative algebra over a 
field §. Let e,e@,---,€, bean §-basis, where « isa unit element. Let 


€:€; = > Ciik € Cin € §- 
Denote by R; the matrix (ci.,), and by S; the matrix (c,;.), where r is the row- 
index and s the column-index. If 
a = Aye, + dee +--+ + Aner, a; ¢ §, 
is any number of Y%, then the correspondences 
aR, + aoe + --- + aR, 
aS; + a282 + --- + anSn 


a <> R(a) 


a « S(a) 


Received March 26, 1940; presented to the American Mathematical Society, April 14, 
1939. 
1 Numbers in brackets refer to papers in the bibliography. 
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are isomorphisms under both addition and multiplication, the well-known first 
and second regular representations of 2 by matrices. 

Let us now consider a new algebra % over § with the basis numbers & , &, --- , 
é, and the rule of multiplication 


é€; = > Ci jeer , Cijk = Ciix € v- 
If we set 
& = Me + doe + --- + Gn&, 


the correspondence a <> & is an anti-isomorphism, or reciprocal isomorphism. 
That is, a & and B — 6B imply 


atBoat+B, ab Ba. 


The algebra 4 is called the reciprocal algebra of the algebra %. 

Let us consider the regular representations of 9%. Denote by R; the matrix 
(Zisr), and by 5; the matrix (@,;.). But R; = (esir) = Si, and 8; = (Cis) = 
R?. That is, the matrices of the first regular representation of % are the trans- 
poses of the matrices of the second regular representation of %, and vice versa. 

If A is commutative, and only then, % coincides with A, R; with R;, and S; 
with S;, so that R7? = S;. 

Since % contains a unit element, it is clear that both &% and % are (isomorphic 
with) subalgebras of the direct product % X Y. The algebra D of lowest order 
in which both & and 4 can be imbedded will be called the first derived algebra” 
of W. 

This algebra can be explicitly represented by employing the regular repre- 
sentations of % and %{. Consider the linear set 


(1) > a:R:R;, aise &, 
of n X nmatrices. Since R; = S? , and for every i and j it is true that* 

(2) RS} = SR, 

we have 


RiR,R.R, = R:RR;R., 


so that the linear set (1) is closed under multiplication, and hence constitutes 
an algebra D over §. We shall denote by 


D,, Dz, +--+, Dy 


? This algebra was considered by Jacobson for a more general %, and called by him 
the “enveloping algebra of the left and right multiplications of &’’. N. Jacobson, this 
Journal, vol. 3(1937), pp. 544-548. 

3C. C. MacDuffee, Monatshefte fiir Mathematik und Physik, vol. 48(1939), pp. 293-313. 
See p. 294, (2, 6) transposed. The result is due to Frobenius. 
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a subset of the matrices R;R; which are linearly independent and in terms of 


which every product R;R; is representable. Then D,, De, --- , D, form an 
®-basis for D. 


THEOREM 1. The algebra D is a representation of the first derived algebra of YX. 


Since « = 1, both R, and &; are equal to the identity matrix of order n. 
Then D contains Ri = R;, and also JR; = R;,soD DAandDDA. If 
D’ is any algebra which includes every R; and every R; , then D’ must contain 
all products R;R; ,so that D’ DD. That is, D is the first derived algebra of Y. 


Evidently, from (2), every number of % is commutative in D with every 
number of %. 
Since AS DCS A X YU, it follows that 


nsp<n, 


the lower value being attained when % is commutative. That the upper value 

for p is sometimes reached follows from a result of Jacobson.‘ An algebra % 

over § is called normal simple if the algebra obtained from % by extending § 

to its algebraic closure is simple, and Jacobson proved that if Y& is normal 

simple, then D = % X YW, and that D is a complete matric algebra. Since a 

complete matric algebra is normal simple, p = n° when % is complete matric. 
Jacobson also proved that if %& is semisimple, i. e., 


A= H+ %+--- +H, 
where each Y; is simple, then 
D=D+ Bti--- +R, 


where 2; is simple and is the first derived algebra of Y%; . 
We shall prove 


THeoreM 2. [fM=% XK %X--- XM, thnD=D,xXmeX--- XD, 
where D; is the first derived algebra of A; . 


Take k = 2, and let %, have the basis 
€1, €2, ***, Eg, EE; = De cine, 
and %. the basis 
MM, ***)M, = 1 = Xe cin. 
Then %; X % has the basis 


€171 » 271, *** » €gM, 192, °** » EgM2,°** » EgMh, 


where ¢in; = n;e:. It is clear that if 


EnmEM = ) Cij,kt.pa€p Na» 
P.a 


4N. Jacobson, loc. cit., p. 547. 
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the constants of multiplication of %, K Y%, are 
Cij,kl.pq = Cikpl stg : 
Hence 
R(ein;) = (Ciz.s500.470) = (Cie,r,Cjegrs) = R(«) x R(n)). 


Here R(ein;) is the first regular representation of en; in %, while R(e;) [or 
R(n;)] is the first regular representation of ¢ in %, [or of 7; in %], and X denotes 
the direct product.’ Hence 


R(en) Rem) = (R(e) X R(n)))(R(a) X R(m)) = R(e)R(e) X R(n)) R(n). 


Clearly every number of D is in D; K D2, and conversely. 
The extension to any finite k is immediate. 


3. Analytic functions. As before, let Y& be a finite linear associative algebra 
of order n over a field §, with unit element. We shall now assume that § is 
a field with n independent derivations. We recall that a derivation D is an 
endomorphism, or mapping of § onto itself, such that 


D(z + y) = Dx + Dy, D(azy) = xDy + yDzx 
for every x and y in §. We shall assume the existence of n derivations 
D,, Dz, +--+, Dn 
and n numbers 2), 22, +--+, Zn Of § such that 
Dix; = 4i;, 


where 6;; is Kronecker’s delta. 

In particular § may be the transcendental extension § = ¢(z1, 22, --- , Xn) 
of a field y, so that § consists of all rational functions of the n indeterminates 
21,22, +++ , X, With coefficients ing. Or, more generally, § may be a function 
field in the n independent variables x2 , 42, ---, Zn, Where the functions are 
restricted in various ways. We shall adopt the usual notation, namely, 

0 
Do — 
. Oz; 

and assume that the first partial derivatives exist in §. No matter in what 
way the word function may be defined for §, it must be true that, ify: , ye, --- , 
yn are functions of 2, %2,---, %n, and 2, 2,---, 2, are functions of y,, 
Y2,-*-*, Yn, then 
02; aad — O02; OX 


ax; ar. ji = 1,2,-+-,n). 
02; h=l Oxy, 02; (i, J ’ 2, ’ n) 





(3) 


5 C. C. MacDuffee, The Theory of Matrices, Berlin, 1933, p. 82. 
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For some theorems it will be necessary to assume also that the second partial 
derivatives exist in §. 


The matrix 
OY 
[3 (r,s = 1,2, +++, m), 
where r is the row-index and s the column-index, is called the Jacobian matrix 
of 41, Y2,--:, Yn With respect to 21, %2,--+, Zn. 
If yr, Y2, +++» Yn are functions of x, , 2, --- , Zn, we shall say that the number 


n = Yrer + Yoee + +++ + Yn€n 


is a function of the number 


—& = m6 + Me + --- + Zeta, 


and we shall call the Jacobian matrix 


]- 3 

dz.) dé 

the derivative of » with respect to §. Thus the derivative always exists in the 
total matric algebra I of order n’ in which % is imbedded. 

If dn/dé is in the first derived algebra D of A, we shall call n an analytic func- 
tion of é. 

Certain numbers of %& will have derivatives which lie in %, but it must be 
emphasized that these numbers do not in general form a closed set under multi- 
plication. Clearly dn/dé will lie in 4% if and only if dy/dé is an R-matrix. It 
has been shown’ that a matrix is an R-matrix if and only if it is commutative 
with every R(a). We then have 


THEOREM 3. The derivative dn/dé lies in YA if and only if dn/dt is commuta- 
tive with R(a) for every a in A. 


Let us see what this definition of analyticity means when % is the complex 
function field, and § the field of real functions of x; , zz, whose partials exist. 
Then « = 1, & = i, 


1 0 0 -!i1 
n= k=| | R= h=| | 
0 1 1 0 


Since & is commutative, A = D. If 
& = 2 + Xo, n= yi + yt, 


6 MacDuffee, loc. cit. (footnote 2), pp. 294-295. 
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then according to our definition 7 is an analytic function of é if real functions 
A and B exist such that 


au ays 
dn - 02, O22 ~ AR, + BR = A -B 
dé dys Aye B A 
OX, O22 
This means that 
sa Oy _ OY2 " Oye - dy 
Ox, O24’ Ox; O22 


These are the familiar Cauchy-Riemann differential equations. If they are 
fulfilled, 


dn = Oy OY2 OY OY2 P 
dé = oe, + 3s, 8 as. +e * 
The algebra with the multiplication table 
& € 6 





; €1 €2 €3 
€@ | & €1 €3 
é\|6¢ —e O 


(4) 


is associative but not commutative, and has the unit element «. Let § be the 
field of all real differentiable functions of x;, t2, 3. If & = tie, + tee + 
x3€3 , then 


MT Te 0 TZ Ze 0 
R(t) =|a2 “1 0 : R(t) =| 22 x1 0 . 
Ys —% X1+ 2X %3 %3 %1 — 2 


As a basis for the derived algebra D, we may take 


1 0 0 01 0 0 0 0 
n-[0 1 9), Dz = 10 a), D;=|0 0 O}, 
00 0 00 0 100 
00 0 0 0 0 
D,=|0 0 OF, D;=|0 0 O}. 
0 1 0 00 1 


Thus 7 = yer + Yoee + yses will be an analytic function of £ if and only if func- 
tions A,, Az, --- , As of § exist such that 


- 7 


roy, Oy. OY) 
—_ —  — A; Ao O 
02; O22 0x3 . . 


dn Oy2 Oye Ayo) _ 
sa & &ivi~ ~*~ * 














dys Ys Ys 
L 02; O22 023 4 i As Ag Ag | 








TI 
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is ¢ 
fro 
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This means that 


dy: _ Oyo _ 0 Oyi _ AY2 Oy1 _ IY2 


Or3 = Os , Ox, O22’ Ot. 48a, 


These are the generalized Cauchy-Riemann equations for this algebra. 
By looking at the form of R(é), it is evident what further conditions are 
necessary in order that dn/dé may lie in A. These conditions are 


ay _ aus as _ au, On 


Ox; 02>’ Or; 02, | Oma 


4. Properties of analytic functions. If according to our definition 
& = 2161 + 2e€ + --+ + Zn€n 


is a function of n, and if 7 is a function of é, then ¢ is a function of & Also, 


from (3), 
[ie] - Lease] - lL] 
dz.) [Li dy, Ox.) Loy.) Lax,]’ 
so that 
dy _ B dy 
d& dndét 


If » is an analytic function of &, then dy/dé is in D; if also ¢ is an analytic 
function of n, then d{/dy is in D, and therefore d{/dé is in D. We have 


TuHeorEeM 4. If ¢ is an analytic function of n, and if n is an analytic 
function of &, then § is an analytic function of §, and 


When ¢ = &, we have the familiar formula for the derivative of the inverse 
function, namely, 


If § = m + m, where m and m are functions of &, it is clear that 


dz, | _ | dy, OYer 
[| vs [| a [I 


and thus we have the following theorem. 








THEeorEM 5. The derivative of the sum of two functions is equal to the sum 
of their derivatives. The sum of two analytic functions is analytic. 


Let us now consider the product of two functions 


n= Yiei +--+ + Yntn,y o = Ze +--+ + Znen. 
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Then 
nt = Do yiziee; = »» Yizj Cie er - 
2 447+ 


According to our definition, 


F 3 az; OY; 
(ng) -_ E > vz; = [= YiCijr 2 | + [= 2; Cijr 24s] 


dé Oz, iy 
= Roy ® + BQ 
Ron) F + RG) 
Now both R(n) and R(¢) are in D; hence if both d¢/dé and dy/dé are in D, so 
is d(nf)/dt. We have proved 
THEOREM 6. For any two functions yn and §, 
d(ng) _ 
dé 
where §& is the correspondent of ¢ under the anti-isomorphism YU = A. The product 
of two analytic functions is analytic. 


Theorems 4, 5 and 6 furnish a basis for finding the derivatives of all functions 
which can be built up by the rational operations. Thus 


dt dn 
rae tS 


d a r—1 r—2 2 r-3 r—} dn 
a” = ln + +a +e +4 le 
If 7 and ¢ are reciprocals so that »f = 1, then 
dg , sdn _ 
MT + ae 0, 
dn _ Fp dg ar -\-1 dg 
dt f dt ~ (5§) dé 


All these results become well-known formulas when % is commutative. 


5. Integration. In this section we must assume that the second partial 
derivatives exist in §. 

As Scheffers pointed out, not every number of % can have an antiderivative 
unless % is commutative. However, certain functions in & can have antideriva- 
tives in &, and we shall find necessary and sufficient conditions that this may 
be so. 

Let us suppose that 
t=aRit--- +R. = e 
That is, 


Le (r,s = 1,2, .--,m). 


Ox, + 








Ww 


M: 





1 


i= 
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When ¢ is given, the functions y: , ye , --- , yn exist if and only if the integrability 
conditions 


Fy, = ay, 
Ox; OX, Ox, OX; 





. (r,s,¢ = 1,2, ---,n) 
are satisfied. This is the same thing as saying that 


a yp a 02; ae ; 
cE on™ (r,3,h = 1,2, ---,n) 


shall be invariant under the interchange of r and s. In matric notation, this 
means that the matrix’ 


(5) r i Ql = (con), 


shall be symmetric for every h. We have 





THEOREM 7. A necessary and sufficient condition in order that § may have 
an antiderivative in A is that the matrix 


shall be symmetric for every number a in A. 


To see that there exist integrable functions in non-commutative algebras, 
consider algebra (4), and take 


€ = (a1 — redex + (—a1 + Le)ee + (—21 + Ta), 


a = Aye; + Are. + A363. 


We have 
dt a, Q2 ay 1 —10 a, — Ae — az — a; + de + az 0 
Q"(a) 5 =]Q2. a —d3/- —1 1 O|= —a; + a2 +43 a — de — Az 0 ’ 
= laa 0 of 4.4 0 0 0 


which is symmetric, so ¢ is integrable. 

The integration can be carried out in conventional notation if we define 
(6) dé = dre, + droge, + --- + drtnen. 
Then 


I sas = / > cy dz; Cijk €k 


i,7,k 


a [= / De 2Cii az, | ek. 
k 7 i 
The condition for exactness, namely, 


02; 02; , 
— uk = — C aJ> = y2, ee, ’ 
> az, “i > az, Cink (h,j,k=1 n) 


is again our condition (5). 


7 The matrix Q(a) = 2 a;Q; was called by Frobenius the parastrophic matriz of a. 
MacDuffee, loc. cit. (footnote 2), p. 296. 
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It seems easier, however, to employ the matric notation. In our example, 


Zi & —2X1 + Xe 0 ay 
RS) = ~%1 + 2 %— 2% 0 -( =), 


—211 + 2% m1— 2 0 pe 
so that 
a [ca = yer + Yree + Yses, 
where 
yr = at — wite + 402 + falas), 
yo = —42i + rite — 422 + fo(as), 
¥3 = —42j + 2% — hax} + fa(zxs), 


the f’s being arbitrary functions. 
Let us suppose that ¢ is integrable, so that for every t 


r dg 
‘ dé 
is symmetric. That is, 
02; 02; - 
Qe cin 5 = De cin 5 (r, s,¢ = 1,2, -++,m). 
After the substitution r — s, s — t, tr, this becomes 
02; 02; 
De ier 5 = De tier 5 (r,s,¢ = 1,2,---,n). 
In matric notation this is 
02; dt 
7 — R; = = © 
(7) > = R, de 
By 0¢/dz, we shall understand the R-matrix of 
0 0 O2n 
matpet- + a, 
Ox; Ox; 


or what is the same thing, the matrix obtained from R(¢) by operating upon 
every element with 0/dz,. Then boy may be written 


8) xe = eG i (i - 1, 2, wiiels ,n). 


Since every step is reversible, it is clear that (8) implies (5). We shall call 
te] 
P. = > at dr. 


a polar operator. We have now proved 
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THEOREM 8. A necessary and sufficient condition in order that £ have an 
antiderivative in A is that, for every number a in A, 


_ dg 
Ft R(a) dé . 
In particular, if § is integrable, 
oe F 
dé Ox; 


This last statement follows from the fact that if « is a unit element, R(«) 
is the identity matrix, and P,, = 0/dx,. The validity of the last equation in 
the theorem is not alone sufficient that ¢ be integrable. 


6. Commutative algebras. When % is commutative, D = Y, and the entire 
theory becomes much simpler. In particular, the fact that every analytic func- 
tion in % has a derivative in % is a trivial consequence of the definition of 
analytic function. The derivative dn/dé is now an R-matrix. 

The following theorem is less trivial. 


THEOREM 9. A necessary and sufficient condition that £ be integrable in a com- 
mutative algebra Y is that ¢ be analytic. 


We shall show that when & is commutative, the criterion of Theorem 7 is 
fulfilled for every analytic function ¢. Since the derivative of ¢ exists in Y, 
we can write 


dg 
dé 
Ifa = ay\€) + A2€2 + cee Ht An€En ; then 


_ wR, + W2 Re + “s? + wrk, . 


Q’ (a) dg = Zz a;w;Qi R;. 
dg 7 
Now it is true that® 
Qi R; = > Ci Qe (i,j -~ 1, 2, stadia’ ,m). 


Hence Q"(a) d¢/dé is a linear combination of matrices Q7 = (c.,:), each of 
which is symmetric when % is commutative. Hence if ¢ is analytic, it is in- 
tegrable. 
Conversely, if ¢ is integrable, it is true from Theorem 8 that 
ag oe  d% O22 OZn 


dé mn" et te 


which is surely in Y%. Hence ¢ is analytic. 


8 MacDuffee, loc. cit. (footnote 2), p. 294, (2, 8) transposed. 
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7. Relation to the literature. The paper of Scheffers [50] which was men- 
tioned in §1 dealt mainly with commutative algebras, and is properly included 
in that of Hausdorff [26]. Of all definitions of analytic function to be found in 
the literature, that of Hausdorff is the most general. He called 7 an analytic 
function of & if functions ¢;; exist such that 


OY; 
dn = ts dzje = > vie: déE;. 
tJ Xj 12 


Using (6) and equating coefficients of dzj;e;, we have 





dy, 
YF =D eisCiaerir (r,s = 1,2, ---,n). 
Of, ith 


In matric notation this is 


Oy; 
| ue es >> ei RR; = » gis R: R;. 
ta t7 





Ox, 


This is precisely our definition of §3. From his definition, Hausdorff was able 
to obtain generalized Cauchy-Riemann differential equations, but he did not 
succeed in obtaining a definition of derivative to go with his definition of analytic 


function. 

Improvements and simplifications in the Scheffers-Hausdorff theory were made 
by Ketchum [31] and Ringleb [49]. 

Spampinato [68] called » “totally derivable on the left” if there exists a ¢ in 
% such that 


(9) dn = § dé, 
where dn and dé are defined as in (6). But 


“ —— . 
dyn = > dy: €i > az, dx; €; 
= x 2:€ dz;€; = a. Zi AL; Cine « 
ii i,j,k 


Hence (9) is equivalent to the equations 





dys = sf: —_— 
In our notation, this is 
dn _ 
a” R&). 


Thus dn/dé is in A. Similarly 7 is “totally derivable on the right” if there 
exists a ¢’ such that 


dn = dé¢’. 








In 


or 


~I 
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In our notation this means 


dyn _ ; 
a? R(s’). 


This is in %. These definitions are more restrictive than ours. The principal 
contribution of Spampinato in connection with our paper is his pointing out 
that in the commutative case the Jacobian (dy,/dz,) is the regular representation 
of the derivative. 
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ORDERLY DIFFERENTIAL SYSTEMS 


By JoserpH MILLER THOMAS 


1. Introduction. Riquier has given two general existence theorems for 
systems of partial differential equations in a field of holomorphic functions. 
The first of these concerns orthonomic systems [8, 254].’ Because it is locally 
applicable without any restriction being placed on the holomorphic functions 
defining the equations and the initial determination, it can conveniently be 
called an unrestricted theorem. The second is a restricted theorem generalizing 
the first. It is applicable both to orthonomic systems and to some non- 
orthonomic systems whose defining functions and initial determinations are 
subjected to certain inequalities [8, 384, 387]. 

The present paper defines an orderly system (§27) as a system decomposable 
into a finite number of orthonomic systems and proves for such a system an 
unrestricted existence theorem (Theorem 29.1). The class of orderly systems 
thus includes the orthonomic as a proper subclass. It also contains a subclass 
for which Riquier’s non-orthonomic theorem does not give even a restricted 
result. 

Without seriously complicating the analysis the method used here can be 
employed to prove a restricted theorem for a class of systems including as a 
proper subclass all systems covered by Riquier’s two theorems. In order not 
to complicate the ideas now to be presented, the discussion of this generalization 
will be postponed. 

The proof of the theorem for orderly systems is believed to have advantages 
over those previously given for orthonomic systems [2], [8], [9, 135-156], [13]. 
For this reason it seems desirable to make the present treatment self-contained. 
The chief feature is the absence of the auxiliary integers called cotes by Riquier. 
Their elimination makes available a simple direct means for testing whether a 
given system is in orderly or in orthonomic form. The corresponding test for 
orthonomic systems defined in the old manner is known, but its application 
involves a somewhat extended knowledge of the theory of linear inequalities [10]. 


2. Notation. The unknowns and independent variables will be denoted re- 
spectively by uz (a = 1, 2,---, r) and 2; (i = 1, 2,---, m), where r, n are 
arbitrary fixed positive integers. For the derivative 


gi ttst- sottin Ua 


(2.1) —~ “=a: [near © 
Ox;' Ox? .-- Axi" 

Received June 1, 1940. 

1 References to the bibliography at the end of the paper are given in brackets. The 
first number designates the entry and subsequent numbers, not otherwise described, 
the pages. 


249 





250 JOSEPH MILLER THOMAS 


we employ the notation 


(2.2) a m = rita}? ... xin, 
The degree of the monomial m in 2, thus denotes the number of differentiations 
with respect to z,. The letter D will be used to denote a derivative, and sub- 
scripts will be placed upon the D when it is necessary to consider several different 
derivatives simultaneously. 


The monomial 


(2.3) Wert zy? --- xo 


will be called the monomial of the derivative in (2.2). We shall write D ~ m 
to indicate that m is the monomial of D. A monomial like the m in (2.2) will 
be called pure to distinguish it from monomials like (2.3). 

The system S we shall consider comprises a finite number of equations of the 
form 


(2.4) D' = f(z, D”). 


The symbol D’ represents a partial derivative of some unknown. It will be 
called a left derivative. Both D’ and the equation (2.4) of which it is the left 
derivative will be said to belong to the unknown u, appearing in D’. The 
symbol f represents a given function. Both D’ and f vary in general from one 
equation to the next. 

For convenience, we imagine the equations of S tabulated so that the sign = 
appears exactly once on each row. Two equations are distinct if and only if 
they are on different rows. The number of equations is the number of rows. 
The k-th equation is that on the k-th row. Thus 


du 
Ox 
du 
Ox 


ru, 


zu 


is regarded as a system of two equations, with the first equation distinct from 
the second. The two left derivatives, however, are not regarded as distinct. 
At times it is desirable to denote the system by the notation 


(2.5) D; = fi(x, D”) (i ae 1, 2, ao il k) 


which assigns specific symbols for each left derivative and right member. 

The argument z on the right of (2.4) indicates the possible presence of some 
or all of the independent variables. The D” denotes the presence of a finite 
set of derivatives of the unknowns. This set varies in general from equation 
to equation. Each D” will be called a right derivative for the equation or equa- 
tions in which it occurs. 

Either D’ or D’” may equal an unknown, that is, the word “derivatives’’ is 
to be interpreted as including the unknowns as derivatives of order zero. 
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The following example will be used to illustrate most of the results in the rest of the 
paper. It involves two unknowns u, v, two independent variables z, y and four equations. 
It will be cited as system 5. 


ou «sau 
te. —— ie Oe 


oz dy * : 


Ou O% dv 
aztay = ay®— ay’ 


dy ay az* azay 

3. Numerical determination. The totality of arguments (z’s and D’s) ap- 
pearing in a system S will be denoted by y:, y2,---,y,. A set of constants 
which substituted for the y’s satisfy the equations of S will be called a numerical 
determination for S. Later (§9) we shall prove that S is equivalent to a system 
having numerical determination y; = y2 = --- = y, = 0, or as we shall say, 
zero numerical determination. System 5 has, among others, a zero numerical 
determination. 

Included in the numerical determination is a set of values x for the inde- 
pendent variables. These are often called initial values for the z’s. 


4. The first inequality system. Let D’ be the left derivative of an equation 
of S and let D” be a right derivative in the same equation. Suppose D’ ~ m’, 
D” ~ m" and write the inequality 
(4.1) m’ > m”, 

The set obtained by making all possible choices of D’, D’’, subject to the re- 
striction given above, plus the set 
(4.2) z%>l1 (i = 1,2,---,n), 
is the first inequality system for S. It is consistent if it has a solution in which 
the z’s and the wu’s are positive constants. There is a simple test for con- 
sistency [12]. 
The first inequality system for S is 
ux > uy, ux > u, 
uzty > uy*, uzty > vy, 
vy > uy*®, vy > uy, 
vy > uy, vy > uz’, vy > uzy, vy > u, 
z>l1, y>1l1. 


To apply the test of [12, §3] first we divide both members of each inequality by their highest 
common factor. Then we multiply the inequalities with u on the left by every inequality 
having u on the right. We find as the only independent inequalities free of u, v 


z>y>l. 
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Hence the first inequality system is consistent. Often, as in §36, it is easiest to prove the 
inequality system consistent by guessing a numerical solution for it. Here a solution is 
z=3,y=2,u=1,v0 =5. 


5. Ordering by inequality system. Suppose the first inequality system for 
S is consistent. Fix upon a definite one of its solutions. Evaluated for this 
solution the monomial m corresponding to each derivative D, whether D ap- 
pears in S or not, becomes a positive number k, which we shall call the ordinal 
of D with respect to S. 

We write D, > De and say that D, follows D, if the corresponding ordinals 
ky , ke are in the relation kj > ke. In this way, the solution of the first inequality 
system establishes certain order relations among the derivatives of the un- 
knowns. Of course, k; may equal ke even when D, is distinct from D2 , so that 
the derivatives may not be completely ordered by this device. 


For the solution of the first inequality system specifically given in §4, the derivatives 
appearing in system § have the ordinals indicated below. Since the ordinals form an 
increasing sequence, each derivative follows those to its left. 


au du 02u 02u 03u Ou av Ou 
~ “ = ha pe peti. Abs . pt 

dy ax dy? azray ay? az? Oy axay 
1 2 3 4 6 8 9 10 18 


The ordinal of an equation is the ordinal of its left derivative. 


6. Properties of the ordering. It is readily seen that the ordering just dis- 
cussed has the following properties? 


(a) D; > De and D, > D; imply D; > Ds ; 
(b) D, > Dez implies dD,/dx > Dz for every z; 
(c) D, > Deimplies dD,/dx > AD./dzx for every x. 


If, for example, D; ~ mand D. ~ m:, the relations m, > m2: and x > 1 
imply mx > m: so that if the first inequality system establishes the relation 
D, > Dz, it also establishes the relation 0D,/dx > De. 


7. The order matrix. In this section the word “order” means the total 
number of differentiations in a derivative. Let the left derivative of the 7-th 
equation of S have order w;. Let the right member of the 7-th equation have 
formal order w;; in the unknown to which the j-th equation belongs; that is, if 
the left member of the j-th equation is a derivative of u. , then w;; is the order 
of the highest derivative of u. appearing as an argument in the right member 
of the 7-th equation. 


2 These are part of the defining properties of the canonical ordering in [11, 8]. 
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When we say that w is one for the equation 
Ou ‘ du 
Ox dy’ 
there is no implication that the function v is different from zero. Moreover, if 
no derivative of wu. appears in a given function, the formal order of that function 
in Ua is defined to be —~. 
It is convenient to denote by a; the index of the unknown to which the i-th 
equation belongs. From the definition of the w’s we note that 
(7.1) Wij = Wir (a; = ax). 
We shall write the w’s as a matrix whose i-th row and first column contain w; and 
whose i-th row and (j + 1)-th column contain ;;. 


The order matrix for system S is 


1} 11-0 -o 
7132 1 1 

1; 33 —-2e -—o 
1| 33 -e® —-o 


8. Defining properties. The systems to be studied in the rest of this paper 
all satisfy the five following conditions. 


(i) The equations have the form 
D’ = f(z, D”). 


(ii) The unknowns, the independent variables, the derivatives and the equa- 
tions appearing explicitly are finite in number. 

(iii) A numerical determination (§3) is given. 

(iv) The functions f are holomorphic’ about the numerical determination. 

(v) The first inequality system (§4) is consistent. 


The derivatives will be considered to be ordered by the first inequality 
system. 

Such a system will be called admissible. The numerical determination will 
be conceived as forming an integral part of the system. Since system 5 is 
satisfied by making all its arguments zero, we are justified in attaching to it the 
zero numerical determination. Suppose this done. Then it is readily seen 
that system 5 is admissible. 


9. Transformation of arguments. Put 
(9.1) Yr = 2+ U,; (7 = 1,2,---,»), 


where the y’s are the arguments of S, the z’s are new arguments, and the w’s 
are functions of the z’s, holomorphic about the initial values and reducing to 


3 We employ “holomorphic’’ as equivalent to “‘analytic’’ in [6, 7]. 
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the numerical determination of S when the 2’s are given their initial values. 
The substitution (9.1) converts S into a system T in the arguments z. Evalua- 
tion of (9.1) for the numerical determination of S gives 


(9.2) z, = 0. 


If T is given the numerical determination (9.2), the right members of 7 are 
holomorphic in the z’s about the numerical determination for T since they equal 
functions holomorphic in the y’s about the numerical determination for S, see 
[6, 51, Theorem 1]. 

Among the y’s are included the x’s. In the present section we find it con- 
venient to assume that the equations (9.1) transforming the zx’s have the form 


(9.3) ti = 2; + Le (¢ = 1,2,---,n), 


where xj are the initial values of the z’s, that is, we assume that the w’s cor- 
responding to the z’s are constant. As a consequence of (9.3) we have 


0 0 
(9.4) =" ie’ 
Given a transformation 
(9.5) Ua — tla = Ve (a = 1,2,.---,7r), 


where the v’s are new unknowns and the @’s are functions of the x’s holomorphic 
about the initial values, by adjoining (9.3) and appropriate equations obtained 
by applying (9.4) to (9.5), we can extend (9.5) to give a transformation (9.1) 
on all the arguments of S. By the transformation so extended S is converted 
into a system T in the unknowns v with right members which are holomorphic 
about the zero numerical determination [6, 51, Theorem 1]. 

Moreover, if the derivatives y, , z, correspond respectively to the monomials 
m,,n,, then n, arises from m, by replacing the letters u, x by v, x’. The first 
inequality system for S is the same as that for T except for the letters used to 
denote the unknowns. Accordingly, the transformation (9.1) extending (9.5) 
converts S into a system 7 having the same first inequality system as S. 

Hence it is seen that 7 is admissible if S is. 


10. Evaluation on a variety. A given subset of the independent variables 
will be denoted by the monomial m which is the product of those variables. 
The equation m = 0 will mean that all the variables of m are to be made zero 
in the expression concerned. In this connection, the monomial 1 will mean a 
vacuous set of the z’s, and when m becomes unity the equation m = 0 will 
mean to make no 2’s zero. 

Let F(z, D) be a function holomorphic about a numerical determination N. 
Let there be given corresponding to each u a function ¢g holomorphic in the 2’s 
about the initial values included in N. Put 


(10.1) u = ¢(z). 
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If the y’s when differentiated and evaluated for the initial values give N, it is 
possible to substitute the ¢g’s for the u’s, and the results (x) of the substitution 
are holomorphic about the initial values [6, 51, Theorem 1]. The function y 
will be called the value of F on the variety (10.1) or on the variety ¢. 

A variety ¢ gives a solution of the equation F = 0 if y = 0. 

The function ¥(z) further evaluated for m = 0 will be called the value of F 
on the variety gm. Because of [6, 51, Theorem 1], to evaluate F on ¢, we may 
evaluate the extended form of (10.1) for m = 0 and substitute the results in F. 


11. Principal and parametric derivatives. If D; ~ m, is a derivative of 
Dz ~ m,, then m, = Amz, where d is a pure monomial. This relation will be 
expressed by saying that “‘m, is a multiple of m,”, it being understood that 
only x’s appear in the ratio X. 

The left members of S and all their derivatives are called principal for S. 
A derivative of an unknown is called parametric for S if it is the derivative of 
no left member of S. These names are also applied to the corresponding 
monomials. 

An unknown is principal if at least one of its derivatives is a left derivative; 
otherwise it is parametric. A principal unknown is, of course, not necessarily 
a principal derivative. It is occasionally convenient to suppose the notation 
has been adjusted so that the principal unknowns are 


(11.1) Ua (a = 1,2,--- , 1). 


12. Prolonged systems. If y:, y2,---,y, are differentiable functions of 
21,22, +++ ,2,, the formulas 
Oy 0 OY2 te) 


(12.1) ao Steet: 


dy, 9 
Oa Oy, 
define a set of differential operators applicable to any differentiable function 
F(y, ye, ik » Yr). 

Since holomorphic functions are by definition differentiable, the set (12.1) 
can be applied to each equation of a system S. The result is another equation 
of the form (2.4). Let all such equations, arising from a single application of 
(12.1) to equations of S, be adjoined to S. The resulting system S’ is called 
the (first) prolonged system of S. It contains n + 1 times as many equations 
as does S. 

Suppose the operator 4; is applied to equation (2.4). If D’ has monomial m’, 
the left derivative of the new equation has monomial m’z,. The presence of 
D” in (2.4) implies the presence of both dD’’/dx, and D” in the right member 
of the new equation; and only right derivatives of these two categories are 
present in the new equation. The first inequality system for S’ can be obtained 
by adjoining to that for S inequalities of the types 


(12.2) m'x, > mx, m'2, > m”, 
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where 
(12.3) m’ > m"” 


belongs to the first inequality system for S. In the presence of x; > 1, (12.3) 
implies both inequalities (12.2). Accordingly, the first inequality system of S’ 
is consistent if that of Sis. Hence S’ is admissible as far as (i), (ii), (v) are 
concerned. The proof that S’ is admissible will be completed in §§17-18. It 
will also be proved that every holomorphic solution of S satisfies S’. 

The k-th prolonged system S* is defined by induction. The infinite set ob- 
tained by letting k increase without limit is denoted by S” and is called the 
prolongation. 


13. The monomial sets. Consider the totality of left derivatives in a system 
S which involve a particular unknown u. Denote by M’ the set obtained by 
removing the u from the corresponding monomials. Let the least common 
multiple of the monomials in M’ be 


(13.1) aitgh? ... ai, 


The finite set M consisting of all distinct monomials which divide (13.1) and 
have coefficient equal to one is called the monomial set for the corresponding u 
with respect to S. The set M thus consists of all monomials whose exponents 
ki, ke, --+ , kn satisfy 


(13.2) pAzmh20,---,j, 2k, 2 O. 


The set M falls into two mutually exclusive parts. A monomial of M belongs 
to the principal set M* if it is divisible by at least one monomial of M’. The 
set M* contains the distinct monomials of M’ and in particular cases coincides 
with it. A monomial of M belongs to the parametric set M if it is divisible by 
no monomial of M’. 

It should be noted that two or more monomials in M’ may coincide, whereas 
such coincidences are impossible in the sets M, M*, M. 

If the monomial 


(13.3) m = ai'a3? --- oi 


of the set M has degree in x; equal to the maximum possible, that is, if k; is equal 
to the corresponding j; in (13.1), then 2; is a multiplier for m; otherwise 2; is a 
non-multiplier for m. In particular, the least common multiple (13.1) has all 
the z’s for multipliers and no non-multipliers. 

We shall denote by z, a multiplier of m, by 2 a non-multiplier, by m* the 
product of the multipliers and by m° the product of the non-multipliers. 


In system 5, there are two sets M’, one M; for the left derivatives of u and one M; for 
those of »v. 


M;: z, zy 


M;: yy Y 











M 
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The corresponding monomial sets are given below. 
M?: xz, xz, zy, zy M;: ly 
M?: y M;: 1 


We find it convenient to denote the monomials by their exponents and to use 11-01 to 
mean ‘‘the monomial zy with non-multiplier xz and multiplier y’’. In this compact nota- 
tion the two sets M; , Mz for are as given below. 
00-00 
*10-00 
20-10 00-10 
M,: M:: 
, 01-01 ‘ “01-11 
11-01 
*21-11 
It is convenient to write the monomials in order of increasing rank (cf. §34). The asterisk 
is used to denote the monomials in the original set M’. 


If the monomial m given by (13.3) is in M, its exponents satisfy (13.2). If, 
moreover, 2; is non-multiplier for m, then j; > k; so thatj; + 12 k;. Hence 
the exponents of the monomial mz; also satisfy (13.2) and consequently mz; 
also belongs to M. We have therefore a well-known result (ef. [11, 57]) 


THEOREM 13.1. Every product of a monomial of M by a non-multiplier belongs 
to M. Every product of a monomial of the principal set M* by a non-multiplier 
belongs to M*. 


On the other hand, the product of a monomial of M by a non-multiplier may 
belong either to M or to M*. 

The set M always contains the monomial 1. Hence an arbitrary monomial p 
in 2, 22, --+ , 2, is divisible by at least one monomial of M. Among all the 
monomials in M dividing p let m be one having maximum degree. Suppose 
the quotient p/m involves an 2; which is a non-multiplier form. By Theorem 
13.1 mz; belongs to M. As it divides p and has higher degree than m, there is a 
contradiction. Hence p/m involves only multipliers of m. 

Moreover, there is only one m which is in M, which has maximum degree 
and which divides p. For if there are two, say m, m’, we have 


p = mg = m'¢’. 


Suppose the exponent of 2; is greater in m than in m’. Then 2; is a divisor of q’ 
and therefore a multiplier of m’. This is impossible, for the exponent of 2; 
in m’ is less than in m and therefore less than the maximum in M. Hence the 
exponent of x; is the same in m and m’. As the same argument applies to all 
the z’s, we conclude m = m’. The unique monomial m is called the generator 
of all of its multiples by multipliers. We have proved the partly known 
result (ef. [11, 57]) 


THEOREM 13.2. With an arbitrary pure monomial p there is associated in M a 
unique monomial m called its generator and characterized by being the monomial of 
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highest degree in M which divides p. The monomial p is the product of its generator 
by multipliers of the generator. 


If M’ is vacuous, there is no least common multiple. Hence M*, M are 
undefined. We shall, however, interpret M* as vacuous and M as consisting 
of the monomial 1 with all the independent variables for multipliers. 


14. The Maclaurin expansion. We shall seek to determine for the unknown 
u’s infinite series which converge about 2; = --- = x, = 0 and which satisfy 
a given admissible system S. Because of the result in §9, the particular choice 
of initial values does not restrict the generality of the results to be obtained. 

Accordingly, we assume an expansion for each u in the form 


(14.1) u= sm Giggs -ig Vi! 03" coe BS 
0 


and seek to determine the a’s. The results of the last section enable us to 
rewrite (14.1) in a useful form as a finite sum. To do this, we collect together 
all terms containing monomials having the same generator zj'x;° --- xi", factor 
out the generator from their sum, and denote by bj, ;,...:, the power series multi- 
plying the generator. (In special cases, b;,;,...;, reduces to a constant.) This 
rearrangement gives 


(14.2) > xia}? eee LE Di nig + nig ‘ 
where the summation extends over the monomials zj'z3? - - - 2’" of M, and where 
each bj, i,...;, is a function of the multipliers of the monomial multiplying it in 
(14.2). If uw is holomorphic, the b’s are also holomorphic and wu is equal to 
(14.2), see [6, 50, Theorem 1]. 

By means of (14.2), equation (14.1) can be rewritten as 
(14.3) u=iai+u*, 


where the monomials in the infinite series a, u* have generators in M, M* respec- 
tively. The functions a, u* will be called respectively the parametric part and 
the principal part [8, 170] of u. The names parametric and principal will also 
be applied to the coefficients. If u is a parametric unknown, M* is vacuous 
and u consists entirely of its parametric part @. 


The finite sums (14.2) for u, v of system S are 
U = 1bo + ybuly) + xbio + 2%20o(x) + zybuly) + z*yba(z, y), 
v = leoo(z) + yeu(z, y), 
so that 
& = 1bo + vbu(y), 
u* = zhi + 2%bo(z) + tybuly) + z*yba(z, y), 
d = lew(z), 


v* = yco(z, y). 
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The arguments of the b’s and c’s are the corresponding multipliers. We note in particu- 
lar that boo , bio reduce to constants because the corresponding monomials have no mul- 
tipliers. 


If m, m’ are monomials and m does not divide m’, then (see §2 for the notation) 
om’ 
= * 0 (mXm’). 
Consequently, if m belongs to M*, we have from (14.3) 


- * 
(14.4) pa — 2.Z. (me M*). 


Putting 
m = 2'r2? .-- 2", 


and letting as in §13 m° denote the non-multipliers of m, we have 


(*) ., E (z;"25° -++ te briana) | 


because every term in the expansion of u not divisible by m disappears on 
differentiation and every multiple of m by non-multipliers vanishes when the 
non-multipliers are made zero. This enables us to compute the values of 


(14.5) (2*) om 


when the b corresponding to m is given. Conversely, if (14.5) is given as a 
function F of the variables m* and if 7; > 0, integrate with respect to x, between 
the limits 0 and z,. There results a function divisible by z;. Application of 
this process 7, times with respect to x, , i times with respect to 22, --- , t, 
times with respect to z, gives a function G divisible by m. The quotient G/m 
involves only the variables present in F and is equal to )j,;,...:, . 


15. The initial determination. For the expansion (14.1) we have 


iptigt-+-+in 
(15.1), Qijig---i, = ee 3( : ——*,) a 
"Jo 


4 !%2!-- ari ari? oes Ox 





where the subscript 0 means evaluation for the initial values x; = 22 = --- = 
z, = 0. Hence division by an integer enables us to pass from the own of a 
derivative at the origin to the corresponding coefficient in u. In particular, 
the numerical determination consists essentially of certain coefficients of the u’s 
together with the initial values of the z’s. 

Corresponding to each unknown u, and to each monomial m in its parametric 
set M,. assign a function J.» of the multipliers subject to the two restrictions: 

(1) Iam is holomorphic in its arguments about the initial values; 

(2) if the coefficient a of any monomial p in u, belongs to the numerical deter- 
mination for S, then the coefficient of p in Iam has the same value a. 
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A set of functions J containing one J.» for each combination a, m, where m 
belongs to M,, is called a relevant initial determination for - The system S, 
augmented by the equations 


(15.2) (*) = Ian (me M.), 


om 


is called a determined system. 

We note that the nature of the initial determination, that is, the number of 
functions and their sets of arguments, is governed solely by the left deriva- 
tives of S. 

From the discussion at the end of §14, applied to a monomial m of M,, it is 
clear that imposing conditions (15.2) is equivalent to giving the b’s in (14.2) or 
to giving the values of all the parametric coefficients. 


The initial determination for system 5 contains the values 


(15.3) u(0, 0), (=) - v(z, 0). 
dy rou 


Let us convert 5 into a determined system by assigning an initial determination. To 
conform with (2) we must place 
as 
- (* =) = 0. 
dys zray=0 


wo-(2)__-().. 


Hence specifying the initial determination consists in giving to (15.3) values 
(15.4) 0, ey), yt), 


where ¢ is an arbitrarily chosen function of y which is holomorphic about y = 0 and 
which together with its first two derivatives vanishes for y = 0 and y is an arbitrarily 
chosen function of z holomorphic about z = 0. 

If in particular we choose 


(15.5) 0, 4y’, z, 
we readily find 


y 
boo = 0, ybuly) = [ 48 dt = y', Co(z) =z 
lo 
so that 
a= y', d=2. 


When J has once been assigned, the parametric parts a, are determined. 
Let the transformation (9.5) for such @’s be applied to S. From (9.5) and 
(14.4) we deduce 


(=) at (me Ml). 


Comparison with (15.2) shows that the initial determination for the system T 
in the v’s is zero. 
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Consider the determined system 


dv 02v 


. 1 
(15.6) dz” ay’ (0, y) = fan 


which has been given numerical determination 


(0, 0) ' (=) (=) 2 
vW, = Be Pa = rset = 4. 
oz tan yand ay? rmym0 


The change of unknown 
1 
v=u+t — +22 
l-y 


gives the equation 


dus B® 2 


(15.7) —- ay tap 


-—2 
with numerical and initial determinations consisting of zeros. 


16. Determination of the coefficients. In the last section, we saw that the 
numerical determination gives the values of some of the coefficients and in 
particular of some of the parametric coefficients. The other conditions imposed 
by the system-on the parametric derivatives are in general not readily expressible 
(see §33) in the form (2.4). Consequently, we begin by ignoring any such condi- 
tions implied by S. From this viewpoint it is natural to seek a solution having 
an arbitrary initial determination, that is, one in which the parametric b’s are 
holomorphic functions chosen arbitrarily except for the coefficients in the 
numerical determination. 


17. The principal system. The parametric coefficients being supposed given, 
our next task is to specify a process which determines one and only one value 
for each principal coefficient. 

If m is a monomial in the principal set M% for ua , there is at least one equa- 
tion in the prolongation whose left derivative corresponds to uam. Of all such 
equations, make an arbitrary choice of exactly one for each monomial in the 
sets M n to form a system A. 

Separate the equations of A into sets of equal ordinal 


Ai, Az,--:,Ae 


so that every left derivative in A; follows every left derivative in A; if i > j, 
whereas no left derivative in A; follows a left derivative in the same set A;. 

The equations of A; all belong to the original system S. Hence a numerical 
determination for A, is given by the numerical determination for S. Moreover, 
every right derivative in A; is parametric: if it were not, it would have to follow 
some left derivative in A;. Since only parametric derivatives appear on the 
right of equations in A; , system A; is said to be in solved form. j 

The derivatives which appear as arguments of A but not of S enter linearly. 
Hence the functions defining A are holomorphic about any set of values 
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built up from the numerical determination for S by assigning arbitrary values 
to the additional arguments. 

A right derivative in A: , if principal, must be a left derivative in A;. If the 
series for the principal right derivatives in Az given by A; are substituted in 
the right members of A: , there result functions holomorphic about the numerical 
values indicated above [6, 51, Theorem 1]. In this way, Az is also put 
in solved form. From the solved form values to complete the numerical deter- 
mination are obtained by getting the parametric coefficients from the initial 
determination and then computing the principal by substitution. 

A continuation of this process shows that A can be put in solved form S*. 
It is readily seen that S* is admissible. We shall call S* a principal system 
for S. 


For system 5 a principal system 5* is, multipliers and non-multipliers being indicated 
to the right, 





m* m: 
Ou Ou + , 
Ox Oy ies iad 
eu Au Ou 
on ay tay t™ z y 





—— =— +2— +4 —, ty 


dy ~ ay T dy’ = 


Note that the principal derivatives have been eliminated from the right members and that 
the last equation of 5 has arbitrarily been selected for omission in preference to the third. 


In §10 we saw that the result of evaluating 
(17.1) ad | 


for u’s holomorphic about the numerical determination is a holomorphic func- 
tion F. The derivatives of F can be found by applying (12.1) to (17.1), see 
[6, 8]. If the w’s constitute a solution of S, (17.1) is zero and so is its derivative. 
Consequently, any solution of S satisfies A. Now in deducing S* from A we 
replace certain arguments y, by others z.. For any solution of S y, and the 
corresponding z, reduce to exactly the same holomorphic function of the z’s. 
Hence every solution of S is a solution of S*. 

Note that there are numerous principal systems for a given system S, but our 
process calls for the arbitrary choice of one of them. 


18. The tentative solution. The left derivatives of S* are in one-to-one 
correspondence with the monomials of the principal sets M2. To each equa- 





Ss 
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tion of S* are assigned the multipliers and the non-multipliers of the corre- 
sponding monomials in the sets M *. Form the first derivative of each equa- 
tion in S* with respect to each of the corresponding multipliers. Just as in the 
case of the principal system (§17) the resulting system can be put in solved form. 
The solved form 8S, is the (first) extended system of S with respect to S*. Note 
that S, contains the solved form of some of the equations in S’ but none of the 
equations in S*. The k-th extended system is defined by induction. In this 
connection, the multipliers for an equation in S,_; are to be interpreted as the 
multipliers of the equation in S* from which the equation in S,_; arose. The 
totality of all extended systems determined by S* is called the extension of S 
with respect to S*. 

Since each principal monomial can be generated in one and only one way 
by multiplying the principal set by multipliers, each principal derivative occurs 
once and only once as a left derivative in the extension. 

If we put 7; = 22 = --- = z, = O and the corresponding values of the 
parametric derivatives in the extension, we determine values for all the principal 
coefficients. Consequently, given any admissible system and a relevant initial 
determination, we can construct a unique expansion for each unknown u,. This 
set of r expansions will be called a tentative solution. 

It is convenient to state 


THEOREM 18.1. <A determined admissible system cannot have more than one 
solution. 


19. The derived systems. Next we must discuss the convergence of the 
tentative solution. For this purpose it is desirable to differentiate the equa- 
tions of S* so as to obtain a system in which all left derivatives of each principal 
u, have the same order, which of course has to be at least equal to the corre- 
sponding ga, where ga is the degree of the least common multiple of the mo- 
nomials in M2. 

Let ha be positive integers satisfying ha = ga. Consider the principal part 
of the finite sum (14.2) for the unknown u,. Let the degree of one of the 
monomials m multiplying a b be ha — s. The corresponding b can be written 


(19.1) b = Di je + > kd, 


where j ranges over all monomials of degree less than s in the multipliers of m, 
where the c’s are constants, where k ranges over all monomials of degree s in the 
multipliers of m, and where the d@’s are holomorphic functions in the multi- 
pliers of m. 

If we agree to compute the principal coefficients c and then regard them as 
part of the initial determination, the equation in S* with left derivative corre- 
sponding to mu, can be replaced by equations with left derivatives corresponding 
to kmu,. These equations are formed by applying the differential operator 
0/dk to the equation of S* with left member corresponding to mu,. All of 
the left derivatives so obtained have order (ha — 8) + 8 = ha. 
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Application of this process for all m’s and for all u’s gives a system with all 
left derivatives of u. of order ha. The equations of this system can be put in 
solved form Sy,,,...2, 828 was the principal system in §17. The system is ad- 
missible. Moreover, if S has consistent first inequality system, so also has 
Shyhy---hy » The system Sy,a,...1, Will be called the derived system of index 
hihe --- hi, the principal unknowns being uw, wz, --- , Ur. 


If for S* we take h, = 3, hz = 1, we find 5;; contains 








m* m° 
Bu du Ou Ou 
ae ~ ay * Pap * Pay * ae 
Bu Bu dtu 
oS <. + et y z 
Oxrdy? = Ay dy? 
Bu Bu 9”* + du 1 
Ozr2dy = 8 dy? Ay’ ” 
dv Bu du 
zy 1 


dy ay * ay’ 


The initial determination contains, in addition to (15.3), the values 


Ou Ou 
(7) = (=) + u(0, 0) = 0, 
(ms) = (2) +2(%)__ tanec 

Oz? | rmymd Oy? J cmymnd Oy J zmymd 

au au Ou 

eeh om bs es i 
The transformation (§15) 
v 
uw =u- I g(t) dt, 


v’ =v— (2), 


carries 93; into a system in the unknowns uw’, v’ with zero initial determination. 


20. The second inequality system. Let the equations of S* be numbered 


by the indices 1, 2, .-- , «*. Denote the elements of the order matrix for S* 
by w*’s. The system 
(20.1) wn +h S053 +t; @jj= 1, 2, +--+, «*) 


is called the second inequality system for S*. The consistency conditions for it 
are 


(20.2) dX Gi — wi) = 0, 


where 7 is summed over an arbitrary cycle of arbitrary length from (1, 2, --- , 
«*) and j has the value immediately following that of i in the cycle [12, §7]. 
Suppose conditions (20.2) satisfied. 














red 
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Since (20.1) has a solution ¢; , it also has the solution ¢; + a, where a is an 
arbitrary positive number. Hence if (20.1) is consistent, we can choose positive 
integers t; satisfying both (20.1) and 


(20.3) w +t: = ga; +1, 


where a; is the index of the unknown to which the i-th equation of S* belongs. 
Suppose such a choice made. 

Now form the derived system S** whose index is given by the left members 
of (20.3). To do this, the 7-th equation of S* is differentiated ¢; times. Rela- 
tions (20.1) say that the order h, of the left derivatives belonging to u, is the 
order of the resulting system in uz. This property is not disturbed by putting 
the system in the solved form S**. 

The second inequality system for S is defined to be 


(20.4) wi + ts 2 wu + bj (i,j = 1, 2,---,«), 
whose conditions of consistency are 
(20.5) > (w; — w;i) = 0. 


The consistency of the second inequality system for S implies that of the 
system for S*. 


21. Definition of orthonomic system. As we shall see in §37 the tentative 
solution does not always converge. In order to proceed we find it convenient 
to assume that S** exists. 

A system is orthonomic if it has the following properties. 


(i) The equations have the form 
D’ = f(x, D’”’). 


(ii) The unknowns, the independent variables, the derivatives and the equa- 
tions appearing explicitly are finite in number. 

(iii) A numerical determination (§3) is given. 

(iv) The functions f are holomorphic about the numerical determination. 

(v) The first inequality system (§4) is consistent. 

(vi) The second inequality system (20.4) is consistent. 


The system 5 is readily seen to be orthonomice. 


22. Dominant systems. Next we examine the tentative solution for con- 
vergence. We consider the derived system S**. 

The derivatives of highest order h, in S** enter linearly because they appear 
only as a result of the application of formulas (12.1). Consequently, we assume 
S** in the form 


(22.1) D’ = f, 
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where 


(22.2) f=D pd" +4, 


where D’, D” represent derivatives of u. of order h, and where the coefficients p, 
q involve enly derivatives of wu. of order less than ha. When the process 
of calculating the coefficients is applied to (22.1), it is found that every principal 
derivative is a polynomial with non-negative integral coefficients in the para- 
metric derivatives and the partial derivatives of the f’s. Hence 


(22.3) a = (b,c), 


where a, b, c represent the coefficients of u, of the initial determination and of f 
respectively, and where z is a polynomial with non-negative integral coefficients. 
Consequently, the principal coefficients of any solution of a system like (22.1) 
are non-negative provided the coefficients of the f’s and the parametric coeffi- 
cients are non-negative. 

We suppose without loss of generality (§15) that the initial determination of 
S** is zero. Every principal coefficient is then a polynomial with non-negative 
integral coefficients in the coefficients of the f’s. Moreover, the parametric 
unknowns are all replaced by zero, so that all the unknowns are to be regarded 
as principal. 

Yonsider a particular equation (22.1) with left derivative D’ ~ uzm’. Corre- 
sponding to it write an equation 


(22.4) D, = F(a, D, E, ’ E,) 


in the unknowns U, where D; ~ Um’. The argument D on the right of (22.4) 
means the presence of every D ~ Ugm"’, where ugm’’ ~ a derivative (necessarily 
parametric) of order less than hg (§20) in system (22.1). The argument £, likewise 
denotes the presence of every derivative E,; ~ Ugm’’, where ugm” ~ a parametric 
or principal derivative of order hg which precedes the left derivative of the cor- 
responding equation (22.1). Similarly, Z, ~ Ugm’’, where ugm’’ ~ a para- 
metric or a principal derivative which does not precede the left member of 
the corresponding equation (22.1). The set EZ, + HE, therefore contains all 
derivatives of each unknown wu, of the corresponding order h, . 

Treating all equations of (22.1) in this way we find a system (22.4) whose 
equations and left members are in one-to-one correspondence with (22.1). 

Note that the sets D, E, + E, are the same for all right members, whereas 
the separation of the derivatives of order hg into E,, Ez; may vary from equation 
to equation. 

Denote by Hz, the number of EZ,’s which appear in a given right member 
and which belong to the same unknown as the EZ, appearing as the subscript 
on H. The number Hg, varies from equation to equation. An integer Hz, 
is similarly defined. 

The arguments in a given equation (22.1) correspond to a (proper or im- 
proper) subset of the z, D, E, in the corresponding equation (22.4). Because 
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the sets D, E, in general contain derivatives following the left derivative, system 
(22.4) is not admissible. Suppose, however, that each argument in (22.4) 
which does not have a correspondent in (22.1) is multiplied by a constant 
parameter \. Then by applying to (22.4) the operations applied to (22.1) in 
finding the coefficients of its tentative solution we deduce a formula 


(22.5) A = II(B, C, J) 


which on evaluation for \ = 1 gives a relation among the coefficients of any 
solution of (22.4). If B, C, J are non-negative, evaluation of the right member 
for \ = 0 obviously does not increase its value and also gives 7(B, C), where 
x is the polynomial of (22.3) and where B, C are the coefficients of U, F corre- 
sponding to the coefficients b, c of u, f. (Note in passing that we do not assume 
B= 0.) Hence we have 


(22.6) A 2 (B,C). 


Now (22.4) is said to dominate (22.1) provided 

(1) system (22.4) has a numerical determination with initial values z; = 0, 

(2) the F’s are holomorphic about that numerical determination, 

(3) each coefficient c of an f in (22.1) has modulus not exceeding the corre- 
sponding coefficient C in (22.4), 

(4) system (22.4) has a solution which is holomorphic about z; = 0 and 
which has all its coefficients non-negative. 

From (22.3) and 


lal +lal2latel, lal-le] = |az| 
we find 
m(|b|,|e|) 2 |a|. 
Since B = |b| = 0, C 2 |c|, we therefore have 
n(B,C) = |a|. 
Comparison with (22.6) gives 
A2|la\. 


Hence if (22.4) dominates (22.1), the tentative solution of (22.1) converges 
absolutely for every point zx at which the solution of (22.4) converges 
absolutely. 


23. Selection of a dominant system. It remains to determine a dominant 
system. To find a system satisfying requirements (1), (2), (3) we need only 
assume that S satisfies (i), (ii), (iii), (iv) of §21. 

Let the functions defining f, and therefore the p, g in (22.1), be holomorphic 
for all x, D satisfying 


(23.1) p 


IV 
& 


p2|D\. 
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The series p(p, p), g(p, p) are then absolutely convergent. Let M be an upper 
bound for the aggregate of the terms in the series of absolute values for all 
P(e, p), q(e, p), that is, suppose 


(23.2) M = |cle’, 


where k is the total degree of the term in which c is the coefficient, for all c. 
Consider the fraction 


(23.3) M 


ED XD Ly 
p 





where the set D includes all derivatives of each u, of order less than the cor- 
responding A, . 

The function given by (23.3) can be expanded by the multinomial theorem 
about the numerical determination z = D = 0. The coefficient C of any 
monomial of total degree k is 


sM 

pe ’ 

where s is a positive integer. The modulus of the corresponding term in the 
corresponding f is either |c | or zero. In the former case, use of (23.2) in (23.4) 
gives 

(23.5) C2 \c]; 

and a similar relation obviously holds in the latter case. Hence (23.3) furnishes 


a dominating function for p,q. In the case of g, however, we may subtract M 
since g vanishes for all its pages equal to zero. Therefore if we take 


(23.6) F = (2+ SE. +1) -—M, 


“Est Es ED 


(23.4) . C= 





we see that requirements Py (2), (3) are satisfied. 

In order to satisfy (4), we shall use both (v) and (vi) of the definition of 
orthonomic system. It is, moreover, necessary to modify (23.6), as will now 
be done. 

Consider a particular equation of system (22.4). Let wu, 1, »: be the mono- 
mials arising from the correspondents of D,, E£,, Ez by the substitution 
rik ,Ua—>fa-. If the set EZ; is not vacuous, write corresponding to each 
E, an inequality 


(23.7) = > 2rHe, M, 
1 


where Hz, is defined in §22, and where r as usual denotes the number of 
unknowns. Note that Hz, # 0 because the term £, is assumed present in 








(2 


Wwe 


an 


th 





per 
all 


le. 


1 of 
10W 


no- 
‘ion 
ach 


> of 
; in 





ORDERLY DIFFERENTIAL SYSTEMS 269 


> Fi. If there is no term in >> F:, there is no corresponding inequality 
(23.7), and >.E, can be omitted from the particular F involved. 

Let inequalities (23.7) be written for every equation in (22.4). Since the 
first inequality system is consistent, we can find [12, §6] a solution &, ¢ of all 
the inequalities (23.7) taken with & > 1. Now if z, HE; are respectively 
multiplied by 


F __# 
'  OrHy. 1M 





both of which exceed unity, the coefficients in (23.6) are not decreased and so 
continue to satisfy (23.5), although the expansion converges in a smaller region. 
Similarly, since the terms in EZ, are needed to dominate only terms with zero 
coefficients in (22.1), we may with impunity multiply the Z2 in (23.6) by any 
positive number (not necessarily greater than unity). 

Hence, we may replace (23.6) by* 





_ a 
1 — aot + 2D 
(23.8) p 


x (z > E,/He,1 + - >. E,/Hg, v2 a u) - Mu. 


24. Reduction of the dominant system. In (22.4) with F given by (23.8) 
we shall put 
y= > éz, U. = faVe 


and seek for the resulting system a solution V, which involves the z’s only 
in the combination y. We have by (12.1) 


0U._, Wady_ oy 
ax; = $a Oy dx, -_ fakiVa, 
whence 
D, = wV2, E, = V3", E, = nV. 


All of the Hg, derivatives EZ; belonging to the same unknown Us give E,/ 
the same value V;“” in the sum in (23.8). System (22.4) becomes 


' (ha) = 1 z :” ) = 
(24.1) ve ney 5D (A> vs? +M M, 
p 





4 This choice of a dominating system embodies two simplifications introduced by Ritt 
[9, 149]: first, the coefficients are simpler in form; second, the determinant of (24.1) depends 
on a single parameter which Ritt chooses less than 1/r and which we have put equal to 
1/2r. Compare the systems in [2, 130] and [13, 297]. 
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where >> D is a sum of positive multiples of derivatives of Vs of order less 
than hs. Note that all equations belonging to the same unknown in (22.4) 
reduce to one equation in (24.1). Note also that (24.1) is not in solved form 
because all the left members appear on the right. 

To put (24.1) in solved form, we write 1 — o for the denominator (which is 
the same for all the equations) and sum, finding 


1 - (hg) __ Mo 
(24.2) a 2 v7" = -—~. 


Substitution in (24.1) then gives 





rin) _ 2Mo 
(24.3) Vv." = ‘ps % 
If (1 — 2c)” is imagined expanded by the binomial theorem, the right member 


of (24.3) is seen to have non-negative coefficients. 


25. The case of ordinary equations. To show that (24.3) has a solution with 
zero initial determination, we introduce sets of additional unknowns equal to 


Vi, Ve,---, Ve” and thereby reduce it to a system of the first order 
dW 

25.1 ——_ =@G , 

(25.1) ns (y, W) 


Since (25.1) is the principal system of an orthonomic system, to prove it has a 
solution we need only prove that its tentative solution (1) converges and 
(2) satisfies the system. Here it is convenient to seek a dominant system 
dZ; M 


WB %) 0-2) 


with numerical determination different from zero. 
Suppose the Z’s in (25.2) all have a common value Z. Then Z must be found 
to satisfy 


(25.2) 





and to vanish for y = 0. Integration gives 


MI1+M7~1/(1+1) 
Z= R-R[1+I0¢(1 - 3) | , 


The determination given the logarithm and the root can be chosen so that 
the right member is holomorphic [5, 356] about y = 0 and reduces to zero 
for y = 0. Hence we have a dominant system (25.2) for (25.1) and the tenta- 
tive solution of (25.1) is known to converge. Since the coefficients of the 
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G’s in (25.1) are non-negative and the initial determination is zero, the solution 
has non-negative coefficients [cf. (4) of §22]. 
Now if the functions 


(25.3) la — Gly, W) 
y 
are evaluated for the W’s equal to their tentative expansions, holomorphic 
functions of y result. But the coefficients of the tentative solution were found 
by expressing that (25.3) and all their derivatives vanish for y = 0. Hence 
(25.3) become identically zero [5, 354] when evaluated for y = 0. 
Accordingly, we have a solution of (25.1) which leads to a solution of (24.1) 
and thence to a dominant system for the system (22.1). The convergence 
of the tentative solution is therefore completely demonstrated for an orthonomic 


system. 


26. Components of an admissible system. Separate the equations of a prin- 
cipal system S* for an admissible system S into two sets S, , 8, putting into S; 
all equations having z, for multiplier and into S all equations having 2, for 
non-multiplier. Make z; equal to zero in the equations of S. If m = z{p, 
where p does not contain x; , put 





du ov 
1 - ~~ 
(26 ) (2) | Op . 
where v is a new unknown given by 
(26.2) y= (2 “) ' 
Ox, /z=0 


In this way a system 7’, in the new unknowns », results. 

Let the principal and parametric sets for u in S be M*, M and let the sets 
for the v given by (26.2) in T be N*, N. The monomial z{p, where p is free of 
z,, belongs to M* if and only if p belongs to N’. Now the least common 
multiple of all monomials which are in M* and have the form zip belongs to 
M* and is of the form zig. Hence N’ contains the least common multiple of 
every pair of its members and N’ = N*. 

We note that the division of x2, --- , 2, into multipliers and non-multipliers 
for N* + N is the same as for M* + M. 

If N* is not vacuous, that is, if v is a principal unknown for 7’, the parametric 
set N consists of all divisors of monomials in N* not contained in N*. The 
set M* is not vacuous, and M can be similarly described. If p « N*, if q | p and if 
qe’ N*, then zip « M*, ziq| zip and ziq e’ M*; and conversely (p, qg meaning 
monomials free of z;). Hence N is the totality of members of M divisible by 
z{ and not by z{*’. The parametric part of v can therefore be obtained by 
differentiation and evaluation from the parametric part of u. 
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= 
If N* is vacuous, that is, if v is a parametric unknown’ for T, coefficients of v 
may correspond to principal coefficients of u. 


In the case of system 5 a parametric unknown of the corresponding SJ arising from the 
second equation is 


du 
os (2). 


It is clear that these terms of u involve principal coefficients and that (26.3) cannot be 
found from the initial determination (15.4) of S. 


If, however, the system S* is such that every parametric v can be determined 
from the initial determination for S*, then S is called decomposable. Other- 
wise, it is indecomposable. 

If S* is decomposable, we repeat the process of evaluation on 7. In this 
way, we obtain 


(26.4) SPF=S + S+---+ &, 


where S; involves the variables 2; , 2i41, --- , Zn, Where the unknowns in S; 
are all different from those in S;, for i # j, and where S; is indecomposable. 
The systems S; are called components of S. If S is indecomposable, its only 
component is S*. 

From the relation between M and N and the assumption about parametric 
v’s, it is seen that the values of the functions in the initial determination for T 
can be found from the initial determination for S*. Suppose, therefore, that T 
is determined. 

Let Mt , M, be the monomial sets for u and S;. If M* contains a monomial 
m not in M? , that monomial must be in M, and have the form zip, where p is 
free of x, and where 2; is non-multiplier for zip. The function 


(Fa 


which appears in the initial determination for S,; but not in that for S* can be 
found by evaluating 
(5) 
Op m°/z,=—0 


from the solution v of 7. Consequently we have 


THEOREM 26.1. The initial determination for the component S; can be found 
by differentiation and evaluation from the solution of the systems S; (j > 1) and the 
initial determination for S. 


5 IT overlooked this possibility in giving a (in some respects) similar reduction for ortho- 
nomic systems [11, 72]. Theorem 49.2 of [11] is consequently true only for systems satis- 
fying an additional condition, and assumption E is effectively proved there only for such 
systems. 





No 
(26.4 
indey 

Th 


(26.5) 


has t 
and t 


(26.6) 


where 


The | 
the v 
state 
the i 


27 
follo 
(i) 








ORDERLY DIFFERENTIAL SYSTEMS 273 


Note that one choice of principal system for S may lead to a decomposition 
(26.4) with k > 1, whereas another may not. Note also that the order of the 
independent variables may affect the decomposability of a system. 








The system 
m* m® 
Ou 
az =v, rz y 
Ou «A2v = Aw 
dy dzt dy’ " rs 
(26.5) O2u = dv ; 
Oxdy es ay’ — 
Chi Ov =O y 1 
azz ay = a8’ de 
aw dau , 
dzdy dz - 


has two components, the first component consisting of all the equations except the second 
and the second component consisting of the single equation 


(26.6) __= 


where 
¢=u0,y,2), eg =v0,y,2), y= w(0, y, 2). 


The parametric unknowns in (26.6) are g, y. The parametric part of v with respect to 
the whole system (26.5) obviously contains all terms involving y, z alone. The same 
statement is true of w. Hence the parametric unknowns in (26.6) can be obtained from 
the initial determination of (26.5) so that (26.5) is actually decomposable. 


27. Definition of orderly system. A system S is orderly if it satisfies the six 
following conditions: 
(i) The equations have the form 


D’ = f(x, D”). 


(ii) The unknowns, the independent variables, the derivatives and the equa- 
tions appearing explicitly are finite in number. 

(iii) A numerical determination (§3) is given. 

(iv) The functions f are holomorphic about the numerical determination. 

(v) The first inequality system (§4) is consistent. 

(vi) For some order of the independent variables and some principal system 
every component (§26) has a consistent second inequality system (§20). 

An orderly system is admissible because it satisfies (i)-(v) of §8. Note 
that the components of an orderly system are orthonomic. If (vi) of §21 is 
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satisfied by S, it will also be satisfied by the components of S. This is obvious 
for S, because it is a subset of S. Consider an inequality of (20.5) for T (§26) 


(27.1) wits Dont. 


Any index 7 in it occurs just once on the left and just once on the right in the 
second position. If the 7-th equation of 7 belongs to the v in (26.1), there is 
for S the corresponding condition 


(27.2) (o; +a) +--- 2 @ata)t+---. 


As far as the index 7 is concerned, (27.2) is equivalent to (27.1). Since the state- 
ment applies to all indices, (27.1) and (27.2) are equivalent. Thus the second 
inequality system for S implies that for T. Hence every orthonomic system is 
orderly. 

Next we have to prove that the tentative solution of §18 converges for every 
orderly system. We employ the decomposition (26.4). Since S, is ortho- 
nomic, it has a convergent tentative solution. A tentative solution of S,_; 
can be determined so as to reduce to the initial determination given by the 
initial determination for S and the convergent tentative solution of S, (Theo- 
rem 26.1). Proceeding in this way, we construct a convergent tentative solu- 
tion of S; , which must coincide with the tentative solution of S found in §18. 
Hence the tentative solution of S converges and we have 


THEOREM 27.1. The expansions of the tentative solution for an orderly system 
always converge and therefore define functions holomorphic about the initial values. 


28. Passivity conditions. Corresponding to each equation (2.4) of S* for an 
orderly system write the equation 


(28.1) D -f=F, 


and give F the multipliers and non-multipliers of D’. We shall refer to F as 
the “equation F” of S. From §10 we know that when the tentative solution 
or any other set of holomorphic w’s is put in (28.1), F becomes a holomorphic 
function of the z’s. When F is once so determined, corresponding to (28.1) 
there is a relation 


(28.2) D'=f+F, 


which is identically satisfied in the z’s when the u’s are replaced by the holo- 
morphie functions defining F. 

The conditions used to determine the coefficients of the tentative solution 
were essentially 


(28,3) (*) = 0, 
Om ] m= 
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where F belongs to S*, where m is a monomial in the multipliers of F and 
where m’ is the set of non-multipliers of F. Since m, m® have no z in common, 
(28.3) becomes 


(28.4) (F’) momo] = 0. 


ts) 
a 
Hence F computed for w’s constituting a tentative solution vanishes identically 
in the multipliers when the non-multipliers are made zero. We wish next to 
find the conditions that F vanish for all values of the non-multipliers. 

Let 2 be a non-multiplier for (28.1). If D’ ~ m’, then m’z is in the principal 
set M*. Hence there is an equation in S* with left derivative E’ ~ m'x. 
Write it in the form (28.1) as 


(28.5) E’-—g=G. 
Differentiation of (28.2) and substitution from the result and (28.5) in 


aD’ 
= F’ 
0X0 





give [ef. (12.1) for the meaning of 6] 


(28.6) oF =O +9 — bf. 

OXo 
(This equation can be interpreted in two useful ways: (i) as a relation between 
the functions defined by (28.1), (28.5) or (ii) as saying that the result of dif- 
ferentiating the equation D’ = f and subtracting the equation E’ = g is the 
equation if = g.) Moreover, if F in S* and Gin S are distinct equations 
(§2) having the same left derivative we get a relation of the form 


(28.7) F=G+q9-f. 


Just as in the case of the extended systems (§18), the principal derivatives 
can be eliminated from g — df and g — f by means of the identities (28.2) and 
the results of differentiating them. In this way, (28.6) and (28.7) are con- 
verted into 

oF 


(28.8) — = H(z, F) + K(z, D”), 
0X9 


(28.9) F = H(z, F) + K(a, D”), 


where H is a homogeneous polynomial in the functions F and their derivatives 
and K involves only parametric derivatives D”’. 
Since from homogeneity 
H(x, 0) = 0, 


a necessary condition that the tentative solution satisfy S is 


(28.10) K(a, D”’) = 0. 











276 JOSEPH MILLER THOMAS 


As we are seeking a solution in which the parametric derivatives have arbitrary 
initial values, (28.10) must be identically satisfied in all the arguments. 

The totality of conditions (28.10) formed for all choices of an equation F 
and a pertinent non-multiplier 2) and for all choices of an equation in S but 
not in S* is called the passivity conditions of S. If the passivity conditions are 
identically satisfied in all their arguments, S is passive. 

It is convenient to repeat here the exact process for forming the passivity 
conditions. 

Let F be an equation of the principal system S* (p. 261) and let x be a non- 


multiplier (p. 256) for the left derivative of F. The left derivative of = is the 
0 
left derivative of another equation Gin S*. Eliminate principal derivatives (p. 255) 
from the difference = — G. The resulting equation in independent variables and 
0 


parametric derivatives is one of the passivity conditions for every choice of F and 
Zo. 

Let F be an equation in the principal system S* and G a distinct equation in S 
with the same left derivative. Eliminate from F — G the principal derivatives. 
The resulting equation in the independent variables and parametric derivatives 
is one of the passivity conditions for every choice of F and G. 

Denote the equations of §* by F; (i = 1, ---, 5), and the equation omitted from § in 


forming 5* by F;. Differentiating each equation with respect to each of its non-multi- 
pliers and eliminating principal derivatives give 


— —F, + F:— Fs, 
—=F,, 


—=}/FfF,, 


OF; OF; 
re = ede ~, 
F. = —F,+F3;+ Fs. 


Since all the parametric derivatives cancel, the system is passive. 


29. Passive systems. Suppose S passive. The relations (28.8), (28.9) then 
become 


(29.1) oF 


dx0 


(29.2) F 


H(z, F), 


H(z, F). 


The totality of these relations can be regarded as a system 7’ for the deter- 
mination of the F’s corresponding to the tentative solution of S. 
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To prove that T is an admissible system it is only necessary to show that its 
first inequality system is consistent. From (28.6) we see that (29.1) contributes 
inequalities of the types 


(29.3) Fu >G, Fx > H, 


where H in (28.1) represented an equation used in eliminating principal deriva- 
tives from g — 6)f and where F, G, H, xo now represent, of course, the unknowns 
in the inequality system. Suppose the equations of S* corresponding to F, H 
have left derivatives corresponding respectively to m’, p’. Then G has left 
derivative corresponding to m’x,. Introduce into (29.3) new unknowns by 
means of the definitions 


F = mF’, G = mz’, K = p’'R’. 
The inequalities (29.3) become 


(29.4) F’>@, 
(29.5) m'xo > p’. 


System (29.4) is consistent. To see this, let the order of the left members 
of equations F, G be F”, G”. Then 


(29.6) 20 


Consequently —F’’, —G” is a solution of (29.4). Addition of a large positive 
integer will give a positive solution. 

Exactly the same types of inequalities are obtained from the consideration 
of (29.2). The inequalities like (29.4) have the form 


(29.7) F’> L’, 


where F belongs to S* and L belongs to S but not to S*. Relations like (29.6) 
are not available because F and L have equal left derivatives. Supposing a 
solution of (29.4) at hand, however, we can easily satisfy (29.7) because all 
the unknowns are on the right. Put with (29.5) the inequalities of the second 
type yielded by (29.2). Since the inequality 


m'xo > p’ 


belongs to the first inequality system for S, system (29.5) is consistent [12, §6]. 
From the solution of (29.4), (29.5), (29.7) we immediately deduce a solution of 
the inequality system for system 7’, which is accordingly seen to be admissible. 

The parametric terms in the expansion of the unknown F of system (29.1) 
are the terms in the multipliers which F has with respect to (28.1). Equation 
(28.4) therefore says that the initial determination of (29.1) is zero. The system 
(29.2) has vacuous initial determination because all the coefficients are prin- 
cipal. Hence (29.1), (29.2) together with their zero initial determination 
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constitute a determined admissible system. This system is obviously satisfied 
by making all the F’s equal to zero. Theorem 18.1 shows that the F’s must 
be zero, and we have 


THEOREM 29.1. A passive orderly system has a unique holomorphic solution 
corresponding to each arbitrarily given relevant initial determination. 


This theorem can be used to prove that an orderly system which is passive 
for one choice of the principal system S* is passive for all. 


30. Sequences of monomials. Before discussing non-passive systems, we 
need to develop several preliminary results. The first of these is [8, 554], 
[2, 68]: 

THEOREM 30.1. Every sequence of monomials in which no monomial is a 
multiple of any of those preceding it is necessarily finite. 

The theorem is obvious in the case of a single variable. The sequence con- 
tains at most a + 1 monomials z’, 2°", --- , 2, 1. 

In the case of n variables, let zi'x3* --- 2" be the first monomial of the 
sequence. Denote by Ej, the set of all monomials of the sequence in which z; 
has the exponent k. Since for every monomial of the sequence the exponent 
of at least one x does not exceed the exponent of that z in the first monomial, 
if k ranges from 0 to 7; , for each j, every monomial of the sequence is contained 
in at least one set Ej. The monomials in each Ej, can be thought of as ar- 
ranged in the same relative order as in the original sequence. Except for a 
common factor x; , each E , is a sequence of monomials in n — 1 variables such 
that no one of them is a multiple of any of the preceding. If the theorem is 
assumed for n — 1 variables, it follows that there is but a finite number of 
monomials in each E;,. The number of sets Ej, being finite, the theorem also 
holds for n variables, and the induction is complete. 


31. Complete ordering of sets of monomials. The monomials in the z’s will 
be called completely ordered if values greater than unity have been assigned to 
the z’s so that the equation 


ajay? +. oe = afta... oe 
for integral 7, 7 implies 

th = ji, te = jo, --+ tn = Jn- 
Finding z’s completely ordering the monomials is equivalent to finding values 
for log x, , log a2, --- , log z, so that 


ky log x; + ke log 2 + --- + k, logz, = 0 


for integral k’s implies 
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One way of completely ordering the monomials is to set log z; = a; , where 7; 
is the positive square root of the i-th positive prime. To see that such is the 
case, we need to know the linear independence of the z’s with respect to the 
ring of integers. This is a consequence of 


THEOREM 31.1. Jf 01, o2,---,o% are k distinct numbers from the set mm, 
™2, +++ 5%, no a; 1s contained in the field obtained by adjoining the k — 1 others 
to the rational field. 


The theorem is trivial fork = 1. Assume it is true for 1, 2,.--,k — 1. 
Denote by an R with subscripts the field obtained by adjoining to the rational 
field all o’s except those having the subscripts on the R. Suppose o; is in the 
field R;. Since the squares of all o’s are rational, we have 


(31.1) OK = Aon + b (a oa 0), 
where a, b are in Ry... Squaring, we find that 
a’ ois + 2aboxr + b° 


equals a rational number. If b ¥ 0, then ox, isin Rix. Heneeb = Oanda’® 
is rational. Adjusting the notation, if necessary, we may put 


a= co2+d (c ¥ 0), 


where c, d belong to Ry.1,.-2. Reasoning as before gives d = 0 and c? rational. 
Continuing we finally have 


CO, = COK-10k-2 +++ Ti, 
where e is rational. Suppose e = p/q with (p,q) = 1. Then 
(31.2) qoi = p'0x-10%-2 er f 


The prime o; divides p’ and therefore p. Hence its square divides the right 
side of (31.2) and therefore g. Since this contradicts the assumption (p, g) = 1, 
the theorem is proved. 

As in §5, the substitution of these values for z in monomials m; , m2 gives 
ordinals k, , kz. For a complete ordering, however, we can say that m, follows, 
coincides with or precedes mz according as ky > ke, ki = ke, ki < ke. 

As an example, let there be three independent variables z, y, z and put in 
accordance with the above 


(31.3) ° logr=+/2, logy= V3, logz= V5. 
The monomials of the second degree are ordered as follows: 
(31.4) 2>yz>saz>y>r>r’. 

To verify this, write the corresponding exponents: 


2/5 > V3 + V5 > V24+ V5 > 2V3 > V24+ V3 > 2V/2. 
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If we vary the choice by setting 


(31.5) log x = 7/2, log y = V5, log z = +/7, 
the ordering is slightly changed: 
(31.6) 2>y>y>wz>rw>r. 


The two orderings (31.4) and (31.6) are the only ones possible, if the linear 
monomials are in the relation z > y > 2. 

Although stated above for pure monomials, this method of ordering applies 
to the monomials uarj'x}? --- xi": put, for example, log Ua = mnie. In such 
an ordering we have 


log Ua — log ug + hk; log 11 + ke log a2 + --- + k, log z, = 0 


for derivatives of equal ordinal. We conclude 1 = —1 = O unless a = 8. 
Hence two derivatives with equal ordinals are identical. 

In §33, however, we do not need such an a priori ordering of the unknowns. 
Rather, we let their ordering be determined from the inequality system in the 
manner described in the next section. 

The ordering described in this section arranges all derivatives of each unknown 
in a definite order, which is the same for all unknowns. This ordering of the 
derivatives of a single unknown does not have the property: 


(31.7) if D,; is of higher order than D,, then D, > D,. 


For example, (31.5) imply z’ > z*. In this respect, the ordering differs radically 
from an ordering by cotes even when the cotes are allowed to be irrational. 
As will be done in §33, however, from any complete ordering O; can be deduced 
another complete ordering O. which makes (31.7) valid for any given finite 
set of pure monomials and which establishes the same relative order as 0; 
between every pair of monomials of equal degree. Thus, if the base is chosen as 
2, multiplying z, y, z given by (31.5) by 4 preserves the ordering (31.6) but makes 
z’ follow z because 2 > 2/7 — 34/2. But for no ordering by the present 
scheme does (31.7) hold for all monomials: if z > x > 1, there are always in- 
finitely many positive integers a satisfying z* > 2*"’. 


32. Completion of ordering. A consistent first inequality system at least 
partly orders the derivatives. We now wish to show how values satisfying the 
first inequality system and at the same time completely ordering the derivatives 
can be found. 

Suppose 2:41, --- , Zn have been determined so as to satisfy the inequalities 
which are implied by the first inequality system and which involve only 2x41, 

- , Z, [12]. Suppose further that the partial solution has the form 


(32.1) (log z,)* = 3 ((=k+1,---,n), 
1 
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where the p’s are prime, and where every pair from p41, «++ , Pn, Ve+t» *** 5 Qn 
is relatively prime. Then no fraction p;/qg; is the square of a rational number. 

In the solution of the first inequality system 2; is found to lie on a certain 
segment [12]. Let s be a positive irrational number of the segment on which 
(log zx)” is constrained to lie. Let a positive ¢ be chosen so that every 
a, satisfying 


(32.2) s+te> (logx) >s—e 
is an admissible value for z,. Determine for s an approximation p/g, where 


P, q are positive integers satisfying 


(32.3) te > | — 8}, keg > | 1-8]. 





Use of the identity 





Nq (2 -s) + i~s esi. 


Nq+1\q@ Nq+1 Nqt+1 
shows that inequalities (32.3) imply 
Np +1 | 


for every positive integer N. 
The arithmetic progression whose (r + 1)-th term is 


(32.5) TPeti +++ DnQeti +++ Gap + 1 


contains an infinite number of primes. Let r be fixed so that (32.5) is a prime 
exceeding |p — q|. Set 


N = rps +++ Daas +++ Qn 
The positive integers p, , qx defined by 


(32.6) Pr = Np + i. x= Nq a 1 


are relatively prime to N. A prime dividing p, and gq would have to divide 
Pe — Ge = N(p — q). Hence (px, qe) = 1. Moreover, px/ge is not the square 
of a rational number since its numerator is prime. 

From (32.4) we see that we may choose 


(log xx)* =P, 
qk 


in constructing a solution of the first inequality system. In this way, (32.1) 
is extended to include one more value of the index 7. We may accordingly 
assume that (32.1) for k = 0 gives a solution of the first inequality system. 
Moreover, Theorem 31.1 is readily seen to remain true if o,-log 2; is defined by 
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(32.1) rather than by x; as in §31. Equation (31.2), for example, becomes on 
the substitution of = pi/qi 


T Pk +++ Qa = PPr +++ Page, 
and the prime p, must divide both p and q. 


33. Reduction to passive form. Consider now a system 7 which is not in 
the solved form (2.4). Let the monomials in the z’s be completely ordered. 
Suppose no derivative (§2) of wey: , --- , Ur Occurs in 7, but that a derivative 
of u, does. Consider the set of all derivatives of u, which appear as arguments 
in 7. Among them consider those of maximum order. The derivative whose 
monomial follows all the others in this subset is called the follower of T. We 
shall consider systems satisfying the following conditions: 


(A) The equations have the form 
f(z, D) = 0. 


(B) The unknowns, the independent variables, the derivatives appearing and 
the equations are finite in number. 

(C) A numerical determination (§3) is given. 

(D) The functions f are holomorphic about the numerical determination. 

(E) The monomials in the independent variables have been completely 
ordered (§31). 

(F) The system has a follower (§33). 

(G) The partial derivative of at least one f with respect to the follower does 
not vanish for the numerical determination. 


Such a system will be called manageable. It is always equivalent to a system 
7, which contains just one equation and which satisfies 


(33.1) w; 2 wii, 


where 7 refers to 7, and j to 7’, plus a system 7: , whose follower if existent is 
different from that of 7. To see this, select one of the equations referred to 
in (G), solve it by the implicit function theorem [6, 12] for the follower to get 
T,, and substitute the result in the other equations to get T:. System 72 
has properties (A) to (E). If it also has properties (F), (G), the operation can 
be repeated. 

If only manageable systems are encountered, repetition of the elimination 
gives a system S which satisfies (i)—(iv) of §21, and also (vi) because it satisfies 
(33.1). We can show that its first inequality system is consistent in the fol- 
lowing way. For convenience, let the followers in the above reduction belong 
tO U,, Ura,--+,Uui1- All the inequalities contributed to the first system by 
equations belonging to u, have u, on the left. Those which also have u, on the 
right are of two types, which we shall designate by H, L. Those of type H 
have both left and right member of the same degree. They are automatically 
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satisfied by the ordering of the z’s. Those of type L have left member of higher 
degree than the right. They can all be satisfied [12, §5] by multiplying all the 
z’s by a factor. The others can all be satisfied by taking u, large enough, once 
the inequalities contributed by equations belonging to u,,,---, Ur, have 
been satisfied. As the last mentioned do not involve u,, the first inequality 
system for S has a solution. Hence S is orthonomic (§21). 

Let the passivity conditions of S be formed. The resulting system 7 has 
properties (A), (B), (E). It has for arguments parametric derivatives of S 
and the independent variables. Suppose that the numerical determination of 
S can be extended so as to give a numerical determination for 7 and that it is 
possible to apply the solution process outlined above for 7 to T without an 
unmanageable system being encountered. 

In this way, it may be possible to construct a sequence 


(33.2) Si ’ Se ’ Ss ’ 


in which the S’s are all orthonomic and S;4; expresses the passivity conditions 
of S;. Let the monomial sets for S; be M,; and consider a fixed a. Since the 
left derivatives in S;4; are parametric in S; , no monomial in M g,;4: is divisible 
by a monomial in M,,; and the sequence (33.2) must be finite (Theorem 30.1). 

Accordingly, there are three possibilities. 

(1) An unmanageable system may be encountered or a numerical determina- 
tion may not be capable of extension, so that sequence (33.2) is not defined. 

(2) Sequence (33.2) is defined and its last member contains an equation 
which involves at most the independent variables and which is not identically 
satisfied. 

(3) Sequence (33.2) is defined and its last member contains only equations 
identically satisfied. 

In case (2), the proposed system has no solution holomorphic about the 
numerical determination. 

In case (3), it is easy to see that (33.2) constitutes a special passive ortho- 
nomic system, which has a solution of the type specified in Theorem 29.1. 

Except for the satisfaction of (33.1) and the absence of the cotes, the reduction 
just given is Riquier’s [8, 556]. Because of possibility (1) it has limitations, as 
Riquier himself was aware [8, 556-557]. Nevertheless, the reduction not only 
is very useful in particular cases but also seems destined to remain the guiding 
principle in the formulation of processes whose domain of applicability is more 
clearly indicated in advance. The first to seek such a process was Ritt who [9] 
has given a highly satisfactory elimination theory, which insures the existence 
of a sequence (33.2) when the functions f are polynomials in the D’s with coeffi- 
cients holomorphic in the z’s. Subsequently the writer [11, 75-77] gave for 
non-algebraic systems a reduction process conditioned by our ability to find 
numerical determinations. 


34. The complete and complementary sets. The principal and parametric 
sets of §13, introduced in [11, 56] under different names, seem best adapted to 
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the proof of the existence theorem. In practice, however, they are conveniently 
replaced by the older complete and complementary sets into which they can 
be collapsed. The initial determination and the passivity conditions can be 
more compactly, although less symmetrically, expressed in terms of the con- 
tracted sets. 

We suppose the independent variables z; ordered, say by increasing sub- 
script. If two distinct monomials m, p are given by 


m = 2;'2," --- 2", p = z'z3° --- 23°, 


then m is said to be higher or lower than p according as the first non-zero dif- 
ference in the sequence 


th — jry te — Ja, -*+ tn — Jn 


read from right to left, is positive or negative. In this way, the monomials are 
ordered according to rank. 

Consider in the set M = M* + M of §13 a pair of monomials p, m satisfying 
the two conditions 

(1) p = ma, where 2 is non-multiplier for m; 

(2) the set of multipliers for p is that for m augmented by 2 . 
The two terms of the finite sum (14.2) corresponding to m, p, say 


mb + pe, 


can be written as one 


md, 


where d is a function of the multipliers of p. 

Let m be the monomial of minimum rank in M admitting a partner p which 
satisfies (1), (2). If p does not belong to the original set M’ from which M was 
constructed, omit p from M and compensate by giving m the additional multi- 
plier z. Repeat the operation as long as the diminished set has a pair m, p 
with pnotin M’. In this way, for the given order of the independent variables, 
there is obtained a unique set Mg = M, + M2, where M*, M have collapsed 
into M,, Mz respectively. M, contains the distinct monomials in M’ and 
possibly some multiples of them. The sets M,, Mz were called by Janet 
(2, 68-91] respectively the complete and complementary sets. Riquier [8, 130] 
had previously employed the equivalent of Mz in the description of the para- 
metric part of the development, which he called the residue. Riquier seems 
nowhere to make effective use of the representation of the principal part as a 
finite sum, although except for interpretation he is in possession of the formal 
results. Compare, for example, the process [8, 166], which he only stated for 
the parametric part, with the processes of §§14, 19. A unique process for ob- 
taining each principal coefficient by means of the complete set without con- 
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sidering the question of passivity seems Janet’s contribution. This process in 
particular makes it possible for him to formulate for orthonomic systems, as is 
done here in §28 for orderly systems, passivity conditions which are much 
simpler than Riquier’s [8, 357], although equivalent to them. 

For M,, M: , Theorems 13.1, 13.2 need to be modified slightly so as to read 
(11, 58] 


THEOREM 34.1. The product of a monomial p by one of its non-multipliers is 
equal to the product of a unique monomial m of the complete set by multipliers 
alone. The monomial m is of higher rank than p. 


The proof is immediate. 

If in the discussion of the existence theorem the sets M*, M are interpreted 
respectively as the complete and complementary sets rather than the principal 
and parametric, everything developed so far holds as given, except for one 
detail: when equations (28.6) and the passivity conditions (28.10) are formed, 
derivatives of the functions G, g appear rather than the functions themselves. 
Instead of finding the left derivative of dF /dx) ~ um as the left derivative of 
some G, we find the G ~ up, where p is the generator of m, and differentiate G 
with respect to multipliers so as to produce @F/dx%). This, however, does not 
affect the proof. The passivity conditions are effectively the same except for 
condensation corresponding to that in the sets M. 


The collapse of the principal and parametric sets for u into the complete and com- 
plementary sets is illustrated below for system §. 


00-00 00-01 00-01 
*10-00 *10-00 *10-10 

20-10 20-10 

01-01 

11-01 11-01 11-01 
*21-11 *21-11 *21-11 


The condensation in the Maclaurin expansion is as follows (cf. §14). 
u = lbeo(y) + zbio(z) + zybu(y) + 2*ybu(z, y). 
In the notation of §28, the corresponding system S* is 
m* m° 


F, — =— +4, z y 


P, — »o— + —, y z 


F Bu Bu Ou du , 
‘ dat dy” dy dy* dy’ sad 
au Bui du 
F, = + . zy 1 
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Expressing the passivity conditions, we find the relations (ef. §28) 


A more complicated example follows. 


000-000 
100-100 
010-010 
*110-110 
001-000 
*101-100 
011-010 
111-110 
*002-001 
102-101 
012-011 
112-111 


000-100 


010-010 
110-110 
001-000 
101-100 
011-010 
111-110 
002-001 
102-101 
012-011 
112-111 


Consider the equation 


whose non-multiplier is z. 


there is an equation 


and zz is the generator of zyz. 
is formed by differentiating G with respect to its multiplier y: 


OF; 

ay =F;, 

OF; OF; 
“alltel ig 


OF, 


Fo= —5 Pit Ps. 
x 


000-100 


010-010 
110-110 
001-010 
101-100 


111-110 
002-001 
102-101 
012-011 
112-111 


The derivative 0°u/dzrdy0z is not a left derivative. 


mw, 2, #. 


000-100 


010-010 
110-110 
001-010 
101-110 


002-001 
102-101 
012-011 
112-111 


au 


F 





a 


Let M’ be 


000-100 
010-010 
110-110 
001-010 
101-110 
002-101 


012-011 
112-111 


Jf 


F, — G, = by9 — bef. 


000-100 
010-010 
110-110 
001-010 
101-110 
002-101 


012-111 


000-100 
010-010 
110-110 


001-"10 
101- .10 


002-111 


But 


Hence the passivity condition corresponding to F and z 


In practice, it is not necessary to rewrite the unchanged monomials as was 
done above for the sake of clarity. The reduction can be performed by simply 


striking out monomials and modifying multipliers in the first column. 


Rules 


for obtaining the complete and complementary sets directly from M’ without 
using M are given by Janet [2, 80, 89]. 
simpler because it determines both sets simultaneously by a single process. 

A method of finding the sets directly from the Maclaurin series is given in 


[13, 286], previously for the complementary set in [8, 131-135]. 


apply in the simpler cases. The idea behind it is to manipulate the Maclaurin 


The above method is regarded as 


It is easy to 


series into a finite sum (14.2) so that each monomial of the given set appears 
multiplied by a b. 
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35. The old and new definitions of orthonomic system. The present section 
establishes the exact connection between Riquier’s definition’ of orthonomic 
system and the one given in §21. The crux of the matter is to prove the follow- 
ing theorem and its converse. 


THEOREM 35.1. Let S satisfy (i)-(iv) of §21. If S satisfies in addition (v) 
and (vi), there exist cotes ordering the derivatives of S so that each left derivative 
follows every corresponding right derivative. 


We shall try to determine for the unknowns u, first cotes c. so that the first 
cote of each left derivative is at least equal to the first cote of every correspond- 
ing right derivative. 

In §7 we agreed to regard a right member as containing a derivative of ua of 
order — © if no derivative of u. is actually present. Such a derivative is to 
be given a first cote c, — ©. Let a; be the index of the unknown to which 
the i-th equation belongs. The conditions on the c’s are then 


(35.1) w + Ca; 2 wig + Ca; (t,j = 1,2, ---,«). 


Superficially, these inequalities appear to put greater restrictions on the un- 
knowns than (20.4) because the unknowns are in general fewer in (35.1) than 
in (20.4). This difference, however, is compensated by the relations (7.1). 

The elimination of the unknowns as in [12, §7] leads to the conditions of 
consistency 


(35.2) > @i — wi) = 0, 


where 7 runs through an arbitrary cycle and j has the value immediately fol- 
lowing that of 7 in the cycle. Reversing the sense of the cycle is equivalent to 
interchanging the indices on the w. Hence (35.2) are equivalent to (20.5). 
First cotes can be assigned in the required manner if and only if the second 
inequality system is consistent. 

Suppose first cotes have been assigned so as to satisfy (35.1), and consider the 
totality of order relations 


(35.3) D,; > D2, 


where D, is a left derivative of S and D, a corresponding right derivative. 
These relations fall into two categories: first, those which are actually estab- 
lished by the first cotes, and second, those for which D, and D, have equal first 
cotes. . Only the latter need have our attention at the moment. They are 
not established by the first cotes. 

Fix upon a solution of the first inequality system such that log u, , log x; are 
integers [12, §6].’ Take these integers as second cotes. If the D, , De in (35.3) 
correspond to m,, mz respectively, then log m, , log me are the second cotes of 


* For the comparisons of this section it is convenient to refer to [13, 303). 

7 The restriction that the cotes be integers is not essential. If the first cotes of the 
independent variables are made unity and all the other cotes are allowed to assume any 
values in the real field, an equivalent theory is obtained. 
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D,, De. Since m > m,, we have log m, > log m2 and the second cotes indi- 
cated establish the desired order relations. 

Conversely, if there are cotes establishing the order relations (35.3), then 
m, > me for each relation (35.3). To see this, it is easiest to take « = 1 in the 
application of Theorem 3 of [13, 291]. The first inequality system is therefore 
consistent. 

A comparison of our definition with Riquier’s accordingly shows that the two 
are essentially equivalent. To make them identical it is necessary to add the 
following two requirements to those already given in §21. 

(vii) The left derivatives of distinct equations are distinct. 

(viii) No left derivative is a right derivative. 

These are restrictions of convenience which do not limit the generality of the 
results. We do not make them because in our treatment it is advantageous to 
omit them. 

We note in passing that (ii) and (iv) of [13, 303] imply that the number of 
derivatives is finite, essentially because the order is bounded. 


36. A non-orthonomic orderly system. The system (26.5) has first inequality 
system 
ur>v, uy> v2", u> wu, zz > Y, ve > uz, wry > uz’, 
s> hi. o> i, ss? 
which is consistent because it has the solution 
u = 5, v=w-=1, x = 24, y =z = 2. 


The order matrix (§7) is 


NwN ee 
| 
8 
| 
8 
| 
8 


The relation 
we + ws = wu + WH 


of the consistency conditions (20.5) for the second inequality system is not 
satisfied. Hence the system is not orthonomic. On the other hand, if the 
second equation is omitted, it is readily verified that all the conditions are 
satisfied by the remaining system. In §26 we saw that (26.5) is decomposable 
and that its first component S, is obtained by omitting the second equation. 
Hence S; is orthonomic. It is readily seen that S; is also orthonomic. Hence 
S is orderly but non-orthonomic. 

Since the second inequality system for S is inconsistent, first cotes cannot 
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be found for the unknowns, as is also easily seen directly. Riquier’s theorem 
[13, 301] for non-orthonomic systems does not apply. 


37. Two non-orderly systems. To show that the tentative solution does not 
always converge Kowalevsky [4, 22] employed an example which has become 
classical. In our terminology, she showed that the determined admissible 
system (15.6) does not have a holomorphic solution. The system satisfies 
(i)-(v) of the requirements for either orderly or orthonomic systems, but 
(vi) for neither. Accordingly, a tentative solution exists; but it does not con- 
verge. Because (vi) is not satisfied it is impossible to use the form of dominating 
system employed in §22. It is, however, interesting to see why another form of 
system, say 





aU _ 3 sail 
Ox #&U , 
1-2(2+¥+50) 


fails to work. The right member of (37.1) dominates that of (15.7) because we 
may take M = 3, p = 3. Seeking a solution which is a function of z = z + y 
leads to the equation 


(37.1) 


(37.2) "ree Sweeny 


This equation has a holomorphic solution with U(0) = U’(0) = U”"(O) = 0. 
It is found, however, that 


U0) = - 1. 


The coefficient of y’ in the initial determination of the solution of (37.1) furnished 
by (37.2) is accordingly negative. Consequently this l’ does not satisfy re- 
quirement (4) of §22. 
It is easy to show that the tentative solution converges only for z = y = 0. 
A somewhat different situation arises in connection with another classical 
example 


(37.3) Pu = f(x, Por), 
where 
oy 
“= Oxi dy? 


Differentiation gives 


Pr = fipa + fopos , Pu = fipw + fopr . 


Sife = 1, 





290 JOSEPH MILLER THOMAS 


for example if 
J = pw + Poe; 
we find 
Sip + fp = 0, 


that is, a relation among the parametric derivatives. Accordingly, (37.3) does 1 
not have a solution corresponding to arbitrary initial determination. Since 


(37.3) satisfies (vi) but not (v) of §27, we see that (v) plays an essential réle not (1. 
only in the convergence proof but also in the determination of the coefficients wh 
in the discussion as we have developed it. ce: 
of : 
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POSITIVE SOLUTIONS OF BINOMIAL INEQUALITIES 
By JosepH MitLer THOMAS 


1. Introduction. Let S be a finite set of inequalities of the form 
(1.1) m> Pp, 


where m, p are monomials in the unknowns 2 , 22, ---+ , 2, With positive coeffi- 
cients. We give a method of testing S for consistency and solving it in the set 
of all positive numbers. Although the sign > is employed throughout the dis- 
cussion of §§1-5, the method is valid for an arbitrary distribution of >, 2, =, 
except that the restriction to > is essential in Theorem 4.1, as it is in §6. 
When various signs occur, they must be multiplied in accordance with the 
following table. 


viviviy 


w{w |v jw 
u{wiv | 


] | wv | v | 


In other words, although 2 and > when multiplied imply both 2 and >, the 
stronger inequality is defined as the product. 

The order of the terms in an equality m = p is not determined. When 
m = pis present, both m = pand p = m must be included, if elimination is to 
proceed by multiplication alone. The method is, of course, valid for systems 
composed entirely of equations. 

The method is also applicable when the exponents, instead of being non- 
negative integers, are any real numbers. As a consequence, solving any finite 
set of linear inequalities in the real field is equivalent to solving a system (1.1) 
in the positive numbers. From this standpoint the method can be identified 
with the process of elimination developed by Dines.’ 


2. Reduction processes. If S contains in addition to (1.1) the inequality 
(2.1) q>t, 
then S implies 
(m — p)(q — t) > 0, 


Received May 2, 1940. 
1L. L. Dines, Systems of linear inequalities, Annals of Mathematics, (2), vol. 20(1918- 
1919), pp. 191-199. 
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or 
mq — pt — t(m — p) — p(g—t) > 0. 


Since —t(m — p) — p(q — ¢) is negative for every solution of S, we must have 


(2.2) mq > pt 


for every solution of S. Accordingly, we may multiply inequalities member 
for member. We shall call (2.2) the product of (1.1) and (2.1). 
Similarly, if g is a monomial with positive coefficient and (1.1) implies 


mq > pq. 


The converse is also true. 
By repeated multiplication from (1.1) we deduce 


(2.3) m > p*. 


Hence any inequality in S can be replaced by its k-th power without altering 
the solution of S. Moreover, (2.3) is seen to be equivalent to m > p because 
the quotient (m* — p*)/(m — p) isa polynomial in m, p with positive coefficients. 

By the highest common factor (m, p) of m, p we shall understand the monomial 
which divides both m and p, which has maximum possible degree and which has 
coefficient +1. Without loss of generality we may suppose that for every 
inequality (1.1) of S 


(m, p) = 1. 
The two inequalities (1.1) and (2.1) will be called relatively prime if 
(m, t)(p, q) = 1. 


This condition is, of course, equivalent to the two (m, t) = (p, q) = 1. 
From the foregoing discussion it should be clear that the following principles 
can be used to augment the system S or to modify it without altering its solution. 
(i) m > p implies m* > p* and conversely. 
7 
m, t)(p,q) ~ (m, t)(p, q)” 
If (m, p) = (q, t) = 1, the members of the last inequality in (ii) are relatively 
prime. 


(ii) m > p and q > ¢ imply ( 


3. Solution of the system. To solve a system S, separate its inequalities into 
two sets S; , 7; , putting into S, all those inequalities involving the first unknown, 
which for convenience we temporarily write without its index as z, and into 7, 
all those free of z. The members of S; may be of two types: 


(3.1) zm>p, q> x't, 


where m, p, q, t do not involve z. 
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If S, contains only members of the first type, x must satisfy a set of inequalities 


of the form 
l/a 
o> (2) ‘ 
m 


which are obviously consistent. A similar conclusion is reached if S, contains 
only members of the second type. 

If S,; contains members of both types, x must satisfy a set of inequalities of 
the form 


1/8 l/a 
(3.2) (?) >x> (2) 
t m 


In order that (3.2) be consistent, we must have 


a condition equivalent to 
(3.3) mq" > pt. 


Conversely, when (3.3) is satisfied, (3.2) defines a segment on the z-axis on which 
x must lie. It is convenient to think of the positive direction on the axis as 
leading from right to left. 

The conditions (3.2) are to be formed for every pair of inequalities of different 
types in S;. The corresponding conditions (3.3) are to be adjoined to 7; to 
give a system S’ in 2, ---,2,. For any solution of S’ the conditions (3.2) 
define segments. Since each left endpoint occurs in combination with every 
right endpoint, each left endpoint is to the left of every right endpoint. Hence 
all the segments have in common a segment leading from the least left member 
to the greatest right member, and any point on this segment will serve for z. 

Next S’ is to be separated into two sets S;, 7: with respect to the second 
unknown and 7? is to be augmented to give S”. 

Repetition gives a sequence S; , Sz, --- , Sa, Sai, Where S; (i = 1,2, ---, n) 
involves only unknowns of index at least equal to i and S,4: involves only con- 
stants. The condition for consistency is that S,4; contain only valid inequalities. 

We note that a result equivalent to (3.3) is obtained by applying the opera- 
tions (i), (ii) of §2 to (3.1). 


4, Equivalence to linear systems. Although in the preceding discussion the 
use of the terms “monomial” and “highest common factor” has supposed that 
m = ayj'y:? --- yt, 


where the 7’s are non-negative integers, all of the operations, except the inconse- 
quential operation of removing the highest common factor, are valid if the 7’s 
are any non-negative numbers. 
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For our next purpose it is convenient to write (1.1) as 
(4.1) eyi'ys* --- yn’ > 1. 


Since log x is real and increasing for all positive x, inequality (4.1) is equiva- 
lent to 


(4.2) a; log y: + a2 log ye + --- + a, logy, + loge > 0. 
Hence the linear inequality 
(4.3) 2; + Got. + --- + a,2%, +b>O0 


is solved by finding the positive solutions of (4.1) in which e = ec” and then 
putting z; = log y;. 

It is immediately seen that the operations we have applied to inequalities 
having the form (4.1) when translated into operations on inequalities having 
the form (4.3) become the operations of elimination employed by Dines (loc. cit.). 

In illustration we set 


x3 = log z, ry = log y, x, = logz, r, = logt 


in Dines’ example on p. 198. The left members of the inequalities of form 
(4.1) are 


ry ‘zt’, ay2t*, xy2zt’, a yz t. 


Solving, we find 


—1/3_—1,2/3 


yet >z> yz 't, yz t’, ye 


1/4 3/7,-4/7 
"aa I7 i 


y > 2, z 


This result is easily identified with the second solution given on p. 198 of Dines’ 
article. 
A result useful in applications is 


THEOREM 4.1. A consistent system of linear inequalities, all of which have the 
sign >, has a rational solution. If the inequalities are homogeneous, there is an 
integral solution. 

Let z; be a set of real numbers satisfying a system of linear inequalities like 
(4.3). Let lim z% = 2; , where x; is a sequence of rational numbers. Then 


t—2 


lim (> ait + b) > 0. 


t—2 
Hence there is an N such that 
: atx +b>O0 


provided t > N. For each of the other inequalities there is a similar N. If ¢ 
is taken greater than the largest of them, a rational solution of the system 
is found. 
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If x; is a rational solution of a homogeneous system and c is the positive least 
common multiple of the denominators of the 2’s, then cz; is a solution in integers. 
The example x + 1 > 0, —z > O shows that a consistent non-homogeneous sys- 
tem does not necessarily have a solution in integers. 


5. The homogeneous subset. Let the inequalities of the system S considered 
in §2 be separated into three sets in the following way. Every homogeneous 
inequality, that is, one whose left and right members have the same degree, is 
placed in a set H. A non-homogeneous inequality is placed in the set L or R 
according as its left or right member has higher degree. 

The fundamental operation (i) applied to an inequality of any one of the three 
categories gives an inequality to be placed in the same category. Similarly, the 
product of two inequalities falls in a category determined by the following 
scheme: 


HH = H, HL = lL, HR = R, LL = lL, RR = R. 


Only when a member of L is multiplied by a member of R may the category of 
the product vary. 

Now suppose & is vacuous. The combination of H with L or of L with L 
gives only inequalities of the category L. Since the inequalities of S,4; are 
homogeneous, the set S,4; coincides with the corresponding set for H. Hence 
we have 


THEOREM 5.1. When either R or L is vacuous, S is consistent if and only if 
the homogeneous set H is. 


This result can be verified directly, and at the same time the solution of S 
thrown back upon the solution of H, in the following manner. We suppose the 
set R vacuous and let S contain the inequality (1.1), where the degree of m is k 
more than the degree of p. Putz; = A&;. Inequality (1.1) can then be written 


(5.1) \> (=). 
im 


where yu, m arise from m, p by replacing each x by the corresponding £&. 
Let the é’s be a solution of H. For such £’s determine a \ satisfying all con- 
ditions like (5.1) arising from L. Then x; = \&; satisfy both H and L, that is, S. 
The labor of solution may be greatly diminished by this device. 


6. ‘The case of coefficients equal to unity. In this section the sighs must all 
be >. Suppose the coefficients of all monomials in S are unity. Then all 
coefficients in S;, --- , S,4; are also unity. Since the monomials of S,,4; are 
of degree zero, the only possible member for S,4; is 1 > 1, and S is consistent 
or not according as S,4; is vacuous or not. 

For a consistent S with unit coefficients let a system S’ be formed by replacing 
each inequality m > p by 


m > cp, 
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where c is an arbitrary positive constant which may vary from one inequality 
to another. S‘,,; consists of inequalities among products of the c’s. If it were 
not vacuous, placing the c’s equal to unity would give the inequality 1 > 1 
which would have to be in S,4:. Hence S’ is consistent. 

Since log c in (4.2) is zero if and only if ¢c = 1, the systems considered in this 
section have for correspondents the homogeneous linear systems. The result 
just established means that if the homogeneous linear system is consistent, the 
corresponding non-homogeneous system is consistent for arbitrary values of the 
constant terms, as is also easily seen directly. 

Moreover, the dual of the second part of Theorem 4.1 is 


THEOREM 6.1. If a system of binomial inequalities in which every signis > and 
every coefficient is unity has a solution in positive numbers, it has a solution in which 
each unknown is an integral power of any arbitrarily fixed real number greater than 
unity. In particular, it has a solution in integers. 


7. A particular linear system. The system 
t; 2 0, 
Pt+t 2 qi tt; (i,j = 1,2,---,7), 


where the p’s and q’s are known non-negative integers and (non-negative) 
integral values are to be determined for the ?@’s, is of interest in the study of 
systems of partial differential equations. It is convenient to denote by (7, j) 
the inequality on the second line of (7.1) and by (7, j) + (A, 2) the result of 
adding two inequalities member for member. 

Rather than convert (7.1) into a binomial system, we apply the elimination 
process directly to (7.1). Since the coefficients of the ¢’s are equal to unity, 
this process amounts to adding an inequality with a given ¢ on the left to one 
with the same ¢ on the right. 

If t; = 0 is added to (j, 7), there results an inequality with a ¢ in its left member. 
Some ¢ will remain there no matter how many inequalities of the type (k, 1) are 
added to it. Hence in forming the conditions of consistency the first line of 
(7.1) is to be ignored. This of course also follows from Theorem 5.1. 

If we make j = 7 in (7.1) we get 


(7.1) 


(7.2) Pi = Vii - 

If 1 > 1 and if i, %,---,% are any 1 distinct integers from the range 
1, 2, --- ,7, then 
(7.3) (t1, %) + (2, ts) +--+ + (ra, tr) + (ti, tH) 
is free of the ¢’s and hence is a condition of consistency. Moreover, the totality 
of conditions (7.3) for all possible distinct cycles iyi2--- i, taken together 


with (7.2) which correspond to the cycles of length one, contains all the condi- 
tions of consistency. To see this, we remark that if (7 , i), (% , 73) are added, 
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there results an inequality with right member containing ¢;, , which must subse- 
quently be eliminated by adding an inequality (73, 74). And soon. The last 
inequality added must eliminate both the remaining ?’s. 

Consequently we have 

THEOREM 7.1. The system (7.1) is consistent in the ring of integers if and 
only if 


(7.4) LD m= Da; 


where i runs through all distinct cycles of length from 1 to r and j has the value 
immediately following that of i in the cycle. 


DvuKkE UNIVERSITY. 








INVARIANTS OF SYSTEMS OF SECOND ORDER LINEAR 
DIFFERENTIAL EQUATIONS 


By Jack LEVINE 


1. Introduction. As a first step in the discussion of ruled surfaces, Wil- 
cezynski' obtained the seminvariants and invariants of a set of two differential 
equations in two dependent variables of the form (2.1). Recently, Barnett and 
Reingold’ have treated a similar problem for n equations in n dependent vari- 
ables, and obtained sets of functionally independent seminvariants of order 1 
for n = 2, 3, and 4, and an independent set of order 0 for general’ n. 

In this paper we consider the problem of obtaining seminvariants, invariants, 
and covariants of a general order r of the system (2.1) containing n equations 
in n dependent variables. The methods of tensor analysis are used as these 
are suggested by the nature of the problem. 

In §3 it is shown that every seminvariant is a function of quantities P' 
(defined in §2) and their covariant derivatives with components P}:.. By 
using the components P'.. as independent variables, the number of equations 
in the complete system defining the seminvariants remains fixed for all orders r 
and a given n. In the previous treatments the number of such equations in- 
creased with r. 

In §7 a functionally independent set of seminvariants of general order r (>0) 
is obtained for n = 2 and n = 3, and in §8, it is shown that the tensor semin- 
variants with components P}.. form a complete set of such invariants and can 
be thus used in the equivalence problem of two systems (2.1). 


2. Seminvariants. We shall consider the system of differential equations‘ 
Oy tn) Ws atte a 
(2.1) a? + L;(x) a. + Mj(z)y = 0, 


where L} and Mj are arbitrary functions of xz possessing as many derivatives as 
are necessary for the purpose of our discussion. It is shown in W that the most 
general transformation of the y which changes (2.1) into a similar form is 


(2.2) y' = a;(x)9’, 


where | a; | # 0, but the a} are otherwise arbitrary. 





Received May 3, 1940. 

1E. J. Wilezynski, Projective Differential Geometry of Curves and Ruled Surfaces, Chapter 
IV. We call this reference W. 

21. A. Barnett and H. Reingold, Invariants of a system of linear homogeneous differential 
equations of the second order, this Journal, vol. 6(1940), pp. 141-147. We refer to this 


paper as BR. 
3 See §2 of this paper for the definition of the order of a seminvariant. 
‘ All indices throughout this paper have the range 1, 2, 3, --- , m, unless otherwise 


stated. Also, we assume n 2 2 throughout. 
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If we replace y' in (2.1) by means of (2.2), we obtain the transformed system 


aa an li - 
(2.3) a + L;(z) ~ + M;(x)7’ = 0, 
where 
(2.4) as a(x! at + pil), 
k 2 kh 
(2.5) Med (artes ents od). 
dx dx* 


the ai being defined by dja} = 4, , dja; = 6 


An (absolute) seminvariant of order r of (2.1) is defined as a function 


s(x} dLi ,.0L; dM}. dL; *) 
7? 





[mS SS 
(2.6) ae Mi 


dx?’ dr’ = dat!” dar 
which transforms under (2.2) by 


" on d’Mi\ _ ‘ d’M} 
(2.7) (Ii, ---, fm) = 5 (ti, ---, Se), 


i.e., f retains its form as a function of the L’s and M’s under (2.2). 
If (2.4) is differentiated with respect to x and d’a’/dz’ is eliminated by means 
of (2.5), we obtain 





(2.8) Pi = Prajai, 
where 
(2.9) Pi = . + 4L,L} — 2M}, 





and P* are defined in a similar manner in terms of ZL} , M}. We thus see that 
P’ are the components of a mixed tensor under the transformation (2.2). 

From the relations (2.8) we obtain a new tensor by differentiation with respect 
to x and elimination of daj/dz by (2.4). This leads to 


(2.10) Pi. = Pia) dh, 
with 
(2.11) so Pi 4(PALi — PiL}). 


We call the tensor with components P}., the first covariant derivative of P% , 
and the L; can be thought of as the coefficients of a linear connection. In 
general, the covariant derivative of order a of P; is defined by” 


dP; iia—l 


(2.12) Pisa = - 


+ (Pha Li — Ph;a-1L}). 


‘The components P} , P};, correspond to G;;, Ui; of BR. 
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3. A replacement theorem for seminvariants. It is possible to find a set of 
coérdinates g' in which the quantities Z; = 0. From (2.4) we see it is sufficient 
to make 
(3.1) day _ _grhat. 
dx ; 

These equations are of the same form for all values of 7 and hence possess n 
independent sets of solutions’ aj , a; , --- , a}. 

The equations (2.1) with L} = 0 will be said to be in semi-canonical form, 
and thus every such system can be so reduced. 

Consider now any seminvariant (2.6). By changing to a semi-canonical 
form, f becomes 





ont iyi . dM} s P d’ M; 
(3.2) 5=4(0,0, i0, Sets wong ee). 
But from (2.9) and (2.12) in semi-canonical form we see that 
i ‘ d* Mi ; 
M; aaa —4}P;, — = —4}P 5.0. 


Hence f of (3.2) reduces to a function of P} and its first r covariant derivatives, 
but since a seminvariant must retain its form under any transformation (2.2), we 
can state the following replacement theorem. 


THEOREM 3.1. Every seminvariant (2.6) can be expressed as a function of Pi 
and its covariant derivatives by replacing L; and its derivatives by zero and d“Mj/dx* 
by —$P ; jae 


We can thus assume a seminvariant of order r to be written in the form 


4. The complete system of differential equations. To obtain the system of 
partial differential equations satisfied by f(P) we use the infinitesimal trans- 
formation corresponding to (2.2), 


(4.1) y = 9 + edj(x)/. 
Here 
(4.2) ai = 5} + ed}, a; = 6; — ed}, 
and substituting these values in the transformation equations of P'.., we find 
(4.3) Ps. a Pe + (Phad) _ P¥'abm); 
so that 
d * i m m 
(4.4) (Se ) = Pha; = Prada. 
de «=O 


* E. Goursat, Mathematical Analysis, vol. 2, part 2, p. 50. We refer to thisasG. For 
the corresponding result for n = 2 see W, p. 114. 
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If f(P) be expanded about « = 0, we obtain from (4.4) and the relation 





S(P) = f(P), 
[a ae (PS. ad; P¥ 5m) ok 0. 
Since the ¢; are arbitrary, we have 
ae 
(4.5) Xh(nf = pe a .) aPi.. = 0, 


as the system of equations satisfied by f(P).’ 
In (4.5) the quantities (; . ) are defined by 
jmea 


(4.6) ¥ ed .) = Padi — Pi:adn- 

It is easy to show by direct calculation that (X*,, Xi)f = aX — oXis, and 
this proves that (4.5) form a complete system. 

We shall say that the system (4.5) is of rank FR if it contains exactly R inde- 
pendent equations. Since from (4.5) and (4.6) X ‘(rf = 0, we see that (4.5) is 
of rank n> — 1 at most. From the form of (4.5), if X*(r)f = 0 are of rank 
n* — 1, then so also are X%(r + 1)f = 0. 

We now show that if X%,(1)f = 0 are of rank n’ — 1 for n variables (y'), they 
are of rank (n + 1)* — 1 for n + 1 variables (y', y*), N =n +1. 

For r = 1, (4.5) reduce to 


. i k\ af ( k ) af 
. me D = 0. 
(4.7) (js) %+ jm 1} aP}. 


. 2 2 
The matrix of 2n° columns and n° — 1 rows 


\(' _ (: k )| 
(4.8) \\g m} \G m 1/))’ 


in which 7, j represent columns and k, m rows, with k = m = 1 omitted, is 
assumed of rank n* — 1, and hence contains a non-zero determinant, D, , of 
order n° — 1. 

In the matrix (4.8) for N variables, select the n? — 1 columns containing D, , 
the 2n columns of the coefficients of af/@P) and af/aP* , and the column of 
the coefficients of af/APi,. If in the resulting determinant D,,, of order 


N® — 1 we put Py = PY = Pd, = Ph, = --- = PX. = 0, it will reduce to 
i ies 1d 
. 0 —D,, N iy 
(4.9) Dasa i + Di 0 0 = +D,Pi.| D;.| # 0. 


ee 8 =} 


7 For a corresponding treatment of affine differential invariants see T. Y. Thomas and 
A. D. Michal, Differential invariants of affinely connected manifolds, Annals of Math., vol. 
28(1927), pp. 196-236. We refer to this as TM. 
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In (4.9), Di, = Pi, — 6,PX , and the *’s represent terms whose values are not 
needed. 

Now if n = 2, the rank of (4.7) is easily shown to be 2” — 1 = 3, and hence we 
can state the following theorem. 


TueoreM 4.1. The complete system X*,(r)f = 0 for the determination of semin- 
variants of order x in n variables contains n° — 1 independent equations forr = 18 


It is shown in BR that X}(0)f = Ois of rank n® — n. This can also be seen by 
considering the determinant obtained from D,,; above by omitting the last row 
and column, where now D, represents a non-zero determinant of order 
n®? — n for the n variable case. From the fact that trace (P*X) = 0 (k = 0, 
1, ---, — 1), where P, X represent the matrices || P} || , || Xj || , the rank of 
X‘(0)f = 0 is at most n” — n, and as for n = 2 the rank can be shown to be 
2 = 2? — 2, the rank is n” — n for general n. 

Since there are (r + 1)n’ independent variables in the complete system (4.5), 
we can now state 


THEorREM 4.2. The number of (absolute) seminvariants in a fundamental sei? 
of order r for the system (2.1) in n dependent variables is given by 


N(n, r) = (r + 1)? - (rn? — 1) = rn’? +1 (r 2 1), 
N(n, 0) = n? — (n® — n) = 1. 


5. Semi-covariants. An (absolute) semi-covariant is a function of the form 
fly’, dy'/dx, Lj , ---) which transforms under (2.2) by 


. «i dy Fi = i dy’ 53 
(5.1) (a, @,0;, .--) =s(v,%, 15, ---). 


It is not necessary to assume the presence of higher order derivatives of y 
as they can be eliminated by use of (2.1). 

If (2.2) is differentiated with respect to z and da}/dz is eliminated by means 
of (2.5), we obtain 


(5.2) y* = Ya, 
where 

My dy’ hyi, 
(5.3) Y => a + sy Th; 


so Y' is the covariant derivative of y’. 
If we transform y' to a semi-canonical form g’, then Y' = dg'/dz, and (5.1) 
shows every semi-covariant can be expressed in the form 


(5.4) fly’, Y's; Pj, --- , Phy). 


§ A theorem similar to this for r = 1 is proved in BR in a different manner, but we have 
given the present proof as it is used in later sections. 
* For the definition of a fundamental set see TM, p. 216. 
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From (4.1), (4.2), and (5.2), we obtain 


 —_— oy. 4 
(Z),- ov, (Ge), =~ 


and proceeding in the same way used to obtain (4.5), we find 


- a. se (tk FY 2. wf 
(5.5) S,(r, s)f = > ‘ m .) OP}.a ' ay” Y nm 
as the complete system satisfied by (5.4), which we shall say is of order (r, s), 
where s = 0 if f depends on y' but not Y', and s = 1 if f contains both y’, rs 
The n° equations are independent for all values of n, r, s. To see this for 
r > 0, we select the n’ — 1 columns of (4.8) (with the row k = m = 1 included), 
containing D, and to them add the column of the coefficients of af/dy' obtained 
from (5.5). If we puty’ = y° = --- = y" = Oin this last column, the resulting 
determinant has the value y'D,. This shows (5.5) are independent for r > 0. 
If r = 0, assume (5.5) independent for n variables, and form D,4; as in (4.9), 
where now D, is a non-zero determinant of order n’ corresponding to n variables. 
Also, in place of the last column of (4.9) we use the column of the coefficients 
of af/day* in which we put y' = 0. The resulting determinant of order 
(n + 1)’ has the value y“D, | Di, |) #0. For n = 2, r = 0, the four equations 
(5.5) are independent, and so this is true for all n. 
There being (r + 1)n® + (s + 1)n independent variables and n’ independent 
equations in the complete system (5.5) we have 


THEOREM 5.1. The number of (absolute) semi-covariants in a fundamental set 
of order (r, s) for the system (2.1) in n dependent variables is given by 


N(n, r, 8s) = rn? + (s + 1)n (r 2 0;s = 0,1). 
6. Invariants. An (absolute) invariant is a seminvariant which remains 


unchanged in form under an arbitrary transformation of the independent 
variable x. If we take this transformation in the form 


— _ dé 
(6.1) = = Xz), A= dz’ 
then we find 
TFis- 1 i i a7vi/- i 
(6.2) ° Lia) =, Ui@) +sin, ii = SMe, 
(63) Pi(z) = 5 (Pi + oi), 
where 
x Ban ae 2 4” 8 a"? 
(6.4) y= A ’ u=>7 }n = > (5) ’ 


and primes refer to derivatives with respect to 2. 
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Under the infinitesimal form of (6.1), 


(6.5) z= 2+ €¢(z), 

we have 

(6.6) A=1+e¢’, > = 1 — ewd’, p= €¢”, 
(6.7) Pi, = Pi + (50° — 2Pi¢’), 

(6.8) Pin = Pin + e(5¢° — 2Pip® — 3¢’Pi:), 

and in general, if we express the transformation of Pj,. in the form 
(6.9) Pia = Piza + €Piasd”, 

then we find 

(6.10) Piatt = Piatt + e(Piasp?*” + Phase” —— Pisai1’). 


In (6.9), for each value of a, the index 8 takes on the values 1, 2,3, --- ,a+ 3. 
If we carry through for the seminvariant (3.3) a process similar to that used to 
obtain the system (4.5), but use the relations (6.5)—(6.9), we obtain the following 
set of equations satisfied by an invariant of order r (in addition to (4.5)) 


6.11) Xs = DO Phee—Z =0 G@=1,2,---,7 +3). 
a=0 OP} 0 

We shall call the combined system (4.5), (6.11) the equations £,, of order r. 
The equations E,;,, are obtained by adding terms to the equations (6.11), for 
B = 1,2,---,r-+ 3, and by adding one additional equation (to the set (6.11)). 
This new equation we call F,+;,, , the final equation of order r + 1. 

There are n° + r + 3 equations in E,, (r > 0), and their rank is A(r, n) = 
n* + r+ 2at most. It is easy to see that if Z,, is of rank A(r, n) then E,41,n 
is of rank A(r + 1,n) =n+r+3. For F,4;,, has the form 


Fy mS . = 0, 
OP j:r41 


and a non-zero determinant A,,; of order A(r + 1, n) can be formed from the 
coefficients of Eysin : 


| A, *| 


Ani = ly 
0 1 


‘ 


where A, represents a non-zero determinant of order A(r, n) obtained from E,, 
. ° 1 e ° 

and the last column of A,,,; is the coefficients of df/APj.-41 in E,41,, while the 

last row consists of A, zeros and a 1. 








(6.1 
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We shall now show that if Z,, is of rank A(1, n), then Ej,.4; is of rank A(1, 
n+ 1). From (6.7) and (6.8) we find the system E;,,4; has the form 


Xs = —2pi VF _ spt, 7 


, 


aP;} " @Pia 
Xf = —opi_¥_ — 0, 
(6.12) , 
4 i af 
X,()f = 6 =@ 
3( \f 7 aP' 
‘ i of 
X,(1)f = 7 =0, 
a( )f 7 aPi., 


where i,j = 1,2,---,n,n +1. 

Assume there exists a non-zero determinant A, of order A(1, n) formed from 
the coefficients of Ei,. From £j,,4: we form a determinant Aj,,4; of order 
A(1,n + 1), its first A(1, n) columns containing the columns of A,, , and its last 
2n + 1 columns being formed in the same way as for D,4; of (4.9). 

If we put Py = PY = Px, = --- = PXx = Oin Ajay, then as seen from 
(6.12) all the elements in the last 2n + 1 columns of the four rows corresponding 
to X,(1)f = 0 will be zero except the element —3P{, in the last column for 
X,(1)f = 0. It is then easily shown that A,,,4; has the value +AwPia | Di, ? = 
0. Since for n = 2 it is not difficult to show Ey is of rank A(1, 2), we have thus 
shown that E,,, is of rank A(r, n) if r 2 1. 

If r = 0, Eo, contains A(0, n) = n” — n + 2 equations which can be shown to 
be independent in the same manner used for EF}, . 

Combining all these results gives us 


THEOREM 6.1. The number of (absolute) invariants in a fundamental system of 
order r of the system (2.1) is given by 


I(n, r) = (n® — 1)r — 2 (r 2 1), 

I(n, 0) = n — 2. 
7. Independent sets of seminvariants. In BR, functionally independent sets 
of seminvariants of order 1 for n = 2, 3, and 4, and of order 0 for general n are 
obtained. We shall obtain such independent sets of general order r (2 1) for 


1 
n = 2and n = 3.” 
If we define seminvariant P, , Pas by 


(7.1) Po = Piz, Pap = PiePizs (a, 8 = 0,1, 2, ---). 


10 These are slightly different for r = 1 from those given in BR. 
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then the set of 4r + 1 (r > 0) seminvariants 
P., Poe (a = 0,1,---,7), 


7.2) 
Pas (a = B;a = 0,1;8 = 1,2,.--,7r) 


is functionally independent. (In (7.1), « = 0 corresponds to P} .) 

We refer to the set (7.2) as P2(r). To prove P2(r) are independent, we assume 
P.(r — 1) are, and hence possess a non-zero Jacobian determinant J/,_, of order 
4r — 3. P(r) consists of P2(r — 1) and four additional seminvariants P, , P,, , 
Py. , Piy. From the Jacobian matrix of P2(r) we select the determinant J, of 
order 4r + 1, 


Jr 0 0 0 0 
0 1 0 0 1 
(7.3) we = 0 2P i: 2Pi:, 2P 2: QP: : 
* A RR 
° Piss Pin Pi P31 
The last. four rows of J, correspond to the four added seminvariants in the 
order given, while its last four columns are the derivatives of these four with 
respect to P}.,. From (7.3) we see J, = J,1Ay, where A, is a fourth order 
determinant which is not identically zero. It thus follows that if P2(r — 1) are 
functionally independent, then so are P2(r). Now if r = 1, we easily show 
?,(1) are independent. Hence we have 


- 


TuHEeorEM 7.1. The set of 4r + 1 seminvariants (7.2) is functionally inde- 
pendent for r = land n = 2. 


We consider now the case n = 3 (r 2 1), and shall show the set of 9r + 1 
seminvariants 


Fess Peas Pons (a = 0,1,---,7), 
(7.4) Ps, Pig's Page (a# Bsa = 0, 1; 8 - 1, 2, i m 
Pon 


is functionally independent. Here, 
Popy = PiePisPi:x, Pon = PjPiPmPin . 


We call the set (7.4) P3(r), and let F(r + 1) represent the nine seminvariants 
added to P;(r) to form P3(r + 1). We assume P;(r — 1) are independent and 
possess a non-zero functional determinant K,,. For P;(r) we select the func- 
tional determinant of order 9r + 1, 


i 24 
K, = 


| 
| 
} 
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To show F, = | dF (r)/aP}., | # 0, it is sufficient to put 
P}=0 @ #4), Pia = Pin = Piy = Pi = 0 


in F, , whence direct calculation shows F, # 0, and hence K, # 0. It remains to 
show P3(1) independent. From the Jacobian matrix of 10 functions and 18 


i 


independent variables P} , P}.:, 
@Px(1)  aPs(1)| 
@P; ’ aPj. ||’ 
we select the ten columns formed from the derivatives with respect to 
Pi, Pi, Pi, Pia, Pia, Pia, Pan, Psa, Pin, Pin. 


If we put Pi = Pia = Pia = Pi, = Pi = Pi, = Pes = 0 in this determinant, 
it is not difficult to show it is not identically zero, and hence P;(1) are inde- 
pendent. This proves 

THEOREM 7.2. The set of 9r + 1 seminvariants of (7.4) is functionally inde- 
pendent forr = landn = 3. 


8. A complete set of tensor seminvariants. Two systems of the form (2.1) 
are said to be equivalent if there exists a transformation of the form (2.2) which 
converts one system into the other. A set of seminvariants S is said to form a 
complete set if algebraic necessary and sufficient conditions for the equivalence 
of two systems (2.1) can be stated in terms of S." In particular, S may consist 
of a set of tensor seminvariants. By such an invariant is meant a quantity with 
components 7'j,..5,(x) transforming under (2.2) by 

i.e p(adala; --- a = Tiz.--2(z)aian «++ a>. 

The tensors with components P}.. are examples of such seminvariants. 

We shall prove that the totality of tensors with components P}.. (a = 0, 1, 2, 
..+) constitute a complete set of tensor seminvariants of the system (2.1). 

We first prove a lemma which is a generalization of a theorem given in W, 
p. 115. 


Lemma. The equations 
(8.0) r=2(%), yi =higd (3 ~ =, | i|# 0) 


give the most general transformations which leave the semi-canonical form of (2.1) 
invariant, x(%) being arbitrary, and h; being constants. 


Under the simultaneous transformations (2.2), (6.1), a system (2.1) assumed 
in semi-canonical form, reduces to 
Py . rindi i a\ od 
(8.1) ip + Li@® a + Mi@y = 0, 


dz 


11 See TM, p. 200 for a corresponding discussion for affine invariants. 
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where 
Th _ 1 ah da} ,dA 
(8.2) L; = rm (2a ae + 6; *), 
— 1 i i da‘ al 
(8.3) Mj = L(aiat + 33 i). 


If we wish (8.1) also to be in semi-canonical form, we have from (8.2), on 
placing L} = 0, 


ai(r)=Athi, |hi| ¥0. 
This proves the lemma. 


From the form of (3.1) a unique set of solutions a}(x) is determined by the 
initial conditions” 


(8.4) z= 4q, a} = hj (q, hj arbitrary consts., | h} | ¥ 0). 
Suppose now that (2.1) and 
8.5) 77 + Ta) + Mey = 0 
are equivalent. A necessary condition evidently is that the sequence of 
equations 
Pi(x)ai(x) = Pi(x)a;(z), 
6-6) Pj 10% = Pia} ’ 


possess a numerical solution of the form (8.4). This condition is also sufficient 
as we now show. 

Let the conditions (8.4) determine the semi-canonical transformations for 
(2.1) and (8.5) respectively: 


(8.7) y =a;(z)z’, gf = aj(x)?, 


and let M} , P} be transformed under (8.7) to C} , K}, and Mj, P; toC}, Ki. 
Also, we relate the codrdinates z', Z' by 


(8.8) 2’ = hjz’. 
From the relations 
(8.9) K};a(x)ai(z) = P%,a(x)a}(z), Kj,a(x)ai(x) = Pi;.(x)a}(x), 


and the expansions about z = q, 
(8.10) Kj(z) = De Kjelg(z— 9)", Ki) = DY Rialg)(z — 0)", 


12 G, loc. cit. 
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we obtain by use of (8.4) and (8.6), 


(8.11) Ki(x)hi = Ki(x)hi , 
or 
(8.12) Ci(x)hi = Ci(x)hi . 


Thus, from (2.6), (8.8), (8.12), and the lemma with r = 2, we see that C;, 
C; are the forms of Mj(z) in two related semi-canonical coérdinate systems. 
From (8.7) and (8.8) we find 
(8.13) y = Aj(x)g’, — Aj(z) = ax(z)hnaf (x), — Aj(q) = hj. 

Hence from (8.12) and (8.13) it follows that (2.5) and (2.6) are satisfied with 
a; replaced by A;. We can thus state the following theorem. 


THEOREM 8.1. A necessary and sufficient condition that two systems of dif- 
ferential equations (2.1) and (8.5) be equivalent is that the infinite set of equations 
(8.6) possess a numerical solution (8.4). 

9. Some examples. It is easily shown that the quantities p;;, gi;, Wij, Vi; , 
w;; of W when expressed in our notation have the form (n = 2) 

(9.1) Pij. = L; » a= M; > uy = 2P' » wW= 4P}., » vj= 8P}.2 ° 

Also the seminvariants J, J, K, L of W can be expressed as 

I1=2P,, J =4|P}| = 2(Po — Po), 
(9.2 > ; . 
K = 16| Pja| = 8(Pi — Pu), L = 64| Pj2| = 32(P2 — Pe). 


To obtain expressions for the invariants 0, of W, we introduce the quantities 
Q; obtained as follows. 
From (6.3) we find by contraction 


(9.3) Pi = «(Pi +m), 
and eliminating » from (9.3) and (6.3) gives us 

i ] i i i 1 i pea 
(9.4) Qi = 29; Q; = Pi — | 6; Pa. 


Hence the Q} are components of a relative tensor invariant. They satisfy 
the identity Qj = 0. 
If we define Q.3 by (7.1) with P}.. replaced by Q}.2, then it is not difficult 
to show the following relations hold (n = 2): 
O4 = 8Qo0 ’ O06 _ 32P.Qoo a 40Q1 + 32Q02 = Qoo[36R in + 2(X + 16P»)], 
|Qoo Qor Que 
- 32Qo0Ru, O13 = 2” Qu Qu Qi |, 


| Qos Qe Qe | 


Qo Qu' 
| 


O10 = — 64) | 
Qo Qu | 
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in which 


d’ | d\ , OF i oto! i pi 
X=8 8 - ( sc), Q=|Qij, Ri =O°Q, Ru = RjaRia. 





The invariant character of 0,) follows immediately from the relations 


(9.5) R; = R;, is wer : jit 
A 
under (6.1). 
To obtain expressions for the semi-covariants of W we make use of the e 
tensor with components” ¢;; which transform under (2.2) by é&; = | a} |*exa‘a} . 
The semi-covariants C, N, P, G take the form 


C= 2¢;;Piy’y'*, N= 2¢:;Y*Pi ’ P= €;Y'y’, G= 2C 1 ’ 


r ‘ ' : ' . , . 
where y* = y’y‘, Y* = y/f. The quantity C being a relative semi-covariant, 
its covariant derivative is given by 

d 


e+ ALiC. 
x 


Ca=5 


We conclude with a generalization of another theorem in W, p. 116. 
When in semi-canonical form, (2.1) can be written as 
2.4 
(0.6) TY + Piy =0, 


dx? 


and under (8.0) of the lemma with x = Z, this transforms to 


2 8 


- y 
(9.7) qx? + Pi7 = 0. 


It is possible to choose (8.0) so that P} = 0 in (9.7). For this purpose we take 
h; = 6; so that (8.3) becomes, on putting Mi. = 0, Mt = Pi, a = J and 
contracting on h and j, 


(9.8) na” + aPi = 0. 
This in turn can be reduced to 
(9.9) = : Pi, 

n 


where yu is defined in (6.4); and a solution of (9.9) will lead to the desired trans- 
formation (8.0). 
We thus have 


4 For the definition of these tensors see O. Veblen, Invariants of Quadratic Differential 
Forms, Chapter I. 
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THEOREM 9.1. Every system (2.1) can be reduced to the form 

a y'" 7 

Pry +Qiy =9, 
where Q: = 0. 

Such a form is called a canonical form of (2.1). 


Norts Caro.ina StaTE COLLEGE. 








THE DISSECTION OF RECTANGLES INTO SQUARES 
By R. L. Brooks, C. A. B. Smirn, A. H. STONE AND W. T. Turre 


Introduction. We consider the problem of dividing a rectangle into a finite 
number of non-overlapping squares, no two of which are equal. A dissection of 
a rectangle R into a finite number n of non-overlapping squares is called a squar- 
ing of R of order n; and the n squares are the elements of the dissection. The 
term “elements”’ is also used for the lengths of the sides of the elements. If 
there is more than one element and the elements are all unequal, the squaring is 
called perfect, and R is a perfect rectangle. (We use R to denote both a rectangle 
and a particular squaring of it.) Examples of perfect rectangles have been 
published in the literature.’ 

Our main results are: 

Every squared rectangle has commensurable sides and elements.” (This is 
(2.14) below.) 

Conversely, every rectangle with commensurable sides is perfectible in an 
infinity of essentially different ways. (This is (9.45) below.) (Added in proof. 
Another proof of this theorem has since been published by R. Sprague: Jour- 
nal fiir Mathematik, vol. 182(1940), pp. 60-64; Mathematische Zeitschrift, 
vol. 46(1940), pp. 460-471.) 

In particular, we give in §8.3 a perfect dissection of a square into 26 elements.” 

There are no perfect rectangles of order less than 9, and exactly two of order 
9.4 (This is (5.23) below.) 

The first theorem mentioned is due to Dehn, who remarked’ that the diffi- 
culty of the problem is the semi-topological one of characterizing how the ele- 
ments fit together. This is overcome here in §1 by associating a certain linear 
graph (the “normal polar net’’) with each “oriented” squared rectangle. The 
metrical properties of the squared rectangle are found to be determined by a 
certain flow of electric current through this network. Accordingly, in §2 we 
collect the relevant results from the theory of electrical networks. In particular, 
the elements of the squared rectangle can be calculated from determinants 
formed from the incidence matrix of the network. In §3, the elements are 
expressed in a different way, in terms of the subtrees of the network. This leads 


Received May 7, 1940. We are indebted to Dr. B. McMillan, of Princeton University, 
for help with the diagrams. 

1 A bibliography is given at the end of this paper. Numbers in square brackets refer 
to this bibliography. 

2 Cf. [6], p. 319. 

* This disproves a conjecture of Lusin; ef. [10], p. 272. For an independent example of 
a perfect square (published while this paper was in preparation) see [13]. 

‘ Partly confirming and partly disproving a conjecture of Toepken (see [18]). 

5 [12], p. 402. 
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to some relations between determinants and the subtrees of a network, and to 
some duality theorems. In §4, these duality theorems are applied to prove 
the converse of §1: that to any “polar net”’ corresponds a squared rectangle; 
and moreover, it is shown that (roughly speaking) the networks which corre- 
spond to the same squared rectangle in its two orientations are dual. In §5, 
the polar net is used to determine all the squared rectangles of a given order; in 
particular, the “simple’”’ perfect rectangles of orders <12 are tabulated. §6 
contains some theorems on the factorization properties of the clements of a 
squared rectangle, as determined in §2; as corollaries, we have some sufficient 
conditions for a squared rectangle to be perfect ((6.20), (6.21)). In §7, we give 
“non-uniqueness” constructions—in §7.1, of rectangles which can be dissected 
into the same elements in essentially different ways, and, in §7.2, of pairs of 
squared rectangies having the same shape but different elements. These con- 
structions depend mostly on considerations of symmetry or duality in the corre- 
sponding networks. In §8, the results of §7.2 are used to give “perfect”’ squares; 
and in §9, a whole family of “totally different’”’ perfect squares is worked out, 
and this leads to the result that every rectangle whose sides are commensur- 
able is perfectible. 

We conclude ($10) by outlining some generalizations—notably “rectangled 
rectangles”, squared cylinders and tori, “triangulated’”’ equilateral triangles, 
and “cubed cubes”. We prove in particular that no “perfect” dissection of a 
rectangular parallelopiped into cubes is possible.° 


1. The net associated with a squared rectangle 


1.1. In any squaring of a rectangle R,’ the sides of all the elements and of R 
will clearly be parallel to two perpendicular lines. We orient R by choosing 
one of these lines to be “horizontal” (i.e., parallel to the z-axis). The distinction 
between this configuration, and its reflections in the coérdinate axes, is unim- 
portant; but it is convenient to distinguish it from FR in the other orientation 
(obtained by rotating R through an angle of $2), called the conjugate of R. 

Consider the point-set formed by the horizontal sides of the elements of R. 
Its connected components will be horizontal line-segments (each consisting 
of a set of horizontal sides of elements of R); enumerate them as p, , --- , Py, 
say, where p;, pw are the upper and lower edges of R. Take N_ points 
P,,---, Pyin the plane. Let £ be an element of R; its upper edge will lie in 
some one of p,, --- , Pw, Say p; : similarly, its lower edge will lie in p; (¢ # 7). 
Join the points P; , P; by a line (simple arc) e. By taking all elements E of R, 
we get a network (linear graph) on P, , --- , Py as vertices and the e’s as 1-cells. 
Figure 1 provides an example. 

The points P; , Py are the poles of the network. We can arrange the joins e 
in such a way that 


* Answering a question raised by Chowla in [5). 
7 Throughout, all squares are supposed to have positive sides; thus zero elements are 
excluded. 
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(1.11) the network is realizable in a plane with no two 1-cells intersecting (except 
at a vertex). 





(1.12) No circuit encloses a pole. 

For we can realize the network as follows. Take P; to be the mid-point of p; ; 
and take e > 0 sufficiently small. For each element E, take the vertical seg- 
ment which bisects EZ, and cut off a length ¢ from each end, leaving a segment 
AB, say. Join the upper end of AB, A, to the P; corresponding to the upper 
boundary of E, by a straight line-segment, and similarly join B to P; corre- 
sponding to the lower edge of E. The path P;ABP; is defined to be e. It is 
now easily verified that (1.11) and (1.12) hold. 


P, 
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Also we have clearly 
(1.13) The network is connected. 

Remark. In general there may be several 1-cells joining two vertices, though 
not if the squaring is perfect. 
(1.14) Derrnitions. A network with more than one vertex, satisfying (1.11) 
and (1.13), is called a net. If two of the vertices of a net are assigned as “‘poles”’, 
and (1.12) is satisfied, the net is a polar net (p-net). The network constructed 
above is the normal polar net of the squared rectangle. 


1.2. Kirchhoff’s laws. With cach 1-cell e = P;P; of our normal p-net, asso- 
ciate the length of the side of the corresponding element E, directed from the 


“upper” point (P;) to the “lower’’ point (P;); call this the current in e. Then 


(1.21) Except at the poles, the total current flowing into P; is zero. 
(For current flowing in = length of p; = current flowing out.) 
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(1.22) The algebraic sum of the currents round any circuit is zero. 
(For the current in a “wire” e = P;P; is the vertical height of p; above p; .) 


(1.23) The sum of the currents flowing into P; = length of horizontal side of R = 
sum of the currents flowing out of Py. 


(1.21) and (1.22) are the usual Kirchhoff laws for a flow of electric current in 
the net from P; to Py , it being assumed that each 1-cell is a wire of unit con- 
ductance. 

[“‘Rectangulations” of rectangles can be dealt with similarly; the conductance 
of e will then be the ratio of the sides of E.] 

Equations (1.21) and (1.22) can be interpreted differently. Consider the 
cellular 2-complex formed by embedding our p-net in a 2-sphere. We have on it 
a Kirchhoff chain (KX-chain), viz., the 1-chain = (current in e)-e. Then 
(1.24) The K-chain is a cycle modulo its poles. (This < (1.21).) 


(1.25) The K-chain is an absolute cocycle. (This < (1.22).) 


2. Some results from the electrical theory of networks 


2.1. In the previous section, we reduced the study of squared rectangles to 
the study of certain flows of electricity in networks. Here we collect the results 
on electrical networks in general which will be useful later. 

Let 91 be a connected network whose vertices are P,, --- , Py (N 2 2). 
The 1-cells are called wires; there may be more than one wire joining two 
vertices, and there may be wires whose two ends coincide. With each wire is 
associated a positive real number, its conductance. We define a matrix {¢;.} 
as follows: 


(2.11) If r ¥ s, 

fsum of conductances of all wires joining P, , P, , 

\0 if there are no such wires; 

¢,, = sum of conductances of all wires joining P, to other vertices. 


Thus 
(2.12) Cro ™ Con 2 Cre = 0. 


—Cr = 


We make the convention that if 91 is explicitly called a net, all its conduc- 
tances are 1. (The matrix {—c,,} is then the product of the usual incidence 
matrix of the oriented network, with its transpose.) 

Let us return to the general case; from (2.12) we can readily show that all 
first cofactors of {¢,.} are equal. We call their common value the complexity 
of the network, and denote it by C. It is known that C > 0. (An independent 
proof is given below; see (3.14).) 

The second cofactor obtained by taking the cofactor of the component e¢,,, in 
the cofactor of ¢,, (r # 8, t # u) is denoted by [rs, tu]. (If N = 2, [12, 12] = 
1 = —[21,12].) We put [rr, tu] = 0 = [rs, tt]. The [rs, tu]’s are called the trans- 
pedances (generalized transfer impedances) of 9. 
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Consider a flow of current from P, to P, (the poles). The currents in the wires 
satisfy (1.21); the potential differences (P.D.’s) satisfy the analogue of (1.22); 
and the total current J is given by (1.23). It is known* that these conditions 
(with Ohm’s Law) determine the flow uniquely when IJ is given, and that 


(2.13) P.D. from P, to P, when current J enters at P, and leaves at Py is 
[xy, rs]-I/C. 

It is convenient to take J = C, thus fixing the values of the currents and P.D.’s 
of the network. The flow with J = C is called the full flow; and we speak 
of the “full currents’’, ete. 

Applying this to the normal p-net of a squared rectangle, where all conduc- 
tances are 1, so that all the transpedances are integers, we see from (1.21)—(1.23) 
and (2.13) that 


(2.14) Every squared rectangle has commensurable sides and elements. 


The H.C.F. of the full currents of 4 p-net is the reduction p of the p-net. 
Notice that p is also the H.C.F. of all the full P.D.’s of the p-net. The flow 
with J = C/p is the reduced flow. 


2.2. Properties of the transpedances. We have 


(2.21) [rs, tu] = [tu, rs] = —[sr, tu], 
(2.22) Dd cuz-[rs, tz] = C+ (re — ber), 
(2.23) [rs, tu] + [rs, uv] = I[rs, tr]. 


(2.22) and (2.23) verify that (2.13) does in fact provide a solution of the 
Kirchhoff equations, and that the current at each pole is C. 
We call [rs, rs] the impedance of r, s, and write it V(rs). Then 


(2.24) Virs) = V(sr), Virr) = 0, 
(2.25) 2-[rs, tu] = V(ru) + Vist) — V(su) — Virt) (from (2.23)), 
(2.26) (rs, tu] + [tr, su] + [st, ru] = 0. 


2.3. Alterations to the network. For later use, we need to know the effect 
on the transpedances of making certain alterations to the network 9. 

I. Introduce a new wire joining a vertex P,, of {to a new vertex Py. Let 
the new wire have conductance c; then, in the new network 9, 


C; = cl, Vi(m0) = C; 
(2.31) lab, zy), = c-[ab, ry] if0 4 a,b, 2, y; {ab, m0], = 0; 
Vi(20) = Vi(am) + Vi(m0) = c-V(am) + C. 


*(8!, pp. 324-331. 
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These results are immediate from the definitions. 
II. Identify two points P,, P, and ignore any wire that may have joined 
them. In the new network 9, 


(2.32) C. = [zy, ry] = V(zry) (from the definitions), 


(2.33) —— [rs, tu]- V (xy) ma ry]-[tu, ry] 





(for these expressions satisfy Kirchhoff’s laws for Mi , and agree with (2.32)). 
In particular, 


(2.34) Vilre) « ~~ s — Irs, ry) 


((2.33) may be generalized as follows: C” divides the (n + 1)-th order deter- 
minants formed as minors of the matrix of transpedances. This is an extension 
of the Cauchy-Sylvester identity.’) 

III. Introduce a new wire of conductance c in 9, joining P, and P,. In 
the new network $i; we have, from their definitions as determinants, 





(2.35) C3 = C+c-V(zy) =C+ce-C2 (from (2.32)); 
(2.36) [rs, zy]s = [rs, zy]; __ in particular, V3(zy) = V(zy). 

Also 

(2.37) [rs, tu]ls = [rs, tu] + c-[rs, tule ; 


for III is a combination of I and II. We introduce a new vertex Po, join it 
to P, by a wire of conductance c, and identify P, and Py. This enables us to 
verify (2.37). 


3. Subtrees of a network: duality 


We shall now characterize the complexity (and hence the transpedances) of a 
network more topologically, in terms of the “‘subtrees’’ of the network. This 
enables us to prove some duality theorems which will be useful later ($4) and 
are of interest in themselves. 


3.1. As in the previous section, let {i be a connected network with conduct- 
ances. By a subnetwork ON of N, we mean a network consisting of all the 
vertices of Sl and some (or all) of the wires of MN. A subtree of Mis a sub- 
network which is a “tree’’; i.e., is connected and has no circuits. Enumerate 
all the subtrees of 9; let M, be the product of the conductances of the wires 
of the r-th tree. Define H by: 


(3.11) H => M.,. 


®{19], p. 87. 
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When a new wire of conductance c is inserted joining P,, P,, let “H”’ for 
the new network be H; ; and when P,, P, are identified (as in §2.3, IT), let 
“H”’ become H:.. Clearly, 


(3.12) H; = H+ c-H:2. 


But this is the relation which holds between the complexities of these net- 
works (2.35). 

Also, for a connected network with only two vertices, C = sum of conduct- 
ances of the wires joining P; to Pp = H. Hence, by induction on the numbers 
of vertices and wires in 91, we have: 

(3.13) THEeoreM. For any connected network with more than one vertex, having 
conductances assigned to the 1-cells, C = H. 


If the conductances are all positive, we clearly have H > 0. This proves 
(3.14) C> 0. 


This interpretation of complexity in terms of trees enables us, if (2.32) is used, 
to express V(zy) in terms of the trees of networks formed from {I by identifying 
certain pairs of its vertices, and hence in terms of the “tree-pairs”’ of 91 (formed 
by omitting one wire from a subtree). Hence, using (2.25), we can get similar 
interpretations for all the transpedances. 

In the case of a net, all conductances are 1, so H = number of subtrees of MN; 
thus (3.13) gives an explicit formula for the number of subtrees of any con- 
nected network, in terms of the incidences of the network. 


3.2. Duality relations. Now suppose that 91 can be imbedded in a 2-sphere, 
and let 91* be its dual on the sphere. The conductivity of a wire of 9i* is de- 
fined to be the reciprocal of that of the dual wire of MN. Thus 9** = M1, and 
the dual of a net is a net. The codual of a subnetwork OW of Yi is the sub- 
network OI’ of Yi* whose 1-cells are those not dual to any wire of Di. Clearly 
Ma = OM. 

It can be shown that 
(3.21) A subnetwork ON of M is a tree if and only if both ON and OW are 
connected. 


Hence 
(3.22) If OW is a subtree of M, then MI is a subtree of NI*; and conversely. 


Let M* equal the product of conductances of wires in the subtree (of 91U*) 
which is codual to the r-th subtree of M. Let w equal the product of conduct- 
ances of all wires of Mi. Then, clearly, 


(3.23) M, = w-M?. 


” This result is due in principle to Kirchhoff ([9], p. 497). Cf. also [3]. 
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Hence, using (3.22), (3.11), and (3.13), we have 
(3.24) If C* is the complexity of the dual of MN, w-C* = C. 
In particular, we have proved 


(3.25) THeoreM. Dual nets have equal complexities. 


3.3. Polar duality. Let Pbe a p-net. By (1.12), we can join the poles of ? 
by an extra wire é , without violating (1.11). The resulting net C is called the 
completed net (c-net) of P. Let C be imbedded in a 2-sphere, and let C* be the 
dual of C. From ¢* omit ¢9 , the dual of ¢ , and take the ends of ¢9 as poles. 
We get a p-net 9’, the polar dual of 9." 

Clearly 9” = &. 

(The importance of polar duality arises from the fact that, as we shall show 
in §4.3, polar dual p-nets correspond to the same squared rectangle in its two 
“orientations” (§1.1).) 

The p-dual (polar dual) of any 1-chain on Y is defined in the obvious way (as 
having the same multiplicity on e; as the given chain has on e¢;). 


(3.31) THeorem. The p-dual of the full Kirchhoff chain on a p-net P is the 
full Kirchhoff chain on the p-dual p-net 9’. 


Proof. We use S59 to denote the cellular 2-complex formed by a network 
“% imbedded in a 2-sphere. F, 6 are (as usual) boundary and coboundary 
operators, and * denotes duality with respect to the 2-sphere. 

By (1.24), (1.25), the full K-chain K on # is a eycle relative to P; , Pw (the 
poles of f), and an absolute cocycle on SY. Hence, in SC (where €@ is the com- 
pleted net of P) Kis 

(i) a relative cycle mod P,, Py, and 

(ii) a relative cocycle mod the two 2-cells, say o; , oz, which have incidence 
with e , the “extra” join. 

Dualizing, in 5C*, we see that “K* is 

(i) a relative cocycle mod the 2-cells P} , Py and 

(ii) a relative cycle mod o; and o2 , the poles of 9. 

But K* has zero multiplicity on e¢ , for K has zero multiplicity on @¢. Hence 
K* is (from (i)) a cycle on Y’ mod its poles, and (from (ii)) a cocycle on SP” 
mod the 2-cell consisting of P? and P* together. But a single 2-cell cannot be 
a coboundary ; for, dualizing, this would require a single vertex to be a boundary. 
Hence “K* is an absolute cocycle on S59’, besides being a cycle mod its poles. 
So K* is a K-chain on 9”. 

Let K”’ be the full K-chain on 9’; thus K* = k.K’, for some k. 


1 There may be several ways of placing ¢» on the sphere, and consequently several polar 
duals of P (differing, however, only trivially). We suppose that one of these is chosen 


arbitrarily. In the open plane, a convention will be introduced to make {?’ unique; ef. 
§§4.2, 4.3. 
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Let Phave complexity C, and V(1N) = V. Let the corresponding numbers 
for ’ be C’, V’. Using (2.22) (with cz. = 1), we have, in 9, 
F(K) = C-(P, — Py). 
Therefore, in SP, 6(K*) = C-(PT — Px) (these cells being oriented suitably). 
So 
(sum of currents around F(P}) in X*, 


C= {sum of currents along a path joining the end-points of e, 
\total P.D. between the poles of 9”, in the flow **. 


Thus 

(3.32) C=k.V’. 
Similarly, 

(3.33) C’ = (1/k)-V. 


Now, by (2.35), the complexity of Cis C + V. Similarly, the complexity of 
Cris C’ + V’ = k.(C + V), by (3.32), (3.33). But by (3.25) these complexities 
are equal. Hence k = 1, and K* is the full K-chain on 9. 


4. The correspondence between p-nets and squared rectangles 


4.1. We now sketch a proof showing that to each p-net corresponds a 
squared rectangle. This correspondence is many-one and is clarified by in- 
troducing the “normal form” of a p-net (§4.2). We can then set up a 1-1 
correspondence between classes of p-nets (having the same normal form) and 
“oriented”’ squared rectangles, and can prove that p-dual p-nets correspond 
to “conjugate” squared rectangles. (Cf. $1.1.) 


(4.10) Lemma. For a K-chain in a p-net 9, whose poles are P,, Py (suitably 
numbered), 


(4.11) the potential of each vertex lies between the potentials of ‘the poles; 
(4.12) no currents go into P,, or out of Py; 


(4.13) at a vertex P;, there is an angle (in the plane) containing all ingoing cur- 
rents, whose reflex contains all outgoing currents; 


(4.14) on the boundary of a 2-cell of SY, there are two vertices P;, P; such that 
no current round this boundary goes from P; towards P;. 


(We make the convention that zero currents do not go in or out.) 

Proof. Let P; be any vertex, and suppose a current goes into P;. Then 
a current goes out of P; along at least one wire, ending at P; , say; and so on, 
until we reach a pole Py (say). All this time the potential has been falling, 
so Py is eventually reached; and the potential of P; is thus not less than that 
of Py. If all the currents at P; are zero, we can connect P; to a vertex P; at 
which not all currents are zero, by a path of zero currents; and P,;, P;, have 
the same potential. Thus in all cases the potential of P; is not less than that 
of Py ; and similarly it is not greater than that of P;. This proves (4.11). 





ies 


ur- 


hat 


ren 
on, 
ng, 
hat 
: at 
ave 
hat 





DISSECTION OF RECTANGLES INTO SQUARES 321 


(4.12) follows at once from (4.11). 

(4.13) has been proved for the poles; so let i # 1, N, and suppose that two 
outgoing currents at P; separate (in the plane) two ingoing ones. As in the 
proof of (4.11), we can continue each of the first two wires into a path down to 
Py, along which the current falls; and similarly we can extend the other two 
wires into paths of rising potential up to P;. Hence one of the two former 
paths must intersect one of the latter again, say in P; (¢ # j). The potential 
of P; is both less than and greater than the potential of P;. This is a contra- 
diction, and so (4.13) is proved. 

(4.14) follows from (4.13) and (4.12) by dualizing, if we use (3.31). 


4.2. Normal form of a p-net. Let 9 be a p-net imbedded in the open plane 
in such a way that its poles, P; , Py , can be joined in the “outside region” of 
SY. (That is, is first imbedded in the closed 2-sphere, an extra join é of the 
poles is inserted, and the “‘point at infinity” is then taken to be in the 2-cell 
of SP which contains ¢).) We define the normal form of 9, as so placed in the 
plane, as follows: 

Consider any (not identically zero) K-chain K on Y Some currents may 
be zero; delete the corresponding wires, and delete all vertices at which all 
currents are zero. Since C > 0, we are left with a p-net still, having P,, Py» as 
poles. Using (2.31), (2.37), (2.36) (with c = 1), we see that K is a K-chain for 
the new p-net 9. Next take each finite 2-cell of SN, and consider the vertices 
on its boundary. By (4.14), the 2-cell with its boundary is homeomorphic to a 
convex polygon which has one highest point and one lowest point, and in which 
the potentials of the vertices increase with their heights. Moreover, they 
increase strictly; for now no currents are zero. Hence equipotential vertices 
on this boundary occur at most in pairs, which can all be respectively identified 
by a deformation across the 2-cell. Making all these identifications for all the 
finite 2-cells, we end with a p-net Mo, on P; , Py as poles, on which X is still 
a K-chain (by (2.33)). And there are now no two vertices at the same potential 
which can be joined without crossing some wire of Dip , or separating the poles 
in the “outside” region. In particular, there are no zero currents. , is 
called the normal form of Y, in its given imbedding in the plane. 

Notice that, while we have proved that YP, Ny have the same reduced K-chains, 
they need not have the same full K-chains. 

It is easily seen that the normal p-net of a squared rectangle is its own normal 
form. 


4.3. We next prove 


(4.31) THrorem. To every p-net Pin the open plane corresponds a squared rec- 
tangle R, whose normal p-net is the normal form of PY. Polar dual p-nets correspond 
to conjugate squared rectangles. 


(The polar dual of a p-net Pin the open plane is itself put in the open plane 
in the obvious way—eo is taken to be in the “outside’’.) 
Proof. Consider the full K-chain *K on 9 and its dual, the full K-chain on 
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the p-dual net Y’. (By (3.31).) Let P have complexity C, and let the P.D. 
between its poles be V (= V(zy)). Thus ((3.32), (3.33)) the analogous numbers 
for 9’ are V and C respectively. We can take the lowest potentials in Pand FP’ 
to be zero. Suppose a wire e in Phas its end-points at potentials V;, Ve, and 
its dual e* has its end-points at potentials Vi, V;. If « is a number such that 
Vi <u < Ve, we say that e comprises ( , u); and if \ is such that Vi} <A < V2, 
then e comprises (A, ). If both relations are true, we say that e comprises 
(A, m). 

Now, observing that Ve — V; = current in e = current in e* = V;—- Wie 
we construct a squared rectangle R as follows: In a rectangle of height V and 
base C, we take, for each wire e of 9, the (closed) square E whose horizontal 
sides are at a height V; , V2 above the base (z-axis) and whose vertical sides are 
at a distance V; , V; to the right of the left-hand vertical side (y-axis). If the 
current in e is zero, this square reduces to a single point, and is omitted. 

Let \ ¥ any potential of a vertex of 9’, and » ¥ any potential of a vertex of 
Y. Then, if0 <A < C,and0 < yu < V, we have the following: 

The wires (of Y) comprising (A, ) form a single path from pole to pole, along 
which the direction of the current is constant. For, by (4.12) and duality, 
there is just one such wire terminating at each pole; and from (4.14), if one 
such wire carries current to a vertex, then just one such wire carries current 
from that vertex, and no more such wires terminate at that vertex. 

Along this path, the potential increases steadily from pole to pole; also, by 
choice of A, the currents along the path are non-zero. Hence just one wire in 
it comprises ( , u). So just one wire of Y comprises (A, uw). Thus the point 
of codrdinates (A, u) belongs to just one of the squares E. It follows that the 
whole rectangle is filled completely and without overlap (except of boundaries 
of squares). 

It is easy to see that the normal p-net of the squared rectangle so constructed 
is—to within reflection in the axes (which we always disregard)—the normal 
form of Y. Also, it is clear from the construction that the squared rectangle 
assigned to differs from that assigned to Y’ only by interchange of horizontal 
and vertical; i.e., the two squared rectangles are conjugate. 

In this way, we have a 1-1 correspondence between classes of p-nets in the 
plane having the same normal form, and ‘“‘oriented’’ squared rectangles. 

Derinitions. As suggested by (4.31), the complexity of a p-net is called 
its (full) horizontal side (often written H instead of C); and the full P.D. between 
its poles is its vertical side (V). The “full elements” and ‘full sides” of a 
squared rectangle refer to those of its normal p-net. The “reduced elements” 
will be the same for all corresponding p-nets. 


4.4. Defining a cross as a point of a squared rectangle which is common to 
four elements, and an “uncrossed’”’ squared rectangle as one which has no 
crosses, we have: 


The normal p-nets of uncrossed conjugate squared rectangles are p-duals. 
For let P be the normal p-net of the squared rectangle R; and let 9” be the 


p-dual of . Let 2 be the normal p-net of the conjugate R’ of R; thus, from’ 
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§4.3, 2 is the normal form of ¥’. Now, in deriving the normal form of # (as 
in §4.2) there are no zero currents to suppress; and there are no identifications 
of vertices possible, as otherwise R’, and hence R, would have a cross. So 
f’ = 9. That is, Pand Q are p-duals. 

(This result could be extended to crossed squared rectangles by making a 
suitable convention modifying the normal p-net when crosses are present; e.g., 
by regarding a cross as an “element of side zero’’. 


5. Enumeration of squared rectangles 


5.1. Computation. To find all the squared rectangles of a given order n, we 
have only to make a list of all p-nets having n wires. There is no difficulty in 
this, if m is not too large. We can save some labor by noting that p-dual nets 
give essentially the same rectangles; also we can assume that no part of a net, 
not containing a pole, is joined to the rest only at one vertex. (For the currents 
in this part would all be zero, whereas we can restrict ourselves to “normal 
forms’’.) A convenient way of carrying out the calculations is to consider 
the e-nets. From each net of n + 1 wires, we remove one wire and take its 
end-points as poles in the remaining net (if it is a net; i.e., is connected). Dual 
e-nets give rise to pairs of polar dual p-nets; so we need consider only half the 
e-nets. The working can be simplified by a proper use of §2.2. In practice, 
the Kirchhoff equations are best solved directly (without using determinants) ; 
a single determinant then gives the full elements for all the p-nets derived 
from one c-net. 

It follows from §2.3 that all p-nets derived as above from the same c-net 
will have the same (full) semiperimeter, viz., the horizontal side of the c-net; 
and that two p-nets which differ only in the choice of poles, and their (non-polar) 
duals, all have the same (full) horizontal sides, viz., the complexity of the nets. 
(By (3.25).) Thus a number which appears in the (n + 1)-th order as a side 
appears (several times) in the n-th order as a semiperimeter. These facts are 
illustrated in the table below (§5.3). 


5.2. The perfect rectangles of least order. “Simple” perfect rectangles 


(5.21) A squared rectangle which contains a smaller squared rectangle (and any 
p-net corresponding to it) is called compound; all other squared rectangles and 
p-nets are simple. A p-net Y, without zero currents, which has a part Q such 
that 2 contains more than one wire, ~ Y, is joined to the rest at only two 
vertices Q, , Qe , and contains no pole (except perhaps for Q; or Qz) is compound. 
For 2 must be connected; and the squared rectangle corresponding to ¥ will 
contain the smaller squared rectangle which corresponds to 2 (with Q:, Qe 
as poles). 


(5.22) “Trivial” imperfection. If a p-net has two equal non-zero currents, it 
is imperfect, and these currents constitute an “imperfection”. (This is equiv- 
alent to saying that the corresponding squared rectangle is not perfect.) If a 
p-net has a part, not containing a pole, joined to the rest by only two wires, or 
if it has a pair of vertices joined by two (or more) wires, these two wires will 
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clearly have equal currents. If these currents are non-zero, the resulting 
imperfection is said to be trivial. A p-net which has a non-trivial imperfection 
is called non-trivially imperfect. A non-trivially imperfect p-net may or may 
not have a trivial imperfection. 

We now have the theorem: 


(5.23) The c-net derived from a simple perfect rectangle has no part (consisting of 
more than one wire and of less than all but one wire) joined to the rest at less than 
three vertices; and the same is true of its dual. 


For the normal p-net of the simple perfect squared rectangle (or of the con- 
jugate squared rectangle) will otherwise have a zero current, or a trivial imper- 
fection, or be compound. 

A perfect rectangle of the smallest possible order must evidently be simple. 
Applying (5.23) to the method of §5.1, we readily find that 

There are no perfect rectangles of order less than 9, and exactly two perfect rec- 
tangles of order 9. 

Of the latter, one is well known;” the other is, we believe, new and has been 
drawn in Figure 1. 

Below, we give a list of the simple perfect rectangles of orders 9-11. The 
compound perfect rectangles of these orders follows trivially. 





5.3. Table of simple perfect rectangles. 





| 








| be = 16, ed = 4, bf = 50, ef = 34, df = 30. 
130, 94 224. ab = 44, ac = 38, ae = 48,cbh = 6,ce= 10, 2 
cd = 22, ed = 12, bf = 50, df = 34, | 


| = Description of Polar Net Reduc- 
Order | Full Sides | cog Racing tae P,to P, = ab) ct 

9 66, 64 130 ab = 30, ac = 36, bd = 14, cd = 8, be = 16, 2 
de = 2, ef = 18, df = 20, cf = 28. | 

69,61 | 130 | ac = 25, ab = 16, ae = 28, be = 9,bd =7,| 1 
de = 2, de = 5, cf = 36, ef = 33. 

10 114,110 224 ab = 60, ac = 54, ch = 6, ce = 22,cd = 26, | 2 
| 


ef = 46. 
104,105 | 209 | ab = 60,ac = 44,cb = 16,cd = 28,bd = 12,| 1 
be = 19, de = 7, bf = 45, ef = 26, df = 33. 
ab = 44, ad = 26, ae = 41,dc = 11,de=15,| 1 
ce = 4,cb = 7, eb = 3, bf = 54, ef = 57. | 
ab = 34, ac = 19, ad = 23, ae = 39, cb = 15, 1 
cd = 4,de = 16, db = 11, bf = 60, ef = 55. | 
130,79 | 209 | ab = 34,ac = 23,ad = 35,ae = 38,cb=11,) 1 
cd = 12, de = 3, bf = 45, df = 44, ef = 41. | 


111, 98 209 


115,94 | 209 


2 First found, apparently, by Moron [11]. See also [10], p. 272; [2], p. 93; [14], p. 8; 
and [4]. 
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The full sides and semiperimeters of the simple perfect rectangles of the 11-th 
order are: 

















Order Semi- Sides 
perimeter | 

11 336 127, 209; 151, 185 

353 144, 209; 159, 194; 162, 191; 166, 187; 168, 185; 176, 177 

368 159, 209; 169, 199; 172, 196; 177, 191; 183, 185 

377 168, 209; 178, 199; 183, 194 

386 162, 224; 177, 209; 181, 205; 190, 196; 191, 195; 192, 194 
Four of these are reducible, with reduction = 2; these are the rectangles 


whose sides are both even. 
Of the 67 simple perfect rectangles of the 12-th order, eleven have reduction 
2, eight have reduction 3, and one has reduction 4. 


6. Theorems on reduction 


In perfect rectangles of higher orders, much larger reductions occur; for 
example, a 19-th order rectangle with reduced sides 144 and 155 has p = 80. 
Its reduced elements are: ab = 46, ad = 40, af = 28, ag = 41, be = 10, bi = 
36, ci = 26, de = 16, de = 3, dh = 21, eh = 18, fe = 15, fg = 13, gk = 54, 
hl = 39, 77 = 62, kj = 49, kl = 5, lj = 44. 


6.1. The following theorems on reduction are of interest. 
(6.11) THeorem. If one of the currents in a p-net is zero, the net is reducible. 


Let the poles be P,, P,, and the zero current be in a wire joining P,, P,. 
Then the transpedance [rs, zy] is zero. On removing the wire in question (use 
(2.37) with c = —1, and (2.33)), the new value for [rs, tu] is 

(re, tu)’ = [re, tu) — (78 ul-VGey) — Ire, zyl- leu, zy) 
C 
C — V(ry) 
= [rs, tu]. * i =. 

Now, C > C — V(ry) = C’ (by (2.35)) > 0 (by (3.14)). Hence the H.C.F. 
of the [rs, tu]’s must be at least C/(C — V(zy)) > 1. 

DeFINiTION. Let a positive integer n = m-k*, where m is square-free. Then 
k is called the lower square root of n, and mk is the upper square root. 

(6.12) THrorem. Let the full sides of a p-net be H, V. Then the reduction p 
is a multiple of the upper square root of the H.C.F. of H and V. 


By (2.34), remembering that V2(rs) is an integer, we have 
C divides V(rs)-V(xy) — [rs, ry)’. 


Since C = H, and V(rs) = V (taking P,, P, as poles), it follows that the 
H.C.F. of H, V divides [rs, xy]’; whence the result. 
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(6.13) Corotitary. If the reduced sides of a squared rectangle have H.C.F. o, 
then the reduction of any corresponding p-net is divisible by o. 


(For, by (6.12), o is a factor of the lower square root of the H.C.F. of the 
full sides and hence—since the lower square root divides the upper—of p.) 
(An example is the rectangle 96 X 99 given in §7.1.) 


(6.14) CoroLLtary. Any p-net of a squared square has for reduction a multiple 
of its reduced side. 


(6.15) CoroLttary. A necessary and sufficient condition that a p-net be irreduci- 
ble is that its two full sides be coprime. 


(6.16) THEorEM. All non-trivially imperfect p-nets are reducible. 


(6.17) Lemma. If H, V,k are positive integers such that, for each positive integer 
n, (H + nV,k) > 1, then H, V, k all have a common factor greater than 1. 


Proof. Let No be the product of all the primes which divide k but not H. 
(Empty product = 1.) Let po be a prime factor of (H + NoV,k). Suppose 
pot H. Then po| No. Hence, since po | (H + NoV), we have pp | H, and this 
is a contradiction. So py | H. Therefore po divides NoV but not No ; so that 
po divides V as well as H and k. 

Proof of (6.16). Now let Y be a p-net with full sides H (= C) and 
V (= V(1N)); and let a non-trivial imperfection be [1N, ab] = [1N, pq] = k, 
say. Thus k > 0, and we do not have both a = pandb = gq. (Else the im- 
perfection is trivial.) 

Join P;, Py to produce the completed net C. Let 2 be the p-net formed 
from @ by taking P, , Py as poles, and omitting one wire joining P,, P,. (Of 
course, there is such a wire; there may be several. It is easy to see, from 
considerations of “triviality’, that 2 is connected, and therefore a p-net.) 
Applying (2.33) to @, and using (2.35), (2.36), (2.37), we have 


(6.18) (H + V)|k-(V(ab) — [ab, pq), 


where V(ab), [ab, pq| refer to the p-net formed by @ with P, , P; as poles, and 
hence (2.36) refer equally well to Q. 

Now, we have 0 < V(ab) — [ab, pq] S semiperimeter of 2, with equality 
only if the current [ab, gp] equals the total current of 2. In this case, C must 
consist of two parts, joined only by the two wires P,P, and P,P,. Further, 
P,, Py, being joined in @ by a wire not P,P, or P,P, , must lie in the same 
part. Hence the imperfection in # with which we started was trivial. 

Hence (6.18) gives (since semiperimeter of 2 = complexity of C = H + V) 
(6.19) (H + V,k) > 1. 

Now let n be any positive integer. Join P;, Py by n — 1 extra wires (of 
unit conductance). The new p-net will have the same non-trivial imperfection 
(by (2.36)), so, applying (6.19) to the new net, and using (2.35), (2.32) re- 
peatedly, we have 

(H + nV,k) > 1. 








ci- 
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The lemma (6.17) now shows that (H, V) > 1. Hence, by (6.15), # is 
reducible. 


(6.20) Coro.tiary. All irreducible p-nets having no trivial imperfections give 
perfect squared rectangles. 


(6.21) Coro.iary. If the complexity of a c-net is prime, all the squared rectangles 
derived from it (as in §5.1) will be perfect. 
These results are sometimes useful as tests for perfection. 


For the reduced elements, we can prove (using the Euler polyhedron formula, 
and some consideration of the various cases) 


(6.22) At least three of the reduced elements of any perfect rectangle are even. 
(Three is the best number possible.) 


7. Construction of some special squared rectangles 


7.1. Conformal rectangles. Two squared rectangles (or p-nets in this plane) 
which have the same shape (that is, have proportional sides) but are not merely 
rigid displacements of each other (in the case of p-nets, have not the same normal 
form) are called conformal. An example of a conformal pair is provided by the 
9-th order rectangle 64 X 66 and a 12-th order rectangle of reduced sides 96, 99, 
whose (reduced) net is specified by: ga = 31, ge = 21, gc = 44, ea = 10, ed = 
11, ad = 1, de = 12, ac = 13, ab = 27, cb = 14, bf = 41, cf = 15. 

Two conformal rectangles need not have the same full sides or reduction; 
for example, the rectangle 96 XK 99 has reduction 3 (ef. (6.21)). 

We now show how to construct conformal pairs having the same reduced 
elements (but differently arranged). 

Suppose that a p-net Y has a part 2 joined to the rest only at vertices 
Ai, ---,Am, say, and containing no pole different from an A;. If 2 has rota- 
tional symmetry about a vertex P, in which the A’s are a set of corresponding 
points, then a simple symmetry argument shows that the potential of P (in 2) 
will be the mean of the potentials of A,;,--- , Am. Hence if this is also true 
for another vertex P’, P and P’ will have equal potentials. 

Coalesce P and P’, forming (if this can be done in the plane) the p-net 9%. 
If C is the complexity of Y, we see from (2.33) that, if [ab, 1N] and [ab, 1N]-. 
are corresponding elements in f and Y (with 1, N referring to the poles), 


Hence the elements of { are proportional to those of P; Pand % have the same 
reduced elements and sides. Their reductions are clearly in the ratio C: V(PP’). 
This construction enables conformal p-nets with the same elements to be 
written down. 

A simple example is shown in Figure 2. Here A; and Ag are poles. The 
rectangles are perfect and simple, and have reductions 5 and 6, and reduced 
sides 75 and 112. 
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In a more complicated example, illustrating a variation on the method, we 
make the potentials of three points P,;, P2, P; equal. Although the network 
we start with is not planar, it becomes so when either P;P: or P;P; coincide. 
Such a network is specified below. It gives conformal simple perfect rectangles 
of the 28-th order, with reductions 96 and 120, reduced sides 6834 and 14065, and 
reduced elements: A,a = 3288, AiP; = 3480, A4ib = 2512, Aid = 2247, Ayi = 
2538, aP; = 192, aA3 = 3096, bP; = 968, bAs = 1544, PyAo = 576, P,As3 = 
2904, Psc = 1160, Ase = 584, cA3 = 1744, de = 1014, dP. = 1233, eA2 = 795, 
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eP, = 219, iP, = 942, th = 1596, Poh = 654, Pof = 579, Pog = 1161, hA; = 
2250, Aef = 3, fg = 582, gA; = 1743, A2A; = 2328. (The poles are A; and A3.) 

These examples show that, even when the sides and elements of a simple 
perfect rectangle are given, the configuration is far from uniquely determined. 

We now turn to the opposite problem of constructing conformal pairs of 
squared rectangles having different sets of elements. Again, symmetry con- 
siderations enable us to do this. We are led to pairs of rectangles (and p-nets) 
which are not merely conformal but have the same full sides. Such pairs are 
said to be equivalent. 


7.2. Symmetry method. Let a p-net Phave a part 2 joined to the rest only 
at vertices A;,---, Am, and containing no pole different from an A;. Sup- 
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pose that 2 has rotational symmetry in which the A’s are a set of corresponding 
points, and that Q is not identical with its mirror-image. ® is the rotor, and 
the wires of  — Q form the stator. In Y, replace 2 by its mirror-image. It is 
easy to see that the full currents in the stator will be entirely unaffected, though 
(in general) the rotor currents will change. (This can be proved, e.g., by 
induction over the number of wires in the stator, if we use §2.) So we have, in 
general, a pair of equivalent rectangles, with different (though overlapping) 
sets of elements. 

One of the simplest examples of this method is shown in Figure 3. This 
gives equivalent simple perfect rectangles of order 16, reduction 5, and reduced 
sides 671 and 504.” 


: 
4/ 
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We may generalize this method by noting that it remains effective when some 
of the A’s are coincided (corresponding to the introduction of “wires of infinite 
conductance” in the stator). Or, again, we may take the stator to be itself a 
rotor, with A;, --- , Am as its set of corresponding points (with possible coin- 
cidences). By reflecting both parts we can get pairs of equivalent rectangles 
having no elements in common. 


7.3. Special methods. The preceding methods (and similar ones based on 
duality instead of symmetry) are useful for existence theorems, as in the next 
section; but other devices are more suitable for producing equivalent rectangles 
of small orders. 

If,-in a c-net @, we can find two wires whose end-points—say P,, P, and 
P,, Py, respectively—satisfy 


(7.31) Vi(ab) = V(zry) (in €), 


13 The rotor of Figure 3 has a remarkable property. If currents J;, J2, 7; (summing 
to zero) enter the rotor (considered as a net) at A;, Ao, As, then the currents in B;C,, BiC2, 
B,C; will be 1,/7, 12/7, 13/7, respectively. This explains the ‘‘extra’’ equalities of the 
currents in Figure 3. Other rotors of 15 wires (having the same type of symmetry) behave 
in a similar way. This phenomenon is not yet fully explained. 
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then the corresponding p-nets (obtained from C@ by omitting each of the two 
wires in turn, and taking its ends as poles) will be equivalent, if not identical. 
For they have the same semiperimeter in any case, viz., the complexity of C. 

By using the properties of symmetrical or self-dual networks, we can often 
demonstrate an equality like (7.31). For example, in Figure 4, it is clear that 


(7.32) V(gh) = V(cb) 
and 
(7.33) [da, gh] = 0. 
Hence (by (7.33) and (2.23) and symmetry) 
(7.34) [de, gh] = [ae, gh] = [de, cb]. 


Now, (7.32) and (7.34) imply (if we use (2.37) and (2.33)) that the impedances 
of gh and cb remain equal when we add a wire joining de. Hence this new c-net 


YW] 
Va* 


Fic. 4 


satisfies (7.31), and so we get a pair of equivalent squared rectangles of the 
12-th order. These rectangles are perfect, and provide the simplest example 
of equivalence among perfect rectangles. They both have reduction 2 and 
reduced sides 142 and 162. Their (reduced) specifications are respectively: 


gf = 57, gd = 85, dh = 77, de = 12, ad = 4, fe = 40, be = 13, eh = 65, 
ab = 3, ca = 7, ch = 10, fe = 17; and ef = 59, ca = 83, fe = 40, fg = 19, 
gh = 10, he = 11, gd = 9, dh = 1, ad = 4, de = 12, eb = 63, ab = 79. 


8. Construction of perfect squares 


8.1. Definition. Two conformal rectangles are said to be totally different if 
C, times an element of the first is never equal to C,; times an element of the 
second, where C,, Cz are their respective (corresponding) horizontal sides. 

For equivalent rectangles this is equivalent to: No element of the first equals 
an element of the second. 

A pair of totally different simple perfect squared rectangles gives us a perfect 
square at once; we have only to place them as in Figure 5, and add two corner 
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squares. This idea, though often in modified form, underlies all the construe- 
tions for perfect squares in this paper. 


(8.11) It is easy to show (by the use of determinants) that if H, V and H’, V’ 
are the full sides of the rectangles used in this construction, then the resulting 
square will have full side (H + V)-(H’ + V’). In particular, if the rectangles 
are equivalent, the full side of the square is the square of an integer. 
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8.2. Symmetry method. Equivalent perfect rectangles constructed as in 
§7.2 can be used to give us a perfect square. The stator is taken to be a single 
wire A;A ; (drawn outside the rotor), one of whose end-points is a pole. The 
equivalent rectangles so obtained will have, in general,’ just one element in 
common, the element corresponding to this stator. As this element is placed 
at a corner in both rectangles, we may “overlap” the rectangles as in Figure 6 
to get a square. 

One of the simplest perfect squares formed in this way is based on the rotor 
and stator shown in Figure 7. The square is of the 39-th order. 


(8.21) It can be shown that, if H, V are the full sides of the equivalent rectangles 
used in this construction (§8.2), and E is the common element, then the full 


4% The “exceptional case’’, in which two elements from the following set: the rotor, its 
reflection, and the stator-element, are equal, seems in practice to be rare. It does occur, 
however, if the rotor has trivial imperfections, or if it has too much symmetry, or if it has 
triad symmetry and only 15 wires (ef. the previous footnote). 
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side of the resulting squared square is (H + V — E)’, the square of an integer. 
In the case of triad symmetry (m = 3 in §7.2), we can show that E.(2H + 2V — 
E) = HV, so that the full side of the squared square is, in this case, 
H? + HV + V’. 


8.3. Perfect squares of smaller orders. A perfect square of much smaller 
order is given by an elaboration of §7.3. We can show by an argument similar 
to that in §7.3, but longer, that in the net shown in Figure 8, V(cf) = V (ge). 

(We use the facts that, if g and f are coalesced in Figure 8, the net becomes 
symmetrical and self-dual, and that Figure 8 resuits from Figure 4 by joining 
de.) Hence the two p-nets obtained by taking respectively c, f and g, e as 
poles in Figure 8 are equivalent (for their horizontal sides both equal the com- 
plexity). They are in fact perfect and totally different; and, though not both 
simple (the c, f one being obviously compound), the method of §8.1 is easily 
modified to give a perfect square, which is drawn in Figure 9. It is of the 26-th 
order. (The least possible order of a perfect square is unknown.) 

We have also constructed, in a similar way, two perfect squares of the 28-th 
order, each of full side (1015)’ and reduced side 1015.”° 


8.4. Simple perfect squares. The perfect squares constructed so far have all 
been compound. By generalizing the method of §8.2 to certain ‘‘squared 


polygons’’, we can obtain “simple” perfect squares. 
First, let Dl be a net with A, --- , A» as the vertices of its ‘‘outside’’ poly- 
gon, in order. Consider an electric flow in 91 in which all of A;,--- , A» are 


poles—i.e., in which currents J; (not all zero) enter Mat A; (> J; = 0). Sup- 
pose that J; 2 Oifi > 1. (This could be weakened; but some restriction on 
the order of the ingoing and outgoing currents is necessary.) Then the flow 
in Ml corresponds to a squared polygon, of angles 4a and r. 

Proof. We reduce the number of poles of 91 as follows: Suppose A; is at 
potential V;. Suppose there is more than one 7 for which J; > 0; let 1’, 2’ be 
the least and second least such 7’s. If Vi; = V2, coalesce Ay and Ag (by 
joining them by a line outside the polygon A, --- A» and shrinking the line 
to a point); and let current J,, + J, enter there, the other currents being as 
before. The currents in 9 will be unaltered, and there is now one fewer positive 
current entering the network. If Vi; # V2, wecan suppose Vy, > Vo. Join 
Ay , Ay by a wire of conductance I_-/(Vi- — V2) (passing outside the polygon 
A, --- Am) and take currents (I), + Ig-) at Ay, 0 at Ay and J; at A, for the 
other 7’s. Again, the currents in 9 will be unaltered, and one fewer positive 
current enters the system. Repeating this process till there is only one positive 
external current left, we have the flow in 9 “imbedded” in a flow with only 
two poles; in fact, in a p-net flow (except that some of the extra wires may have 
conductances different from 1). This corresponds to a “rectangled rectangle” R. 


% See [16). 
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Stripping off the elements of R which correspond to the extra wires, we are 
left with a squared polygon, corresponding to MN. 

Since the currents J; are (apart from sign) at our disposal, the shape of the 
squared polygon can be controlled. (It has m — 2 degrees of freedom.) 

Now take for 9l a pure rotor—i.e., a network having skew symmetry; and 
suppose that the points Ai, --- , Am are a set of corresponding points in MN. 
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If 9 is replaced by its reflection (leaving the currents 7; invariant), the new 
squared polygon will have the same shape as the old—in fact, the two squared 
polygons will be “equivalent”. For, as in §7.2, the rectangled rectangle R will 
be replaced by an equivalent one, in which the “extra” elements are the same as 
before. 

‘By combining such a pair of equivalent polygons, as in Figure 10, and ar- 
ranging their shape so that the overlapped portions coincide with elements 
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(which are then removed), and inserting three extra squares (in the center and 
at the corners), we can obtain a “‘simple’’ perfect square. 

For instance, the rotor shown in Figure 11 gives rise to a simple “uncrossed”’ 
perfect square of order 55, which, when drawn out, disguises its symmetrical 
origin very skillfully. 
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9. Perfect subdivision of the general rectangle 

9.1. We begin by proving: 

(9.11) There exist infinitely many totally different perfect squares. 

We construct such an aggregate of squares by the method of §8.2, taking for 
our equivalent rectangles those furnished by the “rotor-stator’ diagram (ef. 
§7.2) of Figure 13. In this diagram, A;, Ae are the poles, and the wire A,A3 
is the stator. The three “‘resistances’”’ A,B, , etc., denote three copies of the 
p-net of some perfect rectangle. We shall select a sequence &, of suitable 
p-nets, and, for each &, , form the corresponding square 5,. The sequence 
5, will then (as follows from (9.39)) have a subsequence of perfect squares, 
every two of which are totally different. This will prove (9.11). 


9.2. The perfect rectangles ,. Let &, be the p-net shown in Figure 12, 


with Po , Qo as poles. 
Write ¢, = [(2 + V3)’ — (2 — V3)'1//2V/3. Thus 


(9.21) ¢, is an integer; oo = 0; and $,4; — 4¢, + ¢—1 = 0. 
It will readily be verified that a solution of Kirchhoff’s equations is given by: 
(9.22) Current in PoP, (from Py to P,) is a, , where 
a, = 4-[56n + dns + 3¢, — 36.) if O <r <n, 
an4i = 3on « 
Current in PQs is b, , where 
b, = 4-[56n + bn — 36, — 3G) if O <r <n], 
batt = Zohn + oni. 
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d Current in P,P,,; is c, , where 
7 c, = 36, f0O<r<n, 
al —Cn = On — On-1- 


(This solution is in fact the full flow.) 





Fic. 12 


Also the total current lo, (the horizontal side of &,), and the total P.D. 
gn (the vertical side) are given by: 


me (9.23) pn = $-[(5m + Ldn + (2 + 2)on-il; Qn = Sn + Gn. 
ef. Now, if n > 2, we see that 
” 0 "4 Cy < C2 — ade Cn-—2 < (—cn) < Cn-—1 < b, < Dati <, bar i bao 
ble < ees SO < ay < Ae < eee < Any < Angi. 
‘sg Hence 
res, 
(9.24) If n > 2, R, is perfect. 
. 92 re have 
12, From (9.23), we have 
(9.25) Gn and Pr/Gn > © with n. 
For later use, we note that 
(9.26) (Pn, Qn) | 9. 
by: Proof. From (9.23), 


(n + 2)qn — 2pn = 9bn and (5n + 1)qn — 10p, = Oona. 
Now, we can prove by induction (using (9.21)) that (@,, @..) = 1. Thus 
(9.26) follows. 


[(9.24) can be generalized: If in Figure 12 the wire PoP, is inserted and the 
wire PoP, removed, where 1 < r S 4n, the resulting p-net §&,, is perfect. Rare 
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is essentially the same as ®,. The reduction p, of R,, can be calculated; for 
instance, it can be shown that p, is a factor of (¢, — ¢,-1); and that p, = (¢, — 
¢,--1) if and only if n = 0 (mod 2r — 1).] 


9.3. We next prove 
(9.31) THeorem. For all large n, the squared square 5, is perfect. 


Consider the equivalent p-nets of Figure 13, where each “resistance’”’ denotes 
a certain p-net R, of horizontal side p and vertical side g. (The other wires 
have conductance 1, as usual. Later, ®, will be taken as R.) 


loc? +30c +11 —" 





2eral3c" 2674944 
























‘| 5c*413c4+l/ B, 424% 3 | Nie2#l6c Jc* +6644 
16c? #30c4// 16c#4+30c+#l1 
Fic. 13 


Setting c = p/q = effective conductance of these resistors, we find that the 
flows are as indicated in the diagram. (The quantities shown are currents.) 

Hence, multiplying through by q’, and adjoining the extra elements required 
in forming the squared square 5 as in §8.2, we find that the elements of 5 (some 
integral multiple of the reduced elements) are: 


(A) 14p? + 21pq + 7q°, 5p’ + 14pq + 11q’, 5p® + 13pq + 74’, 


3p’ + 17pq + 20q°, 3p* + 13pq + 11q’, 3p’ + 7pq+q’, 
3p’ + 6pq + 4q°, 3p’ — 64’, 


( 
| 5p’ + 4pq —q, Sp’ + 3pq — 5g’, 
| 

2p’ + 9pq + 4q°, 2p’ + 8pq + 7q', 2p’ + 4pq + 5a’, 


(9.32) 


2p’ — 4q°, 2p’ — 4pq — 64". 
| (B) Multiples of the elements of &, the multipliers being respectively 
13p + 179, 12p + 139, 11p + 169, 9p + 8q, 4p + 99, p — 3¢. 
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We also find that 
(9.33) The side of S is 19p* + 47pq + 31q°. 
Now take 8 to be R,, so that p = p, and q = q, ; and let n be so large that 
(in virtue of (9.25)) 
(9.34) Pn > 1809, . 
We prove that, under this condition, S = §, is perfect. 
(9.35) The elements (A) are all different, and no element (A) equals an element (B). 


For the elements (A) in the above list are in strictly decreasing order; so no 
two of them are equal. Also the least element (A) is 2p” — 4pq — 6° which 
> (13p + 17q)q, which is greater than any element (B). Thus (9.35) follows. 


(9.36) No two elements (B) are equal. 


For suppose that two such elements are equal: 


(9.37) E(ap + Bq) = n(yp + 49), 


where £, 7 are elements of &, , and ap + 8q, yp + 6q are two multipliers of 
(9.32). They are different multipliers; for R, is perfect by (9.24). Hence, by 
inspection of (9.32), ai — By = 0. But, from (9.37), (at — yn)p = (én — BE)q. 
Hence 


(9.38) p | (6n — BE)-(p, q). 


Now, if 67 — BE = 0, we have (since p # 0) at — yn = O, and hence, if we 
eliminate £, 7 (which are not zero), it follows that ad — By = 0. So we have 
0 < |én — BE| < 20q (by inspection of (9.32), since 0 < & 9 < Qq). 

Hence, if we use (9.26), (9.38) gives p < 180g. This contradicts (9.34). And 
(9.31) now follows from (9.35) and (9.36); the squares 5, are perfect, for large 
enough n. 


(9.39) THroreM. Given any large enough n, then for all large enough N, 5, 
and Sy are totally different. 

Write pr = P, dn = 9, Pw = Pi aw = Q. We bring 5, and Sy to the same 
size by multiplying the elements of 5, (as given by (9.32)) by 19P*? + 47PQ + 
31Q° and those of Sy by 19p° + 47pq + 31°. (This follows from (9.33).) 
(9.40) Each element (B) of Sy is less than every element of 5, . 

For a typical element (B) of Sy is 

e = (aP + BQ)-(19p’ + 47pq + 31q°), where | a |, |8{ S 17. 


If n and N are large, this gives e < 360Pp*. (This follows from (9.25).) 
But each element of 5, is at least as large as P*p (times some non-zero constant). 
Hence if n > some no , and if then N > some No(n), so that P is large compared 
with p (see (9.25)), we have e < each element of 5, . 
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(9.41) Each element (A) of Sy is greater than every element (B) of 5, . 

For any element (A) of Sy is at least as large as P’p” (times some non-zero 
constant), whereas an element (B) of S, is less than 360P”p. 
(9.42) No element (A) of Sy can equal any element (A) of 5,. 


Otherwise we have 
(aP* + bPQ + cQ’)-(19p + 47pq + 31g") 
= (a'p’ + b'pq + c’¢)-(19P’ + 47PQ + 31Q’), 
where by (9.32) a, a’, etc., are integers numerically less than 22. Hence 
P’.[(19a — 19a’)p’ + (47a — 19b’)pq 
+ (3la — 19c’)q’] = similar terms in PQ and Q’. 
Now, 47a — 19b’ ¥ 0; for otherwise 19 | a, whereas 0 < a < 19 (from (9.32)). 
Hence the left side of (9.43) is numerically at least as large as P’pq (times some 
non-zero constant); in fact, if a ¥ a’, it is as large as P*p’. But the right side 
of (9.43) is at most PQp’ (times a constant). Hence, if N is taken large enough, 
so that P dominates both p and Q (this is possible, by (9.25)), (9.43) is im- 
possible. 
(9.40), (9.41), and (9.42) imply (9.39). 
(9.44) Corotuary. There is a sequence \S,} of perfect squares, every two of 
which are totally different. 
This is immediate from (9.31) and (9.39) and proves (9.11). 


A rough calculation shows that we may take J, = Syoscr+1. This could 
probably be greatly improved. 


(9.43) 


(9.45) THEorREM. Any rectangle whose sides are commensurable can be squared 
perfectly in an infinity of totally different ways. 

Magnifying the rectangle suitably, we may suppose that its sides are integers 
h, k. Divide it into hk squares of side 1, by lines parallel to its sides. Take 
any positive integer n, and replace the i-th of these unit squares by Snax+: (suit- 
ably contracted). By (9.44), this gives, for each n, a perfect subdivision of the 
given rectangle; and these subdivisions for any two values of n are “totally 
different”’. 

Using the theorem of (2.14), we see that a rectangle can be squared perfectly 
if it can be squared at all. 

It is plausible that any commensurable-sided rectangle can be squared 
perfectly and simply; possibly this can be proved in a similar way if we use 
some extension of §8.4; but this seems to involve laborious calculations. 


10. Some generalizations 


We mention briefly some of the extensions of the methods and results of this 
paper. A fuller discussion may perhaps appear later. 
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10.1. Rectangled rectangles. An immediate and natural generalization (as 
pointed out in §1.2) is to the problem of a rectangle dissected into a finite number 
of rectangles. The wires of the p-net merely have general (not necessarily 
equal) conductances. 

There is also (ef. §8.4) a rather trivial extension in which the dissection is of 
a polygon (of angles 34 and $x). A more natural generalization, however, is 
given in the following section. 


10.2. Squared cylinders and tori. We may regard a squared rectangle, after 
identification of its left and right sides, as a “‘trivial’’ example of a squared 
evlinder. The squared cylinders are found to correspond exactly to the relaxa- 
tion of the condition (1.12) that no circuit of the p-net may enclose a pole. A 
second step brings us to the “squared torus”. Using the existence theorem of 
(9.45), we can easily construct such figures. It is also possible to construct a 
simple non-trivial perfect torus; but this is not so easy. 

Of course, the word “squared” may be replaced by “rectangled’’. 


10.3. Triangulations of a triangle. In a rather different direction, we may 
consider dissections of a triangle into a finite number of triangles; particularly 
when all the triangles considered are equilateral. It is easily proved that 
there is no perfect equilateral triangle; i.e., that in any such dissection of an 
equilateral triangle into equilateral triangles, two of the latter are equal. Apart 
from this, the theory extends fairly completely. Duality relations, for example, 
are replaced by ‘“‘triality’’ relations. We could also consider dissections into a 
mixture of equilateral triangles and regular hexagons, no two of these elements 
having equal sides; essentially this amounts to agglomerating the imperfections 
of an “equilateral triangled triangle’’ together by sixes. There is no difficulty 
in constructing such figures empirically, or in finding “perfect isosceles right- 
angled triangles’’; however, it can be done by using the theory. 


10.4. Three dimensions. We have seen that the “‘p-net’’ and its generaliza- 
tions are satisfactory for plane dissections. As yet, however, there is no satis- 
factory analogue in three dimensions. The problem is less urgent, because 
there is no perfect cube (or parallelopiped). That is, in any dissection of a rec- 
tangular parallelopiped into a finite number of cubes (“elements’’), two of the 
latter are equal. 

Proof. It is easily seen that in any perfect rectangle, the smallest element 
is not on the boundary of the rectangle. Suppose we have a “perfect”? cubed 
parallelopiped P. Let R; be its base. The elements of P which rest on R; 
“induce” a dissection of 2; into a perfect rectangle. (We can clearly assume 
that more than one cube rests on R,.) Let s; be the smallest element of R, . 
Let c; be the corresponding element of P. Then c; is surrounded by larger, 
and therefore higher, cubes on all four sides; for, as remarked above, s; is sur- 
rounded by larger squares. Hence the upper face of ¢; is divided into a perfect 
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rectangle R, by the elements of P which rest on it; let sp be the smallest element 
of Rz;and soon. In this way, we get an infinite sequence of elements c, of P, 
all different (for Caz: < ¢,). This is a contradiction. 

This proof excludes generalizations of “‘perfect cylinders” to three (or more, 
a fortiori) dimensions; but it does not exclude the possibility of a perfect three- 
dimensional torus (product of three circles). It is not known whether such a 
thing can exist. 
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THE LATTICE POINTS OF AN n-DIMENSIONAL TETRAHEDRON 
By D. H. Lexmer 


In this paper we consider the problem of determining the number of lattice 
points inside or on the boundary of the n-dimensional simplex or ‘‘tetrahedron”’ 
bounded by the n coérdinate hyperplanes 


x = 0,%=0,---,7%,=0 
and the hyperplane 
Wt) + wet, +--+ + Wntn = X, 


where w; are positive and \ is a non-negative parameter. Points on the bound- 
ary are given the same weight as interior points. The total number of such 
points we denote by 


N, = N,(A) = N,(A | @W1,@2,***, Wn). 


In other words, N, is the number of sets (4, 22, +--+, 2n) of non-negative 
integers for which the inequality 
(1) WX, + wed, +--+ + Watn SX 


holds. Although the right triangle case (n = 2) has been considered by many 
writers,’ there is as yet no published account of the general problem for n > 2. 
There are a number of isolated problems, however, which have been treated 
from time to time and which may be considered as special cases of the higher 
dimensional tetrahedron. It is the purpose of this paper to present a workable 
method for obtaining inequalities for the function N,(A). 

Three special tetrahedra may be mentioned as outstanding examples: (1) the 
equilateral tetrahedron, (2) the “additive” tetrahedron, in which the ’s are 
distinct integers, and (3) the “multiplicative” tetrahedron in which the w’s are 
logarithms of primes. 

The first of these cases is the only one in which a really simple formula for 
N,(A) can be given, and is useful for comparing approximate formulas. This 
case is interesting also as being that in which N,(A) has the greatest discon- 
tinuity. The other two cases, which are interesting on account of their appli- 
cations, will be considered briefly in what follows. 

Before considering any special tetrahedra, however, we set down a funda- 
mental recursion formula for the general tetrahedron obtained by dissecting the 
tetrahedron by the parallel hyperplanes 


Zz, =k (k = 0, 1, 2, ---). 


Received June 1, 1940. 
'See Koksma, Diophantische Approximationen, Berlin, 1936, pp. 102-110. 
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We obtain in this way a set of (n — 1)-dimensional tetrahedra, so that we may 
write 


(2) Nu(d| 1, +++ ,@a) = 2 Nox(d — kwon | wi, +++ , wnt), 


or, what is the same thing, 
(3) N,(A | 5 alia » Wn) a NA —~ On | me * wn) a Nralr | ma ** 4 Wn—1). 


This exhibits N,(A) as the solution of a linear difference equation in which 
N,-1(A) is thought of as known. 

In considering the equilateral tetrahedron there is no loss in generality in 
assuming that all the w’s are equal to unity.” Then by a simple induction on 
n it follows easily from (2) or (3) that 


[A] + y 


n 


(4) NaQ|1,1, ++, 1) = ( 


where [A] is the greatest integer not exceeding X. In this case N, is the number 
of “compositions” (rather than partitions) of the integers S \ as sums of not 
more than n positive integers. The step function N,(A) has, for every n, dis- 
continuities whenever A is an integer m, and by (4) the jump is precisely 


(" +n- ') = O(m"”) 


n—1 


asm— *. The ratio of this jump to the volume of the tetrahedron is asymp- 
totic to n/m and hence tends to zero only rather slowly. 

In the case of the additive tetrahedron, in which the w’s are distinct positive 
integers, N,(A | wi , we, --+ , @n) is clearly the total number of partitions of the 
numbers S ) into the parts a , w,---,@,. For many choices of the w’s it is 
possible to give exact formulas for N,(A) as well as certain asymptotic results 
when A is a function of n. This rather special topic will be dealt with in a sep- 
arate note. 

The most useful tetrahedron is the multiplicative one in which a, = log px , 
where p;, Po, --+, Pn are distinct primes (especially the first n primes). Its 
importance is due to the following observation: Let P be a property of integers 
preserved under multiplication. Then if p:, pe, --- , pn have this property, 
at least 

N,,(log x | log pi , log pe, --- , log pn) 


integers S x have P. The theory of numbers abounds with instances of prop- 
erties P, and it is in many of these instances that it becomes desirable to find 
usable upper or lower bounds for N,(A). 


Quite recently in a Cambridge dissertation D. C. Spencer has considered the 


2 In the general tetrahedron one could, by a trivial change in the variable A, assume 
that w, = 1, say. 
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problem of the n-dimensional tetrahedron. As approximating function he 
takes the polynomial 





(n) 
Ra(d| wr, +++ 5 on) _ BPA +2| a1, «++, wn) 


n! wiwe +++ Wp : 


where 2 denotes w: + w: + --- + w,, and where BS” (x | w, --- , wa) is Nor- 
lund’s generalized Bernoulli polynomial,’ and proves among other things that 
the difference 


(5) N (A) — Rald) 


is o(A"’) for arbitrary irrational w’s; that it is o(A"”*/log \) for the multiplica- 
tive tetrahedron, w; = log p; ; and is O((log \)"**) for all « > 0 and for almost 
all (1, we, +++ , Wn). 

The problem of getting actual numerical bounds for the difference (5) appears 
beset with grave practical difficulties, however. Even determining the sign of 
this difference in a particular case would seem to be nearly impossible. 

The polynomial R,(A |, --- , @n) is of the n-th degree in \ with coefficients 
which are complicated symmetric functions of the w’s. For n = 5, for example, 
we have 


5lasks(\ | ar, --- , ws) = A° + Sod" + $0, — o2)d° + Soy02r" 
(6) + {8 (03 + o103 — a4) + $84} A 
— pPs{oio, — 30301, + 5es02 — oi03 + 104 — 5a}, 


where o; denotes the sum of the products of the five w’s taken k at a time, and 
s is the sum of their 4-th powers. This polynomial will be compared with 
others at the end of this paper. 
Upper bounds for the general tetrahedron may be found in the form Ae™ by 
quite another method suggested by an inequality device used by Rankin.‘ 
Let 6; = e°' so that 6; > 1. Further let « > 0. Then the inequality (1) is 
equivalent to 


67' 632... 6%" < e*. 
Hence we can write 


N.(A| or, -++,@2) = > l= > 1 
21 @1+°**+2_W_ Sr @jl---@zn < es 
(7) _ 
se D Of --- oR) <e® TT A — 67) = Ae”. 
v=1 


3’ See N. E. Nérlund, Differenzenrechnung, Berlin, 1924, pp. 129-137. 
*R. A. Rankin, The difference between consecutive prime numbers, London Mathematical 
Society Journal, vol. 13(1938), pp. 242-247. 
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As ¢ is made to approach zero, the product A, tends to infinity. The best 
results are obtained by making ¢ depend on X in such a way that 


= > w,(6§ — 1)". 
v=1 
For example, for the equilateral tetrahedron (w; = 1) this condition reduces to 


« = log (1 + n/A), and we find in this case that 


-4 
(8) Na(|1,1,---, 1) <Q+n)" rN n™ ~ (2en)'(* ; ") (: ” ‘) 


n 


a result too large by a factor of nearly (2xn)'. 
The method presented herewith consists in constructing two approximating 


polynomials P,(A | a, we, +--+, @n) and Q,(A|w:, we, --- , wn) each of degree 
n in \ with coefficients depending on w;, w:.,--- , wn, and such that the in- 
equalities 


Pr(d | wr, +++ 5 @n) <Na(A| or, --- 5 @n) < Qn(A| ar, +++, @n) 


hold for all \ = 0. There are, of course, infinitely many ways of doing this. 
The method adopted here is one in which P,(A) and Q,(A) are obtained recur- 
sively in such a way as to minimize, for all A, the discrepancies between N;(A) 
and its lower and upper bounds P;(A) and Q;(A). In other words, P(A), P2(A), 

., P,(\) are obtained as successive solutions of a sequence of linear dif- 
ference equations, the n additive constants of these solutions being determined 
as the best possible. This is best accomplished by introducing Bernoulli 
polynomials. 

We begin by stating a few facts, proved elsewhere,’ about the maximum M, 
and the minimum m, of the v-th Bernoulli polynomials B,(x) in the unit interval 
0 < 221. The notation employed is that in which 


Bz) = (B+ 2)’ = > (;,) x” * B, 
k=0 


ava * 4 


v(v — 1) 2 v(v — 1)(v — 2)(v — 3) 
2 12 720 


x” + «ss, 
where the notation for Bernoulli numbers B, is such that symbolically 

(B+ 1)’ = B’ (Bo = 1, Bi = —}, Boras = 0, & > O). 
When + is even, exact formulas for M, and m, may be given as follows: 


My = ™ = ¥ 


Mw = Bald) = (1 — 2°) | Bu | (h > 0), 
my = By(0) = — | Bal (h > 0), 
Maye = Bas2(0) = Bass, 
Mase = Buy() = —(1 — 2°) Bays. 


’ American Mathematical Monthly, vol. 47(1940), pp. 533-538. 
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For v odd, no exact formula for Ma4; or me4: exists. However, we have 
Moxy = — Mek+1 < (2k oa nr ( Ex, | we = (1 —_ ete | | Bo. , 


where Ex, are Euler numbers. Here the difference between the right side and 
Mx; tends rapidly to zero as k — «. For 2k + 1 = 13, for instance, this 
difference is less than 10°’. A considerably simpler, though a little less precise, 
result is 


M, = —m, < 2v!(2r)” (v odd). 


Here the right member when »v = 13 exceeds the left by about 3-107’. When 
v < 13, these results are less satisfactory and values of Moi; = — me; as 
actually computed may be used. What we shall need, however, is not so much 
M, and m, as the functions 


W, = (Ba — M,)/n and wy, = (Ba — m,)/n. 


These may be tabulated for n S 16 as follows: 


k odd k even 

k “ur = —W; k Wr 
2 .1250000000 = 1/2° 

3 .01603750748 6 .0078125000 = 1/2’ 
5 004891638174 10 .01513671875 = 31/2" 
7  .003723587751 14 .1666564941 = 5461/2" 
9  .005283395737 
11 012045150767 —W, 
13 1611223890 4 0156250000 = 1/2° 
15 .1856693827 8 00830078125 = 17/2" 


12 .04217529297 = 691/2" 
16 .8865060806 = 929569/2”° 


W axse = We = 0, W, = —1, UW = 0. 
In what follows, we shall need estimates for sums of the type 


S,(z, w) = = (2 — pw)". 


Isusziw 
Hence we give the following lemma. 
LemMa. If x and w are positive, and if k is a non-negative integer, then 
(9) w(Bays(z/w) — May) S (k + 1)Sk(2, w) S o*(Bays(z/w) — may). 
Proof. If in the well-known difference equation 


(10) Buyalz + 1) — Bea(z) = (k + 12" 
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we set z = 2/w — 1, 2/w — 2, --- , 2/w — [x/o] and add the resulting equations, 
we obtain 


(k + 1) p> « - 1) = (k + I)S.(z,0)0* = Buu (2 ) =~ Bios ( ~- |: ]). 


Since by definition 


Mir S Bess (: - []) S Min, 
@ w 


the lemma now follows at once. 
It is worth noting that for k > 0, either of the two equal signs in (9) holds 
for an infinity of z in arithmetic progression, in fact for 


z= wh + rex1) (h = 0,1, 2,---), 


where 7,4; is that point on the interval 0 < ¢ < 1 at which B,,; attains the 
maximum or minimum value. For k = 0, however, the lemma states simply 
that 


(11) -1s[2|s¢. 


Here the second equality sign holds infinitely often. The first never holds, 
but fails to do so by an arbitrarily small margin infinitely often. 

We are now in a position to consider the problem of constructing P,(A | @: , 
W2,--+,@n). To begin with, we take the trivial case of n = 1 in which obviously 


Nilo) = 1+ [>]. 
w1 
By (11) the best possible choice of the polynomial P(A | 1) is 
rn 
(12) PiA| or) = —. 
@) 


Let us suppose that we have already constructed a polynomial of degree k — 1, 
say, 


k-1 
Py-1(d) = Prild | W1, We, ***, wr-1) a > pity’ 


v=0 


such that for all A > O 
Prd | or, le » Wer) < Nyala | wr sae » kr), 


and where the coefficients p{“” depend only on a, w:,--- ,@s1. By (12), 
(13) p?=0, pat. 


@) 
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To construct recursively the next polynomial P;(A), we write the fundamental 
inequality (1) in the form 


3% + wee +--+ H+ writen SA — wxr (kK > 1). 
Allowing x; to range over the integers 0, 1, --- , [A/ax], we obtain by definition 
Ni(A | wi, we, +++, wx) = py Nuala — por | wi, +++, wer). 
OSuSd/ we 


Hence 


k-1 
N,(A) > > Pyi(& — por) = Prats) + p> -—" > (A — pox)” 
MSA/ wy, 


OSusd/ wo Is 


(14) kt 
= P,4(d) + > pi” S,(A, we). 


If we define for convenience the function K,(t) by 
tm,/n ift $0, 
(tM,/n ift 20, 


IA 


K,(d = 
then the result of applying the lemma to (14) may be written 


k-1 v k-1 
(15) Ni(d) > PraQ) + Do ph? TES Brsr/on) — 2 wk Keya(e). 


v=0 v a 1 
The right member, which is a polynomial in A of degree k, whose coefficients 
depend only on a, a, --- ,w;, we take for 


k 
P(X) = Pi(A| wi, +, w.) = pe” ws 


v=0 


Expanding the Bernoulli polynomials and collecting the coefficients of the 
° ° ° r) 
various powers of \, we have the following recursion formula for p}”’ or rather for 


oe ) ) 
(16) ce” = ww --- w, pS”. 


When v > 0 


[h(k—v)] 


- (k) (k—1) Vv (k—-1) 27 (k-1) 
(17) vey = C1 + wr 2 Cy + >» we A;j(v) cr42;-1, 
7=1 


where the coefficients 


_fv+2-1 . 
(18) A,0) = ( ~ ) By 


do not depend upon /, and when once computed may be used in each successive 
determination of P,(A) (k = 1, 2, 3,---,n). When » = 0, we have 


k—-1 
(19) of = Dw Vins(c*”), 
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where 
iW, ift 20, 


tu, ift £0. 


(20) Vi) = 


~ - i (k . . ‘- ad 
From (17) and (19) the c)” may be found recursively starting from the initial 
values 


cy’ =1, oo =9. 
The first few polynomials P,(A) are thus found to be 
wiP;(d | a1) = A, 
QlanwePo(A | wi, w2) = dX” + wer, 
BlooyeoncosP (A | wr , we , ws) = A’ + $(w2 + ws)A° + 4(W3 + 3eoQws)A + 303Ws, 
HlereongngPs(A | wr, ws ws, wa) = AS + Wwe + ws + c)d° 
+ (ws + wit + 3(wxs + css + wros))d” 
+ (wyws + whwe + wiws + Bex, + 1203Ws)r 
+ 2wi(3Wo(we + ws) + 2Waen), 


n! wwe eon wnPr(A| wr, +++, Wn) = r" + 5 (wo + ws + eee + war” 


a 


= (wi + + + as +3 DY wows)r”? + --- 


1 


It is seen that P,(A|o1,---,@n) is not a symmetric function of the w’s 
although N,(A|wi,---,@n) is. This raises the question as to the order in 
which the w’s should be introduced to maximize P,(A | a1, --- ,@n). That this 
choice of order will in general depend on X is seen in the formula for P3(A). In 
fact, if \ is large, the order should be obviously w; S w: S w; in spite of the fact 
that this will minimize the negative constant term 30;W;. In general it is 
seen that for all large \ the value of P,(A | @:, --- , wn) will be largest when 


w Sw. S--- Son 


since this has the effect of maximizing the coefficients of \"* and \"™”. 
Another question that arises is: In what sense does P,(A) approximate N,,(A)? 
We may state the following answer. 


TueoreM 1. There exist for each n > 0 infinitely many n-dimensional tetra- 
hedra for which 


N,(A) — Pa(d) < Cr”™, 


where C is a positive constant depending on n. 
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Proof. Consider those n-dimensional equilateral tetrahedra in which w, = 
@: = +--+ =a, = 1. By (4) we have 


ntN,(A) = nt( ig ") =)" 4 (pet = na}xr- 


+ pe 1) & a <2 5+ n(n? — _ + 2} x" + O(a"), 


where we have written 





. [A] =A — 6. 


By (21), however, we have in this case 


n!P,(d) =x" + M™M—DY 2s 1) yaa, n(n — Be 2)(3n — 1) 





tied + oO"). 


Hence 
n!{Na(d) — Pa(A)} = n(1 — 8a"? + a 1) (1 — 8)(n — 5a" + OA"). 


If we now choose \ of such a form that 
1— 6 = O(A”), 
as, for instance, 
=k—k*, k an integer, 
then 
0 < N,(A) — P(A) = OA"). 


This proves the theorem. 
The polynomial Q,(A) is constructed in a similar way. In fact since 


Ni(A| or) = 1 + >]. 


Qi(A | wo.) = 1 aes 


we may set 


so that 
Qi(A | a1) = Ni(A | w), 


the equality holding only when X is an integer multiple of ;. If 


k—1 


Qe | 1, «++, ora) = Pa qt» 


v0 
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has already been determined in such a way that 


Qed) = Nea(aA| or, +++, oer) (A 2 0), 
then 
[A/ wx] [A/ wx] 
Ni] oi, oO, wx) = > Nin = por, | wr, Ot, wi-1) Ss > Qual = pwr) 
“= 


k—1 [A/wk) 


Qed) + p> > qs? (\ — por)” 


k—1 
= Q,(A) + Da S.0, ws). 


Applying our lemma we have 





k—1 
Nia} or, «++, ox) S Qeald) + > _ - a Byas(d/eox) + > ob Kea(- ia 


The polynomial on the right is taken as 
Q.(A) = s q, d’. 


Expanding the Bernoulli polynomials as before and setting 
dS? = wun «++ ong”, 


we obtain recursion formulas for d‘” as follows: 
For v > 0 we have corresponding to si 


4(k—v)] 
(22) vd? = dij? + > a Dy XL, ot’ Aj) dia, 
& 
where A ;(v) is given in (18). 
When v = 0 we have 
(23) a aa at 1) > sg 'Via(— og ~. 


v=0 


where the function V,(¢) is given by (20). 
Starting with Q,(A | :) we find for the first few values of n 


wQi(rA |e) =At+ a, 
QlywalQo(A | wr , we) = * + (Jar + w2)A + Jos + Borer , 
3 larywowgQs(A | wi , we , ws) = dN’ + §(Qar + we + w3)d” 


+ (Gown + Bwyws + fens + 30; + 4w5)A 
4 


+ Gwwrws + 3 3 us5w3 + 3 us01 + Jesu + Sn 35 





h 





)y 


eee 
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mlen +++ emnQeslen, *+>, oa) = "+ 5 (an + wn + oe oa 


(24) n(n — 1) 
+e 





{Qerwe + wilws + +++ + wn) + D, wows + Jw? 


+ 3(w3 + «+» +05)}X"7 4+ --- 


As in the case of P,(A), it is seen that if w: S w S --- S wa, the best results 
are obtained for large \ since this minimizes the coefficients of \" and \"™”. 
As an analogue of Theorem 1 we have the less satisfactory result. 


THEOREM 2. There exist for each n > 0 infinitely many n-dimensional tetra- 
hedra for which 


»*"s 


—— | et n—3 
Q.(0) — Na) = 55 + OO"). 
Proof. As before take the equilateral case 
@ = We > -:-- =e, =] 


and let A be an integer so that 


n(n + 1) \n-1 n(n® — 1)(3n + 2) \n-2 








nl -_ n “ n-3 
n!N,(A) = A" + 5 + 34 "+ OC"), 
whereas by (24) 
n!Qn(d) = X" + =t* yn + a (3n? + 5n + 5)A"* + OCA”). 


The theorem now follows at once from subtracting the right sides. 

The fact that the coefficients of P,(A) and Q,(A) are complicated functions 
of wi, w2,---,@, does not mean that the, actual values of these coefficients 
cannot be found readily when numerical values of w , we, --- ,@, are given. 
In fact the recurrence formulas (17), (19), (22) and (23) enable one to compute 
readily the successive numerical values of the coefficients c\” and d“, and 
hence pS” and q‘". It has been quite feasible to compute these coefficients 
up to as high as n = 13 and 14, in connection with an investigation into the 
first case of Fermat’s last theorem,® which involved the multiplicative tetra- 


hedren. 
A quite valuable check at each stage of the work is afforded by 


THEOREM 3. 
(25) P;.( —wx) = P,(0) — P,_1(0), 
(26) Qi(—ox) = Qe(0) — Qrs(0). 


° To appear shortly in the Bulletin of the American Mathematical Society. 








352 D. H. LEHMER 


Proof. To prove the first relation substitute first \ = —«, and then A = 0 
into the right member of (15), and subtract the results obtained so as to get 


Pi(—wx) — P.O) = Pra(—wx) — Pr-«(0) 
(27) k-1 wo 
+ : iin =T7 { Bysi(—1) = B,+1(0) }. 


v=0 


But from (10) with k = » it follows that 
Byy(—1) — By(0) = —(—1)"(v + 1). 


Hence the sum in the right member of (27) becomes 


k-1 


-2 po? (—wx)’ = — Py_1(—wax), 


so that (25) follows at once. (26) follows in precisely the same way. 

In considering the multiplicative case J. B. Rosser? obtained a lower bound 
for N,(A) as a polynomial f,(A) which, when extended to the general tetra- 
hedron, may be written 


1 a % tenn , Mn—1) rae n! + 
LD angen ER" & Salk ns el Sg ne Ye 
fnlr) oe | t5% + © o2 + + 51% 1 
where o; is the sum of the products k at a time of w:., 3, ---,@n. The first 


two coefficients of f,(A) will be seen to agree with those of P,(A). In fact 


= a 2 2 2 n—3 
P,(A) fn(d) = 12(n — 2) lara See (w3 + W4 + see + Wn) + Or ). 


Hence for n > 2andA > 
fn(d) < P(A) < Nala). 


By way of comparison of the various approximations to N,(A) discussed 
above, we give the actual polynomials in the typical example of N5(A | logio 2, 
logi 3, log 5, logio 7, logi 11), i.e., the number of positive integers S 10° 
divisible by no prime exceeding 11, and compare their values at several points 
with the exact values of N;(A), as kindly furnished by Dr. A. E. Western, who 
has prepared extensive tables of N,(A) in the multiplicative case. From these 
tables he has constructed an approximating polynomial ¢,(A) by applying the 
method of least squares. The polynomial ¢; is also given below, and compared 
with the others. 


7 On the first case of Fermat’s last theorem, Bulletin of the American Mathematical Society, 
vol. 45(1939), pp. 636-640. 
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0 Rs(A) = .094319\° + .79313\‘ + 2.46300\° + 3.59621" — 6.36020A 
: — .037937, 
Ps(A) = .094319\° + .72215\‘+ 1.97819\° +  2.26936\7 + .87536A 
' — 082148, 
Qs(A) = .094319\° + .86411\‘ + 3.03689\° + 5.27786" + 5.01395 
+ 2.69600, 


fs(A) = .094319\° + .72215\‘ + 1.61864\° + 1.17723\7 + .20762A, 
s(A) = .0033629d° + 5.14087\* — 71.79074\° + 596.2170\* — 2245.997d 
+ 3327.38. 


The following table gives the exact values of N,(A) together with the dis- 
crepancies of the approximating polynomials. 


r Ni(A) N-R N-P Q-—N N-f @—N 


ind 1 10 9.45 4.13 6.98 6.18 589.95 
ra- 2 55 ~—s:«17.96 13.86 19.97 22.36 651.29 
3 192 25.09 34.21 48.15 55.67 209.22 

5 1197 40.60 142.61 177.14 218.11 53 

s), 8 7838 58.38 624.42 727.55 884.53 1.65 
10 20193 70.77 1325.78 1497.59 1801.20 140.41 

_ 10.5 24932 72.75 1567.04 1761.97 2110.69 239.94 


To illustrate the use of equation (7) in this case suppose we attempt to repre- 
sent N,(A) by an exponential function near the value 20193. Then the A of 
equation (7) is 10 log, 10 = 23.026 ---. The best value of «€ is found to be 
about .18889, and the value of A is about 14797. Hence 


N;(A) < 14797-10°°™. 


Substituting 4 = 10 and 10.5 we find 114540 and 142360, values which are too 
large by the factors 5.67 and 5.71 respectively, which do not differ greatly from 
ssed | (2xn)' = (10x)? = 5.61. 


| 10° UnIvEeRSITY OF CALIFORNIA. 











THE APPROXIMATION OF IRRATIONAL NUMBERS BY FRACTIONS 
WITH ODD OR EVEN TERMS 


By RapHarEt M. Rosinson 


Introduction. We shall denote by (u) the inequality 


1 
uB** 
Recently, using a geometrical method of proof, W. T. Scott proved the following 
theorem.’ 

Let & be any irrational number, and let any one of the three types of fractions, of 
the forms odd/odd, odd/even, or even/odd, be selected. Then there are infinitely 
many fractions A/B of the required type which satisfy (1). 

We shall give another proof of this theorem, making use of continued fractions. 
Furthermore, we shall prove that, if two of the three types are selected, there are 
infinitely many fractions of one of these two types which satisfy (2). These results 
should be compared with the older theorem of Hurwitz that the inequality 
(5') can be satisfied, if approximations of all three types are allowed. 

Each of these theorems is the best result of its kind; that is, it is not always 
possible to satisfy (u) with infinitely many approximations of the required sort, 
ifu > 1, u > 2, or uw > 5‘, respectively. This has been proved by Hurwitz 
and by Scott for the cases which they considered. For the unrestricted approxi- 
mations, it is known that only those values of — whose continued fraction ex- 
pansions have partial quotients which beyond a certain point are all equal to 1 
do not admit infinitely many approximations satisfying (u) for some u > 5} 
and in fact for » = 2!. For his problem, Scott showed that for any u > la 
— can be found such that (u) cannot be satisfied by infinitely many approxima- 
tions of the required type. We shall show that a & independent of » can be 
found, and that indeed these exceptional values of — have the cardinal number 
of the continuum. A similar result is obtained in connection with the second 
problem. In both cases, an exact description of the exceptional irrationals is 
obtained in terms of the continued fraction expansion. 

Finally, we shall solve the same problems in the cases in which we admit 
approximations of the type even/even in addition to some of the other types, 


A 
k-4\< 


Continued fractions. We shall state here some results about continued frac- 
tions which are well known or easily proved. Let 


g= [qo, M5 92,°-- |, 


Received June 1, 1940. 
1 Scott, Approximation to real irrationals by certain classes of rational fractions, Bull. 
Amer. Math. Soc., vol. 46(1940), pp. 124-129. 
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where the symbol on the right denotes a simple continued fraction. If we put 
A_» = 0, AL, = be An = qnA n—l a An-2 (n = 0), 
B_s = a By = 0, B, = QnBr-r + By-2 (n 2 0), 


then the convergent [qo ,4:,---,4n] is equal to A,/B,, and the relation 
A,Bii — An+~B, = +1 is satisfied. In addition to the convergents, we shall 
consider as approximations to & the fractions 


A, + An An hs Aw 
B, + Baa’ B, —_ Bi’ 





which we shall call secondary convergents. Putting 


Qn = (Qn, Qn-1,°** 5 Hl, Bn = [qn41, Qng2, +++ |; 
we find that 











ee ' 1 
—_ i= —— ith An = n 5 
\é B.| Bi ” 6 a8 
An + Ana 1 ees 1 1 
eT Se et mn, Wh Mg a 
Ec B.+ Beal (B+B.)° "iota 
poe oe 1 Ty saad 1 1 
eR lee tp + get 


From the first formula, it is clear that all convergents satisfy (1); noticing that 
An—1 = Baa + 1/en-1 = Gn + 1/8, , hence An-1 + An > 4, we see that at least 
one of any two consecutive convergents satisfies (2); and a slightly more com- 
plicated argument shows that at least one of any three consecutive convergents 
satisfies (5'). Hurwitz’s theorem is a consequence of the last statement. Fur- 
thermore, it is clear that each secondary convergent satisfies ($). But the fact 
which is of particular interest to us is that at least one of the two secondary 
convergents (for a given value of n) satisfies (1). In fact, the first one does so 
if B, < a, + 2 and the second if a, < B, + 2. 

A partial converse is furnished by the following results. Let A/B be any 


fraction, and [ro , m1, --- , 7a] its expansion as a continued fraction. This is 
seen to be a convergent for all numbers between [ro , --- , Ta-1, Tra + 1] and 
[ro, «2+ , Tn-1, %n — 4]. Since these numbers are on opposite sides of A/B and 


differ from it by more than 1/2B’, we see that any fraction satisfying (2) is 
necessarily a convergent to ¢, a result known to Legendre. Similarly, noting 


that secondary convergents are of the forms [qo , @: , --- , Yn—1, Yn + 1), we see 
that A/B is a convergent or secondary convergent for all numbers between 
lo, T1, °** Tat, %n + 2Jand [ro , 71, -++ ,%n-1,7. — 1]. These are on opposite 


sides of A/B and differ from it by more than 1/B’, so that any approximation 
to £ satisfying (1) is either a convergent or secondary convergent. 
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Solution of the problem. How does the type of the convergents (odd/odd, 
odd/even, even/odd) depend on the partial quotients? In the first place, two 
consecutive convergents cannot be of the same type. For if so, A,Bra — 
A,-1B, would be even, whereas its value is actually + 1. If q, is even, the 
n-th and (n — 2)-th convergents are of the same type. If q, is odd, the n-th 
convergent is of different type from the (n — 1)-th and (n — 2)-th convergents; 
since there are only three types, this statement is sufficient to determine its 
type. For convenience, we shall speak of qg, (rather than q,-:) as the partial 
quotient corresponding to A,1/B,-1. With this terminology, the convergents 
on either side of a given convergent are alike or different in type, according as 
the partial quotient corresponding to the given convergent is even or odd. We 
notice also that the secondary convergents (A, + An-1)/(Bn + Br) are of 
type different from A,/B, and Ana/Bn. 

We shall assign to the three types of fractions (odd/odd, odd/even, even/odd) 
the arbitrary names “‘round”’, “square”, “curly”, in any order. We shall think 
of the partial quotients go , q , gz, --- being written in order, and each enclosed 
in round, square, or curly brackets, according to the type of the corresponding 
convergent. For example, a segment of this seauence might be (2)[3]{2}[5](1) 
{4}(3). Note that the type of each pair of brackets after the first two is de- 
termined by the preceding. 

Evidently it is sufficient throughout to consider approximations A/B with 
(A, B) = 1, except when the type even/even is used, in which case we may 
suppose (A, B) = 2. An approximation of type even/even satisfying (u), when 
reduced to lowest terms, will satisfy (4). 

We divide the problem into cases as follows. In case n (n = 1, 2, 3), n of 
the types odd/odd, odd/even, even/odd are allowed; in case n’ (n = 1, 2, 3, 4), 
n types are allowed, including even/even. Cases 1, 2, 2’, 3’ have three sub- 
cases each, depending on which of the types odd/odd, odd/even, even/odd are 
admitted. However, in describing the exceptional irrationals, we shall not 
distinguish the subcases. 

Case 1. We are to show that the inequality (1) can be satisfied by infinitely 
many approximations of a prescribed type, say round. Either there are in- 
finitely many round convergents, which satisfy (1); or beyond a certain point 
the convergents are alternately square and curly. In the latter case, the second- 
ary convergents are round, and at least one of each pair furnishes the required 
approximation. 

What are the exceptional irrationals, which for no » > 1 admit infinitely 
many round approximations satisfying (u)? It is clear that we must have 
An — 1 as n — & through values for which A,/B, is round. Hence beyond a 
certain point the partial quotients in round brackets must be 1, and those on 
either side must approach «. Also, we must have max (ri, ; rn.) —lasn-« 
through the values for which the n-th and (n — 1)-th convergents are not round. 
Since 


max | . - . _ ae . |> : 
a,—1 B.+1°'B,—1 an +1 [min (an, Bn)|*’ 
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we see that min (a, , 8B.) — *, hence a, — * and 8, — &, and therefore 
Qn — © and gnu: — ©. Thus all partial quotients corresponding to square or 
curly convergents must approach infinity. It is seen that this condition, to- 
gether with the condition that all partial quotients corresponding to round 
convergents are equal to 1, with a finite number of exceptions, is also sufficient. 
In order to put this condition into an explicit form, we must take account of 
the manner in which the type of the convergents depends on the partial quo- 
tients. Either the convergents are ultimately all square and curly, in which 
case the partial quotients are all even beyond a certain point; or else there are 
infinitely many round convergents. In the latter case the blocks between two 
consecutive round convergents must be one of certain types, namely, 


(1)feven](1), (1)[odd]{odd}(1), (1)[odd] {even} fodd](1), 
(1)[odd]{even}[even]{odd}(1), (1)[odd]{even} [even] {even} [odd](1) 


or with any longer sequence of alternately square and curly brackets, of which 
only the first and last enclose odd numbers; or finally, any of these with the 
square and curly brackets interchanged. The identification of round with one 
of the types odd/odd, odd/even, even/odd will depend on the early part of the 
continued fraction. Without going into this, we see that the exceptional irra- 
tionals, which for some one of the three types do not admit approximations (x) 
with a fixed u > 1 and_arbitrarily large denominator, are those whose continued 
fraction expansions satisfy the following conditions. The partial quotients, 
except for the 1’s, approach  ; ; bey ond a certain point, no two 1’s are adjacent, 
the partial quotients next to a 1 but not between two 1’s are odd, while the 
others are even. These exceptional irrationals evidently have the cardinal 
number of the continuum. 

Case 2. Weare to show that infinitely many round or square approximations 
can be found satisfying (2). Now either there are infinitely many pairs of con- 
secutive convergents, of which one is round and the other square, in which case 
one of each such pair satisfies (2); or beyond a certain point, every other con- 
vergent is curly. In the latter case, the intermediate partial quotients must 
be even, so that the corresponding convergents, which are round or square, 
satisfy (2). 

What are the exceptional irrationals such that for no u > 2 can (uz) be satis- 
fied by infinitely many round or square approximations? Here we need con- 
sider only the convergents, and not the secondary convergents, as approxima- 
tions. We need only that, for any « > 0,A, < 2+ forall values of n for which 
the n-th convergent is round or square, with a finite number of exceptions. We 
notice first that beyond a certain point it is impossible to have three consecutive 
convergents which are round or square; for (5') would be satisfied by one of 
them. In order to have A, < 3 for the round and square convergents, the 
corresponding partial quotients must be 1 or 2. Thus the only possible blocks 
between two consecutive curly convergents are of the forms 


{qn} (2) {qn+2}, {qn} (1)[1] fqnse}, 
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or the same with the round and square brackets interchanged. In the first 
case, \, — 2 gives gq. — © and gni2 — ©. In the second case, Ana + An = 
an + 1/an + Ba + 1/8, ; the condition A,-1 + A, — 4 gives a, > 1 and 8, > 1, 
from which gn1 — © and gn42 — © follow. Thus the partial quotients in the 
curly brackets must approach «, and this condition is seen to be sufficient. 
Hence an irrational is exceptional (for one of the three subcases) if and only if 
its continued fraction expansion has partial quotients obtained by taking a 
sequence of integers which tend to infinity, and from a certain point on inserting 
either a 2 or two 1’s between consecutive terms. This set has the cardinal 
number of the continuum. 

Case 3. This is the problem solved by Hurwitz. The results are stated in 
the introduction. Unlike Cases 1 and 2, here the exceptional irrationals are 
denumerable. 

Case 1’. Here only fractions even/even are permitted. If the reduced form 
of the fractions is considered, we have Case 3. Hence the best inequality which 
can be satisfied is (5'/4), and the exceptional irrationals are the same as there. 

Case 2’. Here we permit approximations even/even and one other type, 
say round. We shall see that the best inequality is (5'/2). For if there are 
infinitely many partial quotients greater than 4, then (5) can be satisfied by 
infinitely many approximations, or (5/4) by infinitely many approximations 
even/even. Otherwise, beyond a certain point, A, > 1 + 1/5 + 1/5, so that 
if there are infinitely many round convergents, then (7/5) can be satisfied by 
infinitely many round approximations. In the remaining case the convergents 
are alternately square and curly, so that all partial quotients areeven, hence 
2or4. The secondary convergents are round. If gay: = 2then 8, < 3, a, > 2, 
hence X;, > 7/6. Thus at least (7/6) can be satisfied in all cases except the one 
in which all partial quotients beyond a certain point are equal to 4. In this 
case, (5'/2) is the best inequality which can be satisfied; provided that the type 
of convergent of which there are but a finite number is called round. The ex- 
ceptional irrationals for the three subcases together are those whose continued 
fraction expansions have partial quotients which are all 4’s beyond a certain 
point; these are denumerable. 

Also in this case there is a relation to Case 3, which we shall indicate for one 
of the three subcases, in which the permitted type is even/odd. Then all 
approximations 2A/B are permitted; or we wish to approximate §/2 by A/B. 
This argument leads to the answer (5'/2), and shows that the exceptional 
irrationals (for this subcase) are those obtained by doubling irrationals whose 
continued fraction expansions end with 1’s. 

Case 3’. Here we admit all approximations except one of the types odd/odd, 
odd/even, or even/odd; say curly is the type excluded. This is the only one 
of the cases admitting even/even which cannot be reduced to Case 3 in some 
way; here the answer involves a new quantity, the best inequality being (65'/4). 
To satisfy (65'/4) by a fraction even/even is the same as satisfying (65') by a 
reduced fraction. If the desired inequality is impossible, no partial quotient 
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can exceed 8, and those corresponding to round or square convergents cannot 
exceed 2. If either of these bounds were attained, we should have \, > 8 + 
1/3 + 1/3 > 65' ord, > 24+ 1/9 + 1/9 > 65'/4, respectively; hence the bounds 
can be reduced to7 and 1. That is, all partial quotients corresponding to round 
or square convergents must be equal to 1, and the others must not exceed 7. 
Thus between successive curly convergents we can have only a sequence of the 
form {qn-a}(1)[1]{¢n42}, or the same with the round and square brackets inter- 
changed. If now qn. < 7, then a, > 8/7, and hence a, + 1/a, > 8/7 + 7/8; 
and in any case 8, > 9/8, and hence 8, + 1/8, > 9/8 + 8/9. Thus Ax, + 
An > 8/7 + 7/8 + 9/8 + 8/9 = 4 + 2/63, so that max (An1, An) > 2 + 
1/63 > 65'/4. Hence except for continued fractions ending 7, 1, 1, 7, 1, 1, 7, 
1, 1, 7, --- an even stronger inequality can be satisfied. In this case (for a 
suitable meaning of curly), (65'/4) is seen to be the best inequality which can 
be satisfied; the exceptional irrationals are denumerable. 
Case 4’. The result here is evidently the same as in Case 3. 


UNIVERSITY OF CALIFORNIA. 








THE JUMP OF ALMOST PERIODIC FUNCTIONS AND OF FOURIER 
INTEGRALS 


By Orro SzAsz 


1. We have proved recently [2]' the following: 


TuHEeorEeM A. Suppose that f(t) is integrable L in (—zx, 3), and has period 27; 
if for a fixed x there exists a D(x) such that 


(1) [ \se+0 1-0 -— D@ | a= 0%) ash |0 
and 
(2) [ e+ -s@-0 ~ De) a= 0%) ashto, 
then 
J 1 Be) +X Cn — B,e)} + POI? ayn tw; 
here 
> Bl 7 . (b, cos vt — a, sin vt) ie = 1,2,8,>-:) 


are the partial sums of the conjugate Fourier series corresponding to f(t). 

D(z) is the generalized jump of f(t) at a point 2; if in particular f(x + t) — 
f(x — t) > D(x) ast | 0, then (1) and (2) obviously hold. 

We shall give here analogous results for generalized Fourier series and for 
Fourier integrals. 


2. We consider real-valued almost-periodic functions in the sense of Besi- 
covitch ({1], Chapter II). If f(é) is a B.a.p. function, then 


Mif(@e™} = in x [oe dt = c(A) 


exists for all real values of \, and it may differ from zero for at most an enu- 
merable set of values  ({1], Chapter II, §8). Of these let the positive A be 
arranged in some order: 


ss ore 7 | 


Received June 11, 1940; presented to the |American Mathematical Society, September 


12, 1940. 
1 Numbers in brackets refer to the bibliography at the end of this paper. 
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and let 


c(0) =a, c(d) = 3(a, — w,); 
then 


SQ ~at+ ) (a, cos d,t + b, sind, = >> A, 
v=1 v=0 


is the generalized Fourier series of f(t). 
We then have 








7; oO oO 
f(<«+d)—-—f(x-—d)~2 >» (b, cos \,2 — a, sin A,2z) sin A,t = 2 bP A, (x) sin dy t. 
1 1 
On putting 
fiz +) — fx — t) = 3Wt 
we have ¥(—?) = —y(t), and 
WV) ~ Dd A(z) sin vt, 
1 
where 
. 2 fr 
A(x) = lim? I v(t) sin At db. 
hto h Jo 
Thus, to determine the jump of a function f(t) at a given point t = z, we may 
assume without loss of generality that the given point is'‘t = 0, and that the 
++) function is an odd function: ¥(—?t) = —y/(t). Its Fourier series has the form 
(3) vit) ~ Dd by sin dt, 4 > 0, 
1 
where 
for a ow ; 
b, = lim= | y(t) sin Ant dt (n = I, 2,3,;.---). 
hte h 0 
alk In the proof of Theorem A we have used the' formula 
: vB, + > (2n — »)B, = [ vd) sin n “(% 3) dt. 
n+1 
Accordingly we introduce here 
nu- : mY a sin? nt 
“en @ P(y) = - [ H(0 sin Qnt 
The absolute convergence of this integral follows from 
—if 
mber (5) jive if ly) | dt < @, 


and from the ([5], p. 138) 
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Lemma. [If (5) holds, then Nov 


[a+ewola<e. 


In fact, writing I | ¥(t)|dt = v(a), we find fora > 0 





[ +27 |y@la = 2@ +2[ (1+ ¢)*tv® de 











1+ Hen 
a W 
= o(1) + o( e+ at) = O(1) asaf o. 
This proves the lemma and the absolute convergence of (4). Let us use the 6) 
formula hi 
lk | whic 
1—— if |k| <a, 
2 [ os 2k m at = ” ae 
0 if |k| =n, 
a , . Fron 
and the development (3); formal termwise integration then yields 
) > 2 
= 4 ‘ sin’ nt 
P(m) ‘do, I sin A,t sin 2nt 78 dt we @ 
~e ~ 2b »[ {cos (A, — 2n)t — cos (A, + 2n)t} - sin’ need dt (7) 
1 





Thus 
~z xX rxabt+t + (2-%)s,. ” 
 0<rns2e 29<hn<4e 2n 


This equivalence becomes an equality in special cases. The connection of the | 
expression (4) with the jump is given by 
TueoreM 1. Let (t) be a function satisfying (5); assume that for a certain D | If we 
A 
I |y(t) — D| dt = o(h) ashlO. 
The 
Let 


7 Pa) = [ v(t) sin 2nt - Sin dt D log 2 asn! @. 


We first evaluate the integral 
© : 2 Then, 
I= [ sin 2nt — sin’ a tt = rf sin 2r (= ") dr. 
T 


This can be done by using ae integration. However, the following way 
is simpler. Evidently 








I= af Gin 2t — 4 sin 4t) dt = } lim 'y = } lim J(¢). 
«10 #e «10 


the 
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Now 


Ct oo 4e 
3] (ce) = [ r sin rar — | r sin rdr = | r sin rdr 


2e 4e 2e 


4: 4 4 . 
smeéeu —-) -" sin €u xf 
» (Se, du= fu au — [ 1 — ——)u du 
2 eu 2 2 €u 


—log2 asel0. 


Hence I = log 2. 
We now consider 








@ in? 
6) * P(y) — Dlog2 = [ {y() — Dj sin Qt ™™ at, 
4 0 al 
which yields 
oo oun 
* PG) - D log 2 s [ \vo - vi) Par 


From the elementary inequality 
(1+ 2)|sinz| < 2z forz > 0 
we get for z = nt 


sin’ nt 4n 
nt? (1 + nt)?’ 





(7) n>0,t>0. 


Thus 
TPG) -—D log 2, < tn | ly —D\ (i+ nt) dt. 


t 
If we write I |¥(r) — D| dr = u(t), integration by parts gives 


™ P(n) — Dlog2 | < 4u((1 + |, + 89° [uO + ab *at 
4 0 0 





Let 


e({) = max u(r) <7, t > 0, y a constant. 
O<rst T 


Then, by hypothesis, e(t) | Oast | 0. Also 


* P(q) — Dog 2 < 81 [ te(t)(1 + nf) at 


< 8p [ e(t)(1 + nt) *dt = sn( i? + [,) 


= Ci(n) + C2(n). 
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Now 


a 
1+ 7 


Co(n) < Say / _, G+ ~a = s7| -c + "| 4" 
and 
Ci(n) < 8ne(n~*) [ (1 + nt)? dt = 8e(n*). 


Thus, letting 71 «, we get Theorem 1. For a similar result ef. [5], p. 145. 
Next we prove the more general 


THEOREM 2. Let y(t) be the same as in Theorem 1. Assume 
h 
ul) = [ |¥@ — Did = 0%) ashlo 
0 
and 
h 
w(t) = [ W® — Djat=o(t) ashlo. 


Then again 4rP(n) — D log 2 as n1 @. 
For the proof let 
max | w(h) | 


O<hst 


= 4) 10 astlo. 
Hence for any 7 > 0 the equation 
1 
pi(p)* = - 
n 
has a unique solution: p = p(n) lOas nf ». Let now 
~ ° 2 p(n) « 
8) [WO —Djsinam a= [+ f= Kila) + Kat). 
nt 0 p(n) 


Then, if (7) is used again, integration by parts yields 


Sy : 


| Ke(n) | S sn’ | u(t)(1 + nt) *dt < sn | (1 + nt) “dt = —. 
D p 1 + np 


But no = 6 ‘1 ~ asnl ~. Hence K2(n) > 0. Furthermore 
Ki(n) = 5s I {y(t) — D} (sin 2nt — $ sin 4nt)t dt 
or 


nKi(4n) = [ y(t) — D}(sin nt — 4 sin Qyt)t dt. 





N 


He: 


| K. 


and | 





$5. 
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Now, integration by parts vields 


nKi(3n) = w(p)(sin np — $ sin 2np)p * 
p 
- l w(t) { (cos nt — cos 2nt)nt” — 2(sin nt — } sin Qnt)t*} dt 
r) 
= w(p) sin np (1 — cos np)p — of w(t) (cos nt — 1 + 2 sin’ ni)t dt 
p 
+ 2[ w(t) sin nt (1 — cos nf)t* dt 
0 
2 2 , 
= 2w(p) sin np sin’ (3np) p ~ — 2n [ w(t) {sin® nt — sin?(4nt) }t* dt 
0 
p 
+4 | w(t) sin nt sin’ (4nt) 7° dt. 
ry 
Hence 


[Ka(bn) | < 2%) (ap) + 106(0) f° sin® (nd a 


+ 85(p)n™ [ t sin® (4nt) dt 


< 25 + in’ p’ + 5n’p” = 264+ 28°50 asy— @. 
This proves the theorem (ef. (6) and (8)). 
3. Next we consider Fourier integrals. Without loss of generality we may 
restrict ourselves to sine-transforms and to the point t = 0. 


Let g(t) be in L’(0, ~) (1 S p S 2); let g(—t) = —g(t) and let p’ = p/(p — 1) 
for p > 1. If G(é) is the transform of g(¢), then ([4], p. 96) 


2\'d f° 1 — cos tz 
g(a) = (2) 4 [eo 988 a 


almost everywhere. We shall prove the following 


THEOREM 3. Let g(t) belong to L?(0, ~) (1 S p S 2), g(—t) = —g(t) and 
let G(t) be its sine-transform. Let 





V(a) = ac - ‘) G@dt, r»>0, 


and suppose that for a constant d 


h 
¢(h) =| | g(t) —d|dt = O(h) ashlO 
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and 
&(h) = [ {g(t) — d} dt = o(h) ashl0O. 
0 
Then 


4 
V(2A) — VQ) -a(?) log 2 asr\— ~. 
For the proof we use the formula ((3], p. 174) 


4 po iz 
V(2\) — V@) = (2) [ g(t) sin 9° — aN 
TT 0 re 


and (ef. §2) 


Then 


4 : es _ . 
V@a) — VQ) -d (7) log 2 = (7) [ tg(t) — d} sin eo ™ ap, 
T Tv 0 Ae 


For the rest of the proof we now refer to the previous theorem. 
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THE BINARY POLYHEDRAL GROUPS, AND OTHER GENERALIZATIONS 
OF THE QUATERNION GROUP 


By H. S. M. Coxrerer 
1. Introduction. Hamilton’s formulas 
?=jf=K = ijk = -1 
suggest the following definition for the quaternion group: 
R=S =f = RST # 1. 
The natural generalization is 
(1.1) R' = 8S” = T" = RST. 


Let (l, m, n) denote the (largest) group defined by (1.1). This is symmetrical 
among I, m, n: for cyclic permutation, obviously; and for transposition, by 
changing R, S, T into T™', S’, R™, respectively. 

Any two of R, S, T suffice to generate (1, m,n). For, if 


(1.2) R' = S"* = T" = RST = Z, 
we can substitute ZT” 'S”' for R, obtaining 

(1.3) S*=aTf=Z, (87) = 3". 
In particular, (2, m, n) is simply defined by 

(1.4) S”" = T”" = (STY’. 


Another definition 1or (2, m, n) comes from the observation that R = ST. 
Substituting S'R for T in (1.1), we obtain R? = S" = (S“R)", or, writing 
S” for S, 


(1.5) R*? = S™ = (RS)". 


In particular, (2, 2, m) is the same group as (2, 2, —m). 


The relations (1.4) and (1.5) are reminiscent of Miller’s' 


st = 82, (8%) = 1 
and 
2 n l 
ss = 8, (8:82) = 1, 
but are by no means identical with them. 


Received June 20, 1940; presented to the American Mathematical Society, April 26, 1940. 
1G. A. Miller, Generalization of the groups of genus zero, Transactions of the American 
Mathematical Society, vol. 8(1907), pp. 1-13. 


367 








368 H. S. M. COXETER 


W. Threlfall has observed’ that 
(1.6) (2,2,n), (2,3,3), (2,3,4), (2,3, 5) 
are the binary polyhedral groups, of order 
4? + m™" +n? — 1)". 
After giving a new proof of this result, we shall show that, except in the special 
cases (—2, 2, n) (n odd) and (+2, —3, 3), each of the groups 
(1.7) (+2, 42, n), (+2, 43, +3), (42, +3, +4), (+2, +3, +5) 
is the direct product of the corresponding one of (1.6) with the cyclic group of 
order 
[T+ m+ nt —1[ (lu + mf t+ [al — 12). 
Moreover, even in the exceptional cases, it will be seen that the order of (J, m, n) 
is still 
4(C'+m't4+n'*—-1j(jljt+|[m|[ 4+[alft- pp” 

These results show, in particular, that the eight groups 
(2,3, 5), (2,3, —5), (2, —3,5), (—2,3, 5), 

(2, --3, —5), (—2,3, —5), (—2, —3,5), (—2, -—3, —5) 
are Hélder’s® 

a2, 9, 9S, eh, a8, 9, ae, alm, 


respectively. The groups (2, 3, n), form = —3, —4, —5, have already been 
investigated by M. Dehn and H. Seifert.’ 


2. Trivial cases. We exclude from consideration the cases where the defining 
relations (1.1) necessitate more or less arbitrary conventions before they become 
significant, namely, the cases where lmn = 0, or 1 = 1 and m + n = 0, ete. 
When | = 1, we have S” = 7", ST = 1; therefore 


(1, m, n) is the cyclic group of order|m+n| (m+n #0). 
When | = —1, (1.3) gives ST = Z’ = S’", whence T = S'"", S™ = T" = 
s?"-?" and S"™""™"" = 1; therefore 
(—1, m, n) is the cyclic group of order | 2mn — m — n| (mn # 1). 
Having disposed of these, we assume from now on that |/|, |m|, || are 
all greater than 1. 


2 Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 41(1932), pp. 6-8; vol. 
46(1936), p. 80. (The present paper arose from an attempt to solve Aufgabe 235.) 

3 OQ. Holder, Bildung zusammengesetzter Gruppen, Mathematische Annalen, vol. 46(1895), 
pp. 321-422; p. 354. 
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3. The polyhedral factor group. The element Z of (i.2), being permutable 
with R, S, T, generates an invariant subgroup whose quotient group is the 
polyhedral group (1, m, n), defined by 


R' = §"* = T" = RST = 1. 
Hence the order of (J, m, n) is g times the period of Z, where g is the order of 
(l, m,n) or (\1,|,|m|,|m|). 
If 1, m, n are greater than 1, we know that the group (I, m, n) is finite when 
*~+m'+n"*>1 


and infinite otherwise. In the finite case its elements can be represented by 
rotations about concurrent lines in ordinary space; the fundamental region 
consists of two spherical triangles, each having angles 2/l, x/m, x/n. Therefore 
2g such triangles cover their sphere, and 


g = 20° +m +n — 1). 
Since (|1| , | m |, | n |) is a factor group of (1, m, n), the latter is infinite whenever 
[U[* +] m|* + [nf 31. 


Thus the finite groups that remain to be investigated are just (1.7), and our 
main problem is to prove that in these cases the period of Z is 


|\T'+m*+n" — 1-9, 
where 
g = A\U* +im[" +] nf7 — 1% 
4. The case when |, m, n are positive. There is no loss of generality in as- 
suming that! S m < n. Since the inequalities 
l>1, m>1, n>1, U'+m"'+4+n"'>1 


then imply / = 2, what we have to show is that the relations 


(4.1) S" = T" = (STY =Z 
imply Z’ = 1 in the following cases: 
(a) m = 2; (b) m = n = 3; 


(c) m= 3,n = 4; (d) m = 3,n = 5. 
(a) When m = 2, we have the relations 
S* = T" = (ST)’, 
which imply T = ST™'S™', whence 
Z=S =T" = (ST'S")" = STS" = SZ'S" = Z". 
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(b) When m = 3, we have the relations 
S* = T” = (STY’, 
which imply T = S’°7'S", S = T'S "T"", whence 
Z= SS =T" = (ST'S")" = S(ST")"S* 


(4.2) = (ST™)" 
a res F “ rer rr 
(4.3) = (S"T*”)". 


When n = 3, this gives at once 
Z=S°* =Z". 
(c) When n = 4, (4.3) and (4.2) give 
Z = (S'T) = (ST")* =Z". 

(d) When n = 5, (4.3) gives 

Z=(S'TY = {S\(ST'S")}* 
(ST'ST'S") = ST(T°’S)T'S” 

= (S'T)* = Z". 
(We shall see, in our final section, that when n = 6 the period of Z is un- 

restricted.) 


5. Representation by quaternions. We have proved that the relations (4.1) 
imply Z’ = 1; but before we can assert that Z is of period two, we must show that 
they do not imply Z = 1. This can be done in various ways.’ One way is to 
represent the elements of each group by quaternions, and verify that Z is repre- 
sented by the quaternion —1. 

(a) This is a natural generalization of the representation 


R=i, S=j, T=k 
for (2, 2, 2). We observe that the relations 
R’? = S = T" = RST = -1, 
which define (2, 2, n), are satisfied by 
R =i, S = icos(x/n) +jsin (x/n), T = cos (x/n) + k sin (x/n). 
(b) For (2, 3, 3), we have 
R=i, S=}1+itjs—-hb, T=}0+it+jt+h. 


4 Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 41(1932), pp. 6-8; vol. 
42(1933), p. 3; vol. 47(1937), p. 42. 
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(ce) For (2, 3, 4), we have 
R=2°G+ ), S=30+i+7+h, T=2414 90. 
(d) For (2, 3, 5), we have 
R=i, S=r+it7)), T=}1+ 74+ 7h), 
where 
r = 4(5' + 1) = 2 cos (32). 


These results show that, whenever 1, m, n and’ + m™ + n™ are all greater 
than 1, the period of Z in (I, m, n) is 2, and consequently the order of (J, m, n) is 


9 = 4(0' + m' +n" - 1). 


6. Further remarks on the binary polyhedral groups. The choice of the 
above quaternions was determined by geometrical considerations. Cayley’ 
showed that, in Riemann’s representation of the complex numbers z = x + w 
by the points of a sphere of unit radius, a rotation through angle 26 about the 


line joining points (£, 7, §), (—& —2, —f) represents the linear fractional 
transformation 


vais’ 
Cz +A’ 





where 
A = cos 6+ sin 6, C = (n + c&) sin 6. 
Moreover,’ the corresponding binary transformation 
z.=An—Ca, 2=Ca+ Az 
can be represented by the quaternion 
cos 6 + (& + nj + fk) sin 6, 


in such a way that the product of two such transformations is represented by 
the product of the corresponding quaternions.’ Thus the identity and the ro- 
tations through w about the Cartesian axes correspond to the quaternion units 
+1, +1, +j, +k, and any rotation group of order g corresponds to a group of 


5A, Cayley, On the correspondence of homographies and rotations, Mathematische An- 
nalen, vol. 15(1879), pp. 238-240. 
® A. Cayley, On certain results relating to quaternions, Philosophical Magazine, (3), vol. 
26(1845), pp. 141-145; G. Boole, Notes on quaternions, ibid., vol. 33(1848), pp. 278-280; 
F, Klein, Vorlesungen tiber das Ikosaeder, Leipzig, 1884, pp. 35-36. 
7 This is done by writing 1, i, 7, k for the matrices 
‘ 0 
0 -iJ 


Gy Ch GD 
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quaternions of order 2g. In this manner, the dihedral group leads to the 
dicyclic group (2, 2, n), whose 4n elements are 
6.1) i cos (rr/n) + j sin (rx/n), cos (rx/n) + k sin (rx/n) 
(r = 0,1, ---, 2n — 1); 


the tetrahedral group leads to the binary tetrahedral group (2, 3, 3), whose 24 
elements are° 


(6.2) +1, +7, +j, +k, }(41 +714j72h); 


the octahedral group leads to the binary octahedral group (2, 3, 4), whose 48 


elements are (6.2) together with® 
2) (414027, (414927, (414427, 
(ag h24, (4k 40274, (414 f27; 


and, finally, the icosahedral group leads to the binary icosahedral group (2, 3, 5), 
whose 120 elements are (6.2) together with 


Mtltri+t i), Htltrntr'h, tl trys mh, 
(+i + rj + 7h), 

64) jer +itry), Hatrtri+th, Wtrtj4rh, 
}+rit tr j tk), 

447° +ri+tj), Ha+r' +i th), A4+7r' + +h), 

L Mar i +j + rk). 





These last quaternions are obtained by taking a regular dodecahedron of which 
one of the five inscribed cubes has vertices (+37, +37, 437). Thus (1 + 
ri + rk) is obtained by writing = 3's, 7 = 0,¢ = 3°'r", @ = 4x. More- 
over, since every quaternion of unit norm represents a rotation, every finite 
group of quaternions (except the cyclic group generated by a single quaternion) 
can be transformed into one of the above groups. 

When the quaternions are interpreted as points in four-dimensional space, 
(6.1) gives the vertices of two regular 2n-gons in absolutely perpendicular 
planes (which, when n = 2, are also the vertices of a 16-cell {3, 3, 4}), (6.2) 
gives the vertices of a 24-cell {3, 4, 3}, (6.3) gives those of the reciprocal 
{3, 4, 3}, and (6.4) gives those of the snub 24-cell’ s{3, 4, 3}, so that the 120 
elements of the group (2, 3, 5) correspond to the 120 vertices of the 600-cell” 
{3, 3, 5}, as has already been pointed out by Threlfall (loc. cit.). 


8D. E. Littlewood, The groups of the regular solids in n dimensions, Proceedings of the 
London Mathematical Society, (2), vol. 32(1931), pp. 10-20; p. 13. 

9H. S. M. Coxeter, Wythoff’s construction for uniform polytopes, Proceedings of the 
London Mathematical Society, (2), vol. 38(1935), pp. 327-339; p. 338. 

10 P| H. Schoute, Mehrdimensionale Geometrie, vol. 2, Leipzig, 1905, p. 211. 
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Each of these sets of points in four dimensions has the property of being 
invariant under the reflection which interchanges any pair of opposite points. 
This is a consequence of the fact that the reflection which interchanges the pair 
of points +1 replaces each quaternion Q by —Q™. Thus a binary polyhedral 
group of order 2g corresponds to a symmetrical arrangement of 2g points on the 
unit hypersphere, and so to a set of g hyperplanes, refiections in which generate 
a group of orthogonal transformations in four dimensions. In detail, the re- 
sults are as follows. 











Binar 

oiiatndiai | Order | Polytopes™’ | a by Order 
| a ae Be a 

(2,2,n) |} 4n } {2n} + {2n} | [n] X [n] 4n? 
(2,2,2)| 8 | {3, 3, 4} 1 CIXt)XLIX0) 16 
(2, 3,3) | 24 || {3, 4, 3} | [3-1-1] 192 
(2,3,4) | 48 || {3, 4,3} + {3, 4, 3} || [3, 4, 3] 1152 
(2, 3,5) | 120 {3, 3, 5} [3, 3, 5] 14400 











The dicyclic group” (2, 2, n), in the form 
S* = T* = (ST), 
can be derived from the cyclic group T°” = 1 by adjoining an element S such 
that S'’TS = T"', S’ = T". The binary polyhedral groups (2, 3, n), for 
n = 3, 4, 5, can be represented by permutations of degrees 8, 16, 24, correspond- 


ing to the representation of the ordinary polyhedral groups (2, 3, n) by permuta- 
tions of the vertices of the tetrahedron, cube, and icosahedron. 


7. The search for a subgroup (|/|, | m|, ||). Consider the general group 
(l, m, n), defined by (1.2) with 
[t}>1, |m|>1, |n][>1, [Uf > + [mp + [nf > 1. 
Let us see whether it is possible to find integers r, s, t such that 
(7.1) R=R2Z', S=S8Z', T = TZ’, 
where 
Ro! = Sy"! = Th"! = RoSoTo. 
Since Z is permutable with R, S, T, we have 
Rh! = Rigor = zinertn 
11H. S. M. Coxeter, Finite groups generated by reflections, and their subgroups generated 


by reflections, Proceedings of the Cambridge Philosophical Society, vol. 30(1934), pp. 
466-482; p. 468. 


12 G. A. Miller, H. F. Blichfeldt, and L. E. Dickson, Finite Groups, New York, 1916, p. 62. 
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and similarly 
ee ee eee, Bae a TO. 
Equating these four powers of Z (after a change of sign), we get 
\l\(r —T*) = | m\(s — m“) = |n|\(t(-— nn") =r+s4+t—-1. 
If each of these expressions is equal to u, we have 
(jUp* + |m[* + [nf * — lu = (r —T*) + (8 — m") + (tt -— 0") 
—-(r+st+i-—1) =1-—U0' —m"* —n", 
and therefore 
u=(1—U0'—m'—n")((ll + | m{ i+ ial? — 1. 
TABLE OF VALUES OF u 
(m = 2) (m = —2) 


Xn Xn} 
—-3 23 4 5 3 —-3--22 3 4 65 
LN 
— | valli 














—-5 | 31 1 6 41 
—§i Wa s —4| 2 9 5 17 
-3| 713 7 19 -3| 13 7 49 19 49 
—2;';413 8 4 -3| 785365 7 9 
— rane 3| 9 5 2 5 ll 29 





The numbers 
r=ull['+U', s=ulm|'+m", t=uln{ +n" 
are integers if and only if” 
u + sgn l, u + sgn m, u + sgn n 


are divisible by |1|, | m|, ||, respectively. On referring to the above table 
for u, we see that the cases of failure (marked in boldface type) are: 


(i) (—2, 2, n), odd, u=|n-—1}]; 
(ii) (—3, 2, 3), u = 3; 
(iii) (—3, —2, 3), u= 9. 
Hence, in all save these exceptional cases, the group (I, m, n) contains elements 
Ry = R*™ J S=-s*™ - 7 =T*™ . 
such that 
(7.2) RY! = Sy"! = Ty" = Rol = Z*. 


13 We use the abbreviation sgn / = 1/| 1 | , i.e., +1 according to the sign of J. 
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It then follows from §4 that 
(7.3) Z™ = 1, 


i.e., that the period of Z is a divisor of 2u. 
It remains to be proved that (7.3) continues to hold in the three exceptional 
cases. 


8. The groups (—2, 2, n) and (—3, +2, 3). 
(i) For (—2, 2, n), the defining relations 
(8.1) R’ = S’ = (RS)" =Z 
imply RS-SR = RZR = RZ = Z’, whence 
(RS)"(SR)" = 2°". 
But (RS)" = Z = (SR)". Therefore 
gent om 1 


and the period of Z is a divisor of | 2n — 2]. 
(ii) For (—3, 2, 3), the defining relations 


R’ = S = (RS) = Z 
imply" RS"“R™"S = ZR'S"R™'S = SRS’, whence 
(RS“R™"S)’ = SRS'RS’ = 2’, 
and 
Z = Z.R'ZR = (R'S'RS)(S'R'SR)Y = 1. 
(iii) Putting S’, 7 for S, T in (1.3), we see that (—3, —2, 3) is defined by 
S=xlf={Z, (ST) =Z", 
whence 
TS'T"'S = ZT'S'T'S = ZSTS = Z'STS", 
(TS'T"'S) = ZST’S" = 2’, 
and 
Z* = 2Z°.T'2°T = (T'S 'TS)(S'T'STY = 1. 
9. Proof that the period of Z is not less than 2u. The element Z’ of (I, m, n) 
generates an invariant cyclic subgroup, whose quotient group, 
R'=S"=T"=RST=Z, Z=1, 
is (||, | m|, ||), by §5. Therefore the period of Z is even. 


“4 This argument was suggested by Miller, Blichfeldt, and Dickson, op. cit., p. 153. 
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Another factor group of (I, m, n) (the “commutator quotient group”’) is ob- 
tained from (1.3) by inserting the relation 


ST = TS, 


so as to make the group Abelian. This factor group is cyclic whenever two of 
l, m, n, say land m, are coprime. For, we can then find integers \ and uy, like- 
wise coprime, such that 


Am + pl = 1. 
Since S' = Z''T™', this implies 


Am+pl A+pn(l—1) py—pwl Ant l—n-l 
Sa fF" a fh geen 


and 
s” _ po—ed atem(al—a—D as petaine—ma—ni—im) 


Similarly 


R wat, qeetiine-a-s) and R! —_ qretatinw—me~at-sad 


Hence the cyclic group generated by T is of order | lmn — mn — nl — Im|. 
Let c be the least common multiple of |1|, | m |, ||, and write 


hel —'— mm — nn". 


Since | and m are coprime, c is the least common multiple of | lm | and | n |. 
Since the period of T is | lmnh |, that of Z (= 7”) is the least integral multiple 
of |lmh|. Since lmh involves the fraction Im/n, the required multiplier is 
|n|/(\lm|, |n|) = e/|lm|, and the period of Z is ch. 

Among the groups we are considering, the only cases in which no two of 1, m, n 
are coprime are those in which |1| = |m| = 2, while n is even. These are 
covered by the supposition that | divides m, in which case we consider (instead 
of the commutator quotient group) the cyclic factor group given by the extra 
relation R = S”'. This reduces (1.1) to 


Ss” ‘i 7 -_ ates J 


whence 


- a ” /)—n— 
Tf = gr iw and gre-taeii-e-@ ., 1. 


This factor group is thus the cyclic group of order | mnh |, and the period of Z 
is the least integral multiple of | nh |. Since nh involves the fraction n/m, the 
required multiplier is c/| n | (where c is the least common multiple of | m | and 
|n |), and the period of Z is again ch. 

Returning to the whole group (I, m, n), we conclude that the period of Z is 
divisible by ch. Moreover, since ch is odd in every case except when |1| = 
|m| = 2 while n is odd, we may put together our two results by saying that 
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the period of Z is divisible by 2ch, except in that special case. We observe also 
that 


c= [lf +|m[" + [nf % 1, 


except in the same special case. Hence, in every case, the period of Z is divisible 
by 2h(j2 |" + | m|[* + [nf — 19%. 


10. General formula for the order of (J, m, n). From §§7, 8, 9, we conclude 
that, so long as |1|, | m|, ||, and ||’ + |m|* + |n|™ are all greater 
than 1, the period of Z in (I, m, n) is exactly 


Qu=|C'+m'+n"'—- 1g, 
where 
g = 2A\L[* + |m[* + [nf —1)7; 
and consequently the order of (l, m, n) is 


|r +m" +n" — 1|9’. 


11. Direct products. We proceed to prove that, apart from the exceptional 
cases (—2, 2, n) (n odd) and (—3, +2, 3), each group (1, m, n) (with | 1|, | m |, 
|n|, and |l|{"’ + |m|"' + |n|™ all greater than 1) is the direct product of 
(1 |, | m |, | n |) and the cyclic group of order u. 

Since u is odd, and Z" is given by (7.2), we see at once that (1, m, n) is generated 
by Ro, So, To, and Z’. Moreover, Ro, So, To generate a group whose order 
divides 2g, and Z’ generates the cyclic group of order u. But the order of 
(l, m, n) is 2gu. Hence Ry, So, To generate (|1|, | m|, ||), and (l, m, n) is 
the direct product of this and the cyclic group generated by Z’. 


12. Further remarks on (—2, 2, n) and (—3, 2, 3). It follows from §10 that 
the group (—2, 2, n), defined by (8.1), is of order 4n(n — 1), while its element 
RS is of period 2n(n — 1). Thus the cyclic subgroup generated by RS is of 
index two. Moreover, since SR = (RS) 'Z’ = (RS)°"", the whole group can 
be derived from this subgroup by adjoining an element R, whose square is (RS)", 
and which transforms each element of the subgroup into its (2n — 1)-th power. 

If nm is even, the subgroup is the direct product of the cyclic groups gen- 
erated by 


(RS)" = Zand (RS)""* = ZS'"R™ = SR* =S'R. 


The extra element F is permutable with the former cyclic group, but transforms 
each element of the latter into its inverse. This continues to hold if we replace 
R by R"™", whose square is Z“’ = (S'R)". The whole group is therefore 
the direct product of the cyclic group generated by Z’ and the dicyclic group 
(2, 2, n), as we saw in §11. 
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If, on the other hand, n is odd, the subgroup generated by RS is the direct 
product of the cyclic groups generated by 


(RS)" =Z and (RS) = (SR)? = (S“R)*. 


The extra element F is permutable with the former cyclic group, and transforms 
each element of the latter into its inverse. But since R’ (= Z) belongs to 
the former cyclic group and not to the latter, this no longer makes (—2, 2, n) 
a direct product. Perhaps the simplest description is as follows. When n is* 
odd, (—2, 2, n) is derived from the cyclic group of order n by adjoining an 
element R, of period 4(n — 1), which transforms every element of the cyclic 
group into its inverse. 

A. Sinkov has obtained the following information about (—3, 2, 3) by repre- 
senting it as a regular permutation group. It has four Sylow subgroups of 
order 9, and one of order 8. Miller’ has shown that there are four such groups 
of order 72; (—3, 2, 3) is that one of the four in which the subgroups of order 9 
are cyclic while the subgroup of order 8 is the quaternion group. Moreover, 
since there is only one subgroup of order 3, and one of order 2, both these are 
invariant, and at least one of them is contained in any subgroup that may be 
formed. Hence no representation is possible on fewer than 72 letters. 


13. Finite factor groups of (2, 3, 6), (2, 4, 4), (3, 3,3). When’ + m* + 
n' = 1, the group (I, m, n) is, of course, infinite. By generalizing the method 
used by Burnside” for the corresponding groups (1, m, n), J. M. Kingston has 
obtained the following finite factor groups of (2, 3, 6), (2, 4, 4), (3, 3, 3): 


S = T° = (ST) =Z, (ST”’)(S'T’) = Z =1, 
of order 6a(b’ + be + c’); 
S‘= 1 =(STY =Z, (ST"')(S"TY = Z =1, 


of order 4a(b’ + c’); 
S=jT=Z, (ST) =2Z, (ST")(S'T)Y = Z =1, 
of order 3a(b’ + be + c’). 


15 Cf. G. A. Miller, The groups generated by two operators which have a common square, 
Archiv der Mathematik und Physik, (3), vol. 9(1905), pp. 6-7. 

16 G, A. Miller, Determination of all the abstract groups of order 72, American Journal of 
Mathematics, vol. 51(1929), pp. 491-494, first paragraph of section III. 

17 W. Burnside, Theory of Groups of Finite Order, Cambridge, 1911, pp. 413-419. 
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In the cases b = 0 and b =c,he has represented these three groups by permu- 
tations, of the following degrees: 


(6 ac, 18 ac, 
(b = 0) <4 ac, (b = c) 8 ac, 
\3 ac, ( 9 ac. 


. ° ° ae 18 ce 
Corresponding results when a = 1 were obtained by Edington,” Sinkov,"* and 
‘ 20 

Coxeter. 


UNIVERSITY OF TORONTO. 


18W. E. Edington, Abstract group definitions and applications, Transactions of the 
American Mathematical Society, vol. 25(1923), pp. 193-210. 

19 A. Sinkov, Notes on the groups of genus one, Tdhoku Mathematical Journal, vol. 
43(1937), pp. 164-170. 

20H. S. M. Coxeter, The abstract groups Gm", Transactions of the American Mathe- 
matical Society, vol. 45(1939), pp. 73-150; pp. 81, 83, 98-100. 











TRILINEAR FORMS 
By A. B. CosBLe 


1. Introduction. We study the correspondence set up by the trilinear form 
T(m, n, p) = (ax)(By)(yz) = 0, 
where z, y, z are points in spaces [m], [n], [p] respectively with respective prime 
coérdinates ~, n, ¢. Thus 
T= p> BYE LiYjZe = »» ijk Li Yj Zk 


id» 
(¢ = 0, ---,m;j =0,---,n; k =0,.«--, p). 


We are interested only in the projective properties of 7’, those invariant under 
digredient linear transformation of z, y, z. The cases in which two of the 
points lie in the same projective space, or in two different spaces which are 
projectively related, require special treatment. We assume initially that the 
variables are so named that 


(1) liomsnsp, 


though, occasionally, when only subspaces of [n] or [p] are under consideration, 
this convention must be modified. 

We also assume initially that the correspondence 7’ = 0 has no neutral points 
x, or y, or Z, i.e., points for which the bilinear form in the remaining two variables 
vanishes identically. If, for example, 7 had neutral points z, these evidently 
would fill up a linear space [k]. If x were linearly transformed so that k + 1 of 
the new reference points are found in [k], then T(m, n, p) would be converted 
into a T’(m — k — 1, n, p), and this simpler correspondence T’ = 0 would be 
the proper subject for study. If for any purpose it were desirable to interpret 
a figure F’ defined by 7” in the space [z’] = [m — k — 1] as a figure F in the 
original space [z] = [mJ], it would be necessary only to dilate the figure F’ in 
[m — k — 1] into a figure F in [m] by using the vertex [k]. Occasionally this 
procedure is necessary. The assumption that 7 has no neutral points z yields 
an upper limit for p when m, n are given, namely, 


(2) p+1s (m+ 1)(n+ 1). 
2. Neutral pairs of 7. We say that z, y is a pair of points neutral for z in 
the correspondence 7 = 0, if (ax)(By)y.x = O fork = 0,1,---,p. With similar 


Received July 9, 1940. 
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definitions for neutral pairs z, z and y, z we have to do with three systems of 
equations, 


(1) (a) a(By)(vz) = 0; (b) (axr)(yz)8; = 0; = (ce) (ax)(By)xx = 0, 


with 7, j, k defined as above. Since, because of the inequalities (1) of §1, 
n+p2m-+landm-+ p2n -+ 1, there always exist neutral pairs y, z and 
neutral pairs z,z. However, unless m + n 2 p + 1, neutral pairs z, y will not 
necessarily exist. 

In seeking to determine these neutral pairs we have obviously to deal with 
three matrices, 


(a) M,,,(x) = | (ax) B Ve | ’ 
(2) (b) Mn.o(y) = | (By)ae |, 
(ce) Mmn(z) = | (yz)ai8; |. 


It is clear that each one of these uniquely determines the form 7 to within 
projectivities, the operation of elementary transformations on the rows or on 
the columns corresponding to the operation of linear transformation on the one 
or the other of the two remaining variables. Thus to within unessential modi- 
fications each matrix uniquely determines the other two. 

Each of the three systems of equations (1) defines two systems of linear 
spaces. For example, the m + 1 equations (1) (a) define, for given y, a linear 
subspace [p — m — 1] of the space [p] of z, which we denote by .[p — m — 1], . 
Similarly, for given z, they define a subspace ,[n — m — 1], of the space [n] 
of y. Similarly, the n + 1 equations (1) (b) define two systems of subspaces 
Ap — n — 1j.,.{m — n — 1], ; and the p + 1 equations (1) (c) define ,[n — p — 
1],, .[m — p — l],. It is to be emphasized that the dimensions of these sub- 
spaces are given for generic position of the z, or y, or z which defines them and 
that a negative value merely means non-existence for such generic position. 

The points z, y, or z, for which the dimensions of the corresponding subspaces 
increase, are those for which the ranks of the matrices (2) (a), (b), (c) fall below 
their respective maxima, n + 1,m + 1,m-+ 1. We indicate the rank in ques- 
tion by a prefix attached to the matrix. Thus the locus of points z for which 
nM,.,,(2) = 0, ie., for which all the determinants of order n + 1 in M,,,(z) 
vanish, has the dimension m + n — p — 1 in [ml]. This is also the dimension 
of mM m.p(y) = 0 in [n]. However, the dimension of »M,»,.(z) = 0 in [p] is 
p+m-—n-—1. With reference to the inequalities (1) of §1 it is clear that 
this last dimension is zero only in the case m = n = p = 1, and in all other cases 
is positive. There will therefore always exist in [p] a manifold »M»,.(z) = 0 
of dimension p + m — n — 1 < p. This manifold is exhaustively studied in 
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Room’s recent treatise’ under the notation V(|m + 1, n + 1|, p), the order 
of V being (" 7 '). For a generic point z on »M»,.(z) = 0, a point for which 


m—1M m.n(z) # 0, there is a unique point z which satisfies (1) (b). 
If p is greater than is implied by the limiting equality 


(3) p+l=m-+n, 


the manifolds ,M,,,,(z) = 0 and »Mm.»(y) = 0 will not exist, unless the form 
T(m, n, p) is subject to such specializing conditions as ensure the existence. 
Let 2” be a point for which M,,,(x) has the rank n + 1 — k (k > 0). Then 
(1) (ec) has k independent solutions y®, --- , y“~”, i.e., there exists a space 
lk — ljeo. If y® is a particular point in ,[k — 1]. , then the subspace of 
[m] defined by y = y® in (1) (ec) exists and contains independent points 
2°, ...,2” if M,,p(y) has the rank m + 1 — lfory = y®. This situation 
occurs, for example, when x, y = e , fo, the first reference points in [m], [n] 
respectively, provided that ao%(yz) = 0 together with a\(yz) =--- = 
aBrs(yz2) = O and aBo(yz) = --- = arsBo(yz) = 0. Under these circum- 
stances the equations (1) (a) for y = y satisfy 1 linear relations with coefficients 


arising from 2, --- ,2“"”, so that the space .p — m — 1], becomes for 


y = y® aspace .{p — m — 1 + Ij), and similarly the space jp — n — 1], 
becomes for z = x a space .[p — n — 1 + k]z). Like considerations apply 
to other subspaces. However, the normal situation for which the manifolds 
»Man.p = 0, mM mn.» = 0 exist is that the two manifolds are birationally related 
by equations (1) (c), ie., k = 1 = 1. 

Particular cases in which some of the subspaces defined above are points are 
of interest. If the .p — m — 1], are points, so that p = m + 1, then two 
cases arise. Either 7 is a T(m, m + 1, m + 1) and yields the Cremona trans- 
formation from [y] to [z] determined by m + 1 bilinear forms, or T is a 
T(m, m, m + 1) and yields a mapping of [y] (or [z]) upon a determinantal primal 
of order m + 1 in [z] (ef., for m = 3, Room, loc. cit., Chapter XV). If the 
Ap — n — 1], are points and p = n + 1, then T is a T(m, n,n + 1), and we 
have a mapping of [z] on an F,, in [z] = [n + 1]. If the ,[n — m — 1], are 
points and n = m + 1, then 7 isa T(m, m + 1,m + 1+ kh), where k 2 0, 
and we have a mapping of [y] upon «"”*’ spaces [k] of [2] which cover the space 
[z] simply. 

We shall refer to Room’s determinantal locus of dimension p + m — n — 1 


n Le : basil ' 
and order ( hi ) in the space [p] as Vn.»n,». It is ordinarily the locus of its 


x” generator spaces .[p — n — 1],. If, however, p = n, these generators do 
not exist for generic z. Then Vin...» is the locus of its «” ’ generator points 
{0].<0) , 2 being a generic point on the manifold ,M,,,(z) = 0. The pecu- 


1T. G. Room, The Geometry of Determinantal Loci, Cambridge University Press, 1938. 
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liarity of the spaces .jp — m — 1], with respect to Vn...» is expressed by the 
theorem: 


(4) A generic [p — m — 1] in [p] meets Vinjn,p in @ Vin.n,p—-m—1 Of dimension 


+ I 


p — n — 2 and order ‘ m j? Ap — m — 1), meets Vinin,p IN @ Vimn—1,p—m-1 


of dimension p — n — 1 and order ("). 


The first of these statements is obtained by restricting z in [p] to the given 
|p — m — 1]; the second from the additional observation that, for z so restricted, 
y is a neutral point of the related T(m, n, p — m — 1), and thus the space [n] 
is effectively only a space [n — 1]. Room refers to the spaces {jp — m — 1], 
as the second system of generators of V m.n,p - 


3. Trilinear forms for which p + 1 = m+ n. This case is of particular 


interest in that there is in general a finite number of neutral pairs z, y, this 
number being 


0 n-(029)-(054) 

m n 
The points z make up a set P¥ in [m], and the points y a set Q¥ in [n], the two 
sets being ordered with respect to each other. This set P is the manifold 
nM ,,»(z) = O and the set Q the manifold »,M,»,»(y) = 0. 

We exclude the case m = 1 for which p = n. T is then merely a pencil 
(parameter 2) of bilinear forms in y and z. Py is then the n + 1 points x for 
which the bilinear form has the rank n and neutral points y, z. Qs is the set 
of n + 1 neutral points y, and V,,,.,p is the set of n + 1 neutral points z. 

With m 2 2,n = m, and p = m + n — 1, the generator spaces ,[p — n — 1], 


of Vn.n,p With dimension 2m — 2 and order * ') exist for generic x. Also 


the system of second generators of V»,n,» , the system of spaces fp — m — 1], , 
exists for generic y. However, if z, y is a neutral pair p, , g, (kh = 1, --- , N) 
of 7, the corresponding generators of V expand into spaces .[p — n]p, = mr 
and ,[p — m],, = xr. The space m lieson V. The «” " spaces [p — n — 1] 
in m, are the limiting positions of spaces ,[p — n — 1], as x approaches py in [m] 


m—l p-—n 


along some one of the « = «” " directions through it. The space x cuts V 


in & Vinjn—1n—1 (ef. §2, (4)) of dimension m — 1 and order es The ©” “= 
2"~' spaces [p — m — 1] in x, are the limiting positions of spaces .[p — m — ll), 
as y approaches q in [n] along some one of the "~' directions through it. If 
Pr, rand py , gv are two different neutral pairs of 7, then (ap,)(8qx)(yz) = 0 
is a prime p in [p] = [m + n — 1], which contains m and xm. But in p = 
[m + n — 2] these two spaces mand xx of dimension m — 1 and n — 1 respec- 
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tively must meet. The spaces a , xx with the incidences just mentioned make 
up the “double-N configuration” treated by Room (loc. cit., Chapter IV). 
When p + 1 = m + 2, the trilinear form T(m, n, p) has (m + 1)(n + 1) 
-(m + n) — 1 — m(m + 2) — n(n + 2) — (m+n — 1lY(mM+n4+1) = 
(m + n)(mn — 1) — (m* + n’) absolute constants. The set of points Py in 


m+n 


[m] has ) — (m+ 2) |m absolute constants. When m = 2, the number 


of absolute constants in both 7 and P is the same, namely, n* + 3n — 6. For 
larger values of m, the number of absolute constants in a generic set P¥ is 
greater than the number found in 7, whence the set Py determined by 7 has 
special properties. We turn therefore to the case m = 2, and seek to determine 
T(2, n, n + 1) in terms of a generic ternary set of points Py. The greater 
part of Room’s treatment in this particular case concerns the mutual relations 
between the spaces [z] and [z]. We shall here be more interested in the rela- 
tions between the spaces [2] and [y], and the sets of points PX and Qy in them, 
particularly in view of the application to be made in a later paper to the set of 
nodes of a ternary rational curve. 


4. The trilinear form 7(2, n,n + 1), = 2. It is convenient henceforth to 
replace N by the more specific 


n+2 
() Na =( : ). 


The N, neutral pairs pa , ga of T lie in the sets Px, , QX, in the spaces [2] and [n] 
of [x] and [y] respectively. Both 7 and Px, a8 observed above, have 
n’ + 3n — 6 absolute constants. However, the set Qy, in [n], having no more 
absolute constants than 7, must be subject to at least (n — 2)[N,-1 — 3] pro- 
jective conditions. We shall find both algebraic and geometric statements for 
these conditions. 

The simplest geometric situation is that which arises from the n + 1 equa- 
tions (1) (b) of §2. These, for given z, determine a unique point z, the space 
{0],. If ¢ isa prime on this point z, the equation of z is given by the vanishing 
of the bordered determinant 


(ax), Yk 
Se 


When z is at ps of the set Py, , the n + 1 equations in z are dependent with multi- 
pliers q, , and (2) vanishes identically in ¢. Hence, for given ¢, (2) is the equa- 
tion of a curve Q”*'(¢) of the linear system («"*") of curves of order n + 1 
on the set Px. Thus (2) is the equation of the map of the plane [2] upon the 
points ,[0], of a surface F2*~' in [z]. The prime ¢ cuts F?*“' in a curve Q""""(s) 
which is the map of Q”**(¢). For n = 2, 3, 4, --- this surface F? is the cubie 
surface in [3], the Bordiga surface F? in [4], and the White surfaces in [n + 1] 
(ef. Room, loc. cit., Chapter XIV). 
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In this mapping, the directions about the point p, map into the points of a 
line , on F2"~'. The curve Q; , the n-ic on all of the points of PX, except pr, 
maps into the curve of order N,_2 in which the space x, = [n — 1] meets F?*"' 
(cf. §3). Thus the double-N, configuration and its incidences are obvious. 
Before going further into the geometry in the space [y], we give an algebraic 


definition of the set Q¥, in terms of the given set Py, . 


5. The sets PX, , Q%, of neutral pairs p,, q, of 7(2, n,n — 1). As noted 
earlier (cf. §2, (2) (a), (b)) these neutral pairs are found as the zeros of the 
matrix equations: 


(1) Px, : | (ax)Byye\n; Qh, : | as(By)ve |e « 
Let the points of Py, be given by the equations (pt) = 0 (hk = 1, --- , N,). 
Since only (" = ') of the powers (p,é)"~ are linearly independent, these powers 


are connected by n + 1 independent linear relations of the form 


(2) » gin(pat)” = 0 Gj = 0, 1, ye diet, n). 
If these are multiplied respectively by mo , <; +++, and added, we get the 
double identity: 

(3) > (qan)-(pat)" = 0 (in £ and »). 


We have thus defined, obviously only to within a projectivity, a set of points 
Qx,, in the space [n] of [y]. By polarizing this identity to obtain 


(4) > (ann) - (pat) + (pak) = 0 (in », &, &’), 


we find, by equating the coefficients of £’ to zero, that only N, — N,-2 = 2n + 1 
of the products (qxn), (pat) are linearly independent. Hence all N, of these 
products are apolar to n + 2 linearly independent bilinear forms (ar)(8y)y, = 
(k = 0,---,n+ 1). Thus the pairs xz, y = pa, q are neutral for a trilinear 
form 7(2, n,n + 1) = (ax)(8y)(yz), in which the variables z also are defined 
only to within a projectivity. Since also a projectivity in z applied to the points 
of the given Pr. will not affect the coefficients qj, in (2), the variables z, y, z 
in T are digredient. 

The form 7 thus defined by P¥, is generic. For, if it were subject to pro- 
jective conditions, its set Py, of neutral points pa belonging to neutral pairs 
z,y = Pr, q could not have n* + 3n — 6 absolute constants, whereas the set 
PX, used above to construct 7’ with this neutral set was generic. Hence we have 


(5) The generic trilinear form T(2, n, n + 1) with N, pairs x, y neutral for z is 
projectively defined by the generic set PX, of points x of these neutral pairs. The 
set Qh, of points y is projectively defined in terms of Px, by the identity (3). 
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An immediate interpretation of (3) yields the following geometric statement 
of the (n — 2)(N,-1 — 3) projective conditions on Qy, : 


(6) The set Qx,, , subject to (n — 2)(N,1 — 3) projective conditions in [n], has an 
associated set of points Ry, in a space [N,-1 — 1] with the equivalent geometric 
peculiarity that the set Ry, is on a Veronesean Vs" in (N,-1 — 1). 


Indeed, the plane of [x] is mapped on the Veronesean by the totality of curves 
of order n — 1 (ef. Room, loc. cit., p. 15) in such a way that (xé)""" is mapped 
into a point r of V2 in [N,1 — 1]. Thus the set PX, is mapped into a generic 
set Ry, on V2 by setting (0) = (pat)"’. Then the identity (3) becomes 
bilinear in 7, @ and expresses merely that the sets Qy, and Ry, are associated.” 
We may note that V2 admits a collineation gs and thus depends upon N4,_, — 9 
constants. It is then easy to verify that the condition that Ry, lies on such a 
V2 imposes (n — 2)(N,-1 — 3) projective conditions on Ry, , and therefore 
also on its associated set Qy, . 

We saw that the N, products (qan)-(pré) in (4) satisfy the N,_2 linear iden- 
tities obtained from the coefficients of £’, and that this was sufficient to define 7. 
As an obvious extension of the idea of simple association as used above, we may 
state that 


(7) If two sets Px,, and Qy,, are N,,-2-tuply associated, and if Py, is a generic set, 
then Px, , Qe, are neutral sets for a trilinear form T(2, n,n + 1). 


This statement does not exhaust the peculiarity of the identity (4) in that 

the special character of the coefficients of ¢’ with respect to those of & in the 
individual terms is not utilized. For this set (p.é’)"” = (ss), thus mapping 
the set PX, on a set Sy, on a Veronesean Vs""* in a space [N,-2 — 1]. We 
then find, by equating the coefficients of n in (4) to zero, that only VN, — (n + 1) 
of the N, products (pré)-(sig) are linearly independent. Thus all of the 
products are apolar to 3N,-2 — N,z.. = n(n — 2) independent bilinear forms 
B; = (éx)(ess). Conversely, if the pairs p, , 8, satisfy such forms, the coeffi- 
cients gq can be recovered, and the form T again obtained, this leading to the 
identity (4) and the given form of the points (s,¢). Hence we have 
(8) If n(n — 2) bilinear forms B;(2, Nn-2 — 1) = (6;z)(es) = O (f = 1,---, 
n(n — 2)) are satisfied by N,, pairs x, s, and if the N,, points x are generic, then for 
every x there is an s satisfying the forms. The plane of x is mapped by the equa- 
tions B, = 0 upon a Veronesean V5"~*” of points s in [Nn-2 — 1). 
(9) If a matrix of n(n — 2) rows and N,_2 columns, whose elements are ternary 
linear forms in x, has the rank Ny-2 — 1 for a generic set of points Px, , then it 
has this rank for every point x and is reducible by elementary transformations of 
the matriz, and linear transformation on x, to the matrix of coefficients of y in the 
forms 


(xiy2 — rays)yo°yi'ys*, — (Z2yo — Zoye)yo’yi'y2’, — (Zoyr — Ziyo)yo°yt', 
where ly + 1, + kh = m + m = n — 3. 
2A. B. Coble, Associated sets of points, Trans. Amer. Math. Soc., vol. 24(1922), pp. 1-20. 
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This last theorem represents a form in which the conditions (p,£)- (sg) = 
(pré)- (prt’)"” can be satisfied. The first significant case is n = 3, N, = 10. 
The identically vanishing determinant can then be exhibited as a skew-sym- 
metric determinant. 

Another definition of the set Qy, in terms of the set PX, can be obtained 
from the identity (3). Let Q"*'(¢) and Q"*'(¢’) (ef. §4) be two (n + 1)-ies 
on PX, and on a residual set RX,_,, Nx + Nn». being (n + 1). If (8z)"%, 


—? . . 
(8’x)""~ are arbitrary curves of order n — 2, we have, in 
r n—2 n+1 n—2 n+l 
(Bx)"""- QF) + (B’x)"~-Q*™(8"), 
the linear system of dimension 2N,_2 — 1 of curves of order 2n — 1 on these 


two sets. There is therefore a single linear identity connecting the (2n — 1)-th 
powers of the points of the two sets, namely, 


h=Na l=Nn-} 
(10) > (prt) + 2d (ne) = 0, 


this being a consequence of the numerical relation N2,; = [(n + 1)*° — 1] + 
2N n-2 

Let (ax)"(an) = 0 be the linear system, with n + 1 parameters 7 of n-ic 
curves on the set RX,_,. The polar of (ar)"(an) with respect to the identity 
(10), with z operating on &, yields the identity 


h=Np 


(11) > (apa) (an) - pat)" = 0. 
On comparing this identity with (3) we have 


(12) (qxn) = (apa)”- (an). 
An immediate interpretation of this result is as follows: 


(13) The set Qx,, is the map in [n] of PX, by n-ic curves on the residual base Ri, 
of a pencil of curves Q"*'(¢) on PX. The plane of [x] maps into a White surface 
F2"-* and the pencil Q"*'(¢) maps into a pencil of curves S**-*(¢) on F3"~*, the 
base of this pencil S being Qy, . 

We proceed to examine the system of curves S in relation to the systems Q 
mentioned earlier. 


6. The curves Q"*'(¢) on Px, , Q**"'(¢) on F2""', and S**"'(¢) on Qh,. 
To every section Q*"~'(¢) of the White surface F?"~' in [z] by a prime ¢, there 
corresponds a curve Q"*'(¢) of the linear system of planar (n + 1)-ies on P%, . 
The generic curve Q"*'(¢) of this system is a generic curve only so far as its 
order is concerned. It depends upon N,4; — 9 absolute projective constants. 
It is, however, of high genus, p = N, 2, with respect to its order and thus is 
birationally special ifn > 3. Its peculiarity is that it contains a complete linear 
series, its line sections L = g3*', such that its canonical series C is given by 


(1) C = (n — 2)L. 
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The Nis: — 9 absolute projective constants of Q”*’(¢) are the birational moduli 
both of Q”*"(¢) and of Q**""(¢). 

Let the prime ¢ be fixed in the equation (2) of §4. Then the birationally 
related curves Q™*-*(¢), Q"*'(¢) are also fixed. If x is a particular point on 
Q”*"(¢) for which the determinant (2) of §4 vanishes, the bordered determinant 
must factor, i.e., 


(ax) Bix i| 
perm 5). . 
Sey Se 0| 


Indeed, this bordered determinant is the result of eliminating z and p from the 
relations 


(3) (ax’)(By)(vz) = p(ny), (Sz) = 0, = (¢’z) = , 


the first relation being an identity in y. If ¢’ is on the point 2” of Q**""(¢) 
which corresponds to x on Q”"*"(¢), the equations (3) are satisfied by z = 2, 
p = 0, and this identifies the factor (z¢’). If p ¥ 0, then, for every z on 
the [n — 1] = (¢, ¢’), the primes (ax’)(8y)(yz) = 0 in the space [y] pass through 
a point y°. As 2 runs over Q"”’(f), the points 2, y® run over curves in 
[2], [y] respectively. For given ¢’, 7 the points z, y® correspond to points 2° 
cut out on Q"*'(¢) by a curve of order n. For fixed ¢’, and therefore N,-1 fixed 
points on Q**-'(¢) and Q"*’(¢), and variable 7, the locus of points y” is the 
map of Q”"*'(¢) by a system of curves of order n, with parameters 7, on the fixed 
N,-1 points and therefore also on a variable set of N,-; points. Hence the 
locus of y® is a curve S*"-'(¢) birationally related to Q”*'(¢). 

If px, qx is a neutral pair of 7’, and if 7 is on q, then (3) is satisfied for any 
¢, ¢’ since (apr)(Bqn)ve = 0, (ngx) = 0. Also if (¢, ¢”) meets at z” the line m 
on F}*~' which corresponds to directions about p, in [z], then (3) is satisfied 


for any 7 with p = 0. Hence 


(2) 


| (apn) Bie i 
on : ; “ | = (magt’)-(qan). 
| Sey Se 0 | 


Thus as xz” on Q"*'(¢) passes through p, , z 
on S**-'(¢) passes through q,. Hence 


(5) Each curve of the linear system (~"*") of (n + 1)-ics Q"*'(¢) on PX, is 
birationally related to a curve Q**~"(¢) of the system (~"*") of curves cut out on 
F3"-* by primes ¢ in [z], and to a curve S*"-'(¢) of a system (~"*') on Qh, in [y]. 
Prime sections of Q*"-'(¢) correspond to sets | a on Q”"*'(¢) which are cut out 
by (n + 1)-tes on Pi . Prime sections of S*"~*(¢) correspond to sets cut out on 
Q”*"(¢) by n-ics on a set RX,_, . 

We remark first that, if n > 3, the situation that Q\, carries «"*' curves 
S*"-'(¢) implies conditions on the set of points Qy,. For, the curve Q"(e) 


has Nns: — 9 moduli, and the choice of a gX""' on it adds p = N,_2 constants. 


(4) 


on Q**-"(¢) crosses m,, and y® 





-_ ~~ = ww 4 As 





che 


curves 


y"**(e) 


stants. 





TRILINEAR FORMS 389 


Thus the map S**“'(¢) has Naz: + N»-2 — 9 absolute projective constants and 
a freedom of Nay: + Na — 9 + n(n + 2) = 2n? + 4n — 6. However, 
when n > 3, this is less than the number (n — 1)N, + n + 1 of constants 
required to have a system ~"*’ on a set of N, generic points. For n = 3, these 
numbers coincide. Nevertheless for n = 3 we have the special character of 
the set Q\, observed in (13) of §5: 

(6) Any two curves of the system ("*"') of curves S*"-"(g¢) on Qh, lie in a pencil 
of such curves on a White surface F}"~*. 

We remark also that the two equations 7(2, n,n + 1) = (ar)(8y)(yz) = 0 
and (¢z) = 0 are effectively the same as a single equation 7’(2, n,n) = 0, where 
the [n] of z in 7” is ¢ in the [n + 1] of T. For each x, T’ = 0 is a correlation 
between the spaces [y] and ¢, which degenerates when z is a point x” on Q"*'(¢), 
and then has singular points y’, z in [y], ¢ respectively. In this form the 
symmetry between the curves Q“""'(¢) and S**"'(¢) is more apparent. 

The birational definition of the set Qx, on a curve S“"-'(¢) is a consequence 
of the planar equivalences which follow from (5): 

xe t Ry, =(n+1)L, 2+ Ri, = nL, 
where z is a prime section of S“"-'. From these, the mapping (13) of §5 and 
(1), we have 


(7) yy =ert+Len+ — 
Hence 


(8) If S*"-'(¢) on Qh, with prime section x is birationally related to Q"*'(¢) on 
x, with line section L, then the set Qx,, on S*"-"(¢) has the birational definition (7). 
Thus the freedom of the set Q%, on given S is N, — Ny-2 = 2n +1. The 
freedom of S itself, as mentioned above, is 2n? + 4n — 6, whence the freedom 
of incident Qy, , S is 2n° + 6n — 5. On the other hand, the freedom of Qy, 
in [n] is n° + 3n — 6 + n(n + 2) = 2n® + 5n — 6G, and the freedom of S on 
Qy, ism + 1, so that again the freedom of incident Qy, , S is 2n* + 6n — 5. 


7. The N,,2-secant [n — 2]’s of the curves Q*""'(¢), S*""'(¢)._ In our present 
case, Vm.n,p is the White surface F?"~' in [z], and, according to (4) of §2, the «" 
spaces ,{n — 2], obtained by fixing y in the equations (1) (a) of §2 cut F2""' 
in Nw» points. They are the only spaces [mn — 2] which cut F?2"~' in this 
manner. A particular .{n — 2], is on three primes ¢, ¢’, ¢” of anet. Thus the 
N,-2 points z arise from a set of N,-2 points x, say Cy,_,(y), which with P%, 
are the base of a net of curves Q"*'(¢). A particular curve Q"*'(¢) of this net 
is cut by the pencil ’Q"*'(¢’) + \’”Q""(¢”) on P%, and Ci..-2(y) ina gf which 
is necessarily special, and therefore is on a pencil of lines through a point p 
of Q"*'(¢). Conversely, let g" be any collinear n-point on a line L. This will 
be on a pencil of curves Q"*'(g), say AQ"*'(¢) + A’Q"*"(¢"), which meet again 
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in a set Cy,_,. Since g" on Q"*'(¢) is in a complete gi, there will be a pencil 
VQ") + AQ"™"(¢”) which cuts Q"*'(¢) in PX, , CX,-., and the g!. Since 
Ci,-, and the set g" are a set RX,_, of (5) of §6 on Q”"™'(g), and since «"" 
of the «" n-ic curves on this set Ry,_, contain L, and therefore the residual 
point p, the Q"*'(¢) maps into a curve S*=-"(¢) and the point p maps into the 
point yon S*""'(¢). Hence 


(1) The «" spaces .[n — 2], are the N,_2-secant spaces of F}"~' and of the curves 
Q*=""(¢) on F7"-'. Each .[n — 2], is Ny-2-secant to the ~” curves Q*"-'(¢) 
which correspond to the ~? curves S*"-*(¢) on y, and to the «* curves Q""'(S) on 
Xa-2(¥)- The ©' Ny-ssecant [n — 2]’s of a particular curve Q*"""(¢) are in 
one-to-one correspondence with the points y of S*"-'(¢) and with the ~' sets Cy,_,(y) 
on Q"*'(¢) which carry a net of such curves. 


If we fix z in the three equations (1) (a) of §2, a:(8y)(yz) = 0, there-is deter- 
mined in [y] the space ,[n — 3].. If, however, z is a point on F2"~' which 
arises from x in [2], so that (ar) (yz); = 0, then the three equations above 
are linearly dependent in y with multipliers x, and thus we have a space 
yin — 2],0). The x” spaces of this character will be called Semple [n — 2]’s 
[cef. Room, loc. cit., 14.7, p. 381, for the case n = 3]. A particular Semple 
[n — 2] is determined bv either the 2 in [2], or the 2 in [n + 1] on Fz". 
Let ¢ be a particular s»rime in [n + 1] on 2, determining a curve Q*"""(¢) on 

)"-' through 2’, and a curve Q"*'(¢) on PX, through z. Then, as remarked 
after (6) of §6, the equations T = (ax)(By)(yz) = 0, (fz) = 0 are effectively 
those of a 7’(2, n, n) in [x], [y],¢. For 2 on Q"*"(¢), the correlation 7” between 
y and z is singular with singular points y, z® on S*"-'(¢), Q""""(¢) respectively. 
Just as, according to (1), for y = y™ there is a space ,{n — 2],<o) which is 
N,-2secant to Q*"""(¢), so, for z = 2, there is a space ,[nm — 2].<o) which is 
N,-2secant to S**-*(¢), and this evidently is the Semple [n — 2] determined 


( 
by z” oraz”. Hence 


(2) The x* Semple [n — 2]’s in [y] defined by ,[n — 2].«o) , where z is on F?""', 

are the N,-2-secant spaces of the ~"*' curves S*"~'(¢) on Qk. Each curve 

S*=-"(¢) has x' Semple N,-2-secant spaces corresponding to points z on Q*"-"(¢), 

or to points x on Q”*'(¢). Each Semple {n — 2] is N,-2-secant to the ©" curves 

S*="(¢) for which the corresponding curves Q™"-'(¢) are on 2, or the corre- 
(0) 


sponding curves Q"*'(¢) are on x. 


(0) 


Some of the correspondences dealt with above have already been obtained 
analytically. Thus the equation (2) of §4 yields, for z = x, the equation 
(z¢) of the corresponding point on the White surface; and for the section 
Q*"-' of this surface by the prime ¢, the corresponding curve Q"**(¢) on P,. ; 
When bordered as in (2) of §6, it yields the corresponding point y® on the 
corresponding curve S”*-'(¢). For the particular point p, of Pyx,, it yields 
(ef. §6, (4)) the line m of the double-N, configuration ,, x, on the White 
surface, and the corresponding point q of Q¥, . 
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The matrices in y and z can be bordered similarly to obtain analogous results. 
Thus 


| ai(By) Yx | _ 
fk, bh, ae yo 


is, for given y, the equation satisfied by the (¢, ¢’, --- , ¢"-”)’s = [2]’s which 
cut the .{n — 2], which is N,_s-secant to F?"~"' or to any Q**' section of it 
by a prime on ,[n — 2],. The coefficients of the various coérdinates of such 
a [2] are the linearly independent cubic primals on Qx,. When y is at qa of 
Qx, , it vanishes identically, and, bordered again, it factors as follows: 
| ay ye ‘| 
| ’ ae (n—1) : | = (pnk)-(xagt’ --- rs, 
Se, Sky eee y Sk 0 | 
where x, is the [n — 1] opposite z, in the double-N, configuration and py is 
in Py, . 

Similarly, 


(3) 


(4) 


ai (yz) B; 
} ’ 
[Mir Miy 2% 5 1 


is, for given z, the equation of the (n, 7’, --- , 9'"””)’s = [2]’s which cut ,[n — 3], . 
The coefficients of this equation are the cubic primals on the White surface. 
When z is a point z” of this surface, (5) vanishes identically, and, bordered 
again, it factors as follows: 


eye); t, 
| yz - : | oe (xe t) . (p™ mm Fats a), 


(5) 


(6) 


, 
IMiy Ni, o* 5 Nj 


where x is the point on [2] which corresponds to z’, and where p” is the 
Semple [n — 2] corresponding to x or z as described above. 


8. Properties of the Semple congruence. One of the most striking properties 
of the Semple congruence of «* [n — 2]’s is expressed by the following theorem 
which not only gives a solution of the classic problem of projectivity, but also 
states a fundamental property of the set Qy, . 


(1) If p® is the Semple [n — 2] in the space [n] of y which corresponds to x in 
the plane, then the N,, primes of the pencil on p“ to the points of Qh, are projective 
to the N,, lines of the pencil on x to the points of Py, . 

To prove this let, as in (13) of §5, the pencil AQ"""(¢) + A’Q"*"(¢’) have base 
points RX,_, outside P\,. Then, according to this theorem, n-ie curves on 
Rx,-, map the plane into a White surface F}"~*, and the pencil into a pencil of 
curves S**""(A¢ + A’¢’) on F2*~* and through QX,, the map of PX,. If 2° 
is one point of Ry,_,, there is a unique (n — 1)-ic @ on the remaining points 
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of Ry,-,. Thus, if L isa line of the pencil on x’, we have in LG a pencil of the 
mapping system, and therefore in [y] a corresponding pencil of primes on an 
[n — 2], p. The curve G, meeting the curves Q"*'(¢), Q""'(¢’) in N,2 points 
outside | , Maps into a curve in p which meets the curves S*""'(A¢ + X’¢’) 
in N,_2 points, whence p is a Semple [n — 2] which is also a space « of the double- 
N,-1 configuration on F?"-*. Hence the pencil of primes on p to the points 
of Qx, is projective to the pencil of lines L on x to the points of PX. There 
remains only to prove that p is the Semple [nm — 2] which corresponds to z™, 
i.e., that the points y on p satisfy 


(a) a(sy)(vz°) = 0, — (b) (ax )(yz)8; = 0 


. (0 2 0 em ° ~ 
The point 2 of Ry,_, corresponds to a 2 on F2"~' for which (¢2) = 


(¢’z”) = 0. These two linear conditions on z together with 7(2,n,n +1) = 
(ax)(By)(yz) = 0 yield a T’(2, n,n — 1) = (a’x)(p’ y)(y'2’) = 0, where 2’ is in 
the [n — 1] = (¢¢’). This has Nn: pairs 2, 2” = Ri,_,, Riz + neutral 
for y as in (b). Thus 7” defines the White surface F?"~? in [y], and 2° defines 
as in (a) a space « of the configuration on F2"~*. Hence the Semple space p 
is that which corresponds to 2. 

An incidental result obtained above, transferred from F?"~? to the White 
surface F?"~', is the following: 
(2) If pr, qe is a neutral pair of T(2, n, n + 1), and if x, is the corresponding 
[n — 1] opposite m, on F?"~', if also x, y (s = 1,2, --- ) is any set of corre- 
sponding pairs of points on [2] and F7"" tr i then the pencil of lines on pn 
to the points x” is projective to the pencil of primes £ on x, to the points 2” 


Another result, perhaps worth mentioning, is 


(3) If a pencil of curves Q"*'(¢) on Py, has further base points R%,_, , then the 
N,-1 Semple {n — 2]’s corresponding to the points R¥,,_, are the N,,-. spaces « of a 
double-N,,., configuration of a White surface F]"~* on Qy,. The [n — 1] in [z] 
determined by this pencil cuts F]"~' in [z] in a set of points Z . : such that 

Na-t » 2Nn, are the neutral pairs x, 2’ of a T’(2,n,n — 1) = (a’x)(8’y)(y’2’), 
2’ being in the [n — 1] = (£, ¢’). 

Thus the generic section of F7*~' by an [n — 1] is not a generic set of points 
ifn > 3. These points are in fact a set Qy—', for a generic planar P¥,_, . 

We have seen, in connection with (1) of §7, that the ©” sets Cy,_, which with 
PX, carry a net of curves Q"*'(¢) are in birational correspondence with the »™ 
points y of [y], and, in connection with (6) of §7, that the «° points x of [2] 
are in birational correspondence with the «* Semple [n — 2]’s, in [y]. We 
prove now 
(4) If x corresponds to p, and if Cyy,_, corresponds to y, then y is a point of 
p” if x is a point of Cx,_, , and conversely. 

For, if y is given, the N,-2 points z which correspond on F?"~' to the points 

z” of Cry ,, and the corresponding —e x”, are given by the equations 
adturlen ) = 0 and (ax)(yz’)B; = 0. On the other hand, p as deter- 
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mined by x is also given by (ax)(yz)8; = 0, ai(By)(yz”) = 0. As an 
immediate consequence we have 


(5) The order of the Semple congruence is Ny_2 . 


The N,_2 Semple [n — 2]’s on a point y are not a generic set if n > 3. 
Indeed, if the space [z’] = .n — 2],<o) cuts F?"~' in the set of points Z,"~? 
which corresponds to the set C%,_,(y) in [z], and if the space [n — 1] = [y’] 
is the projection of the [n] = [y] from y’, we have the theorem: 


(6) The ~* curves S*"-*(¢) on y® are projected from y into a net of curves of 


order Nyx. — 1 on a White surface F}"~* in [y’] which contains the set Qx"', the 
projection of Qx, from y. The Nu-2 Semple {n — 2]’s on y® project into the 
[n — 3]’s, x, of F2"-*. The White surface F]"~* is defined by a T’(2, n — 1, 
n — 2) = T'(z, y’, 2’) with sets Px,_,, Qu, = Cr,-(y”), Zwr22 of points 
x, 2’ neutral for y’. 


Thus while the set of points PX,_, = Cy,_,(y) is still a generic set, the set 
of points Zy"~> and the set of Semple [n — 2]’s on y are special if n > 3. 

The theorem may be proved by the mapping described in (13) of §5 when the 
set R¥,,_, is specialized into a set Cx,_,(y) and a set L, of n points on a line L. 
The line L maps into the point y’, and the members of the mapping system 
containing L constitute the (n — 1)-ies on Cy,_,(y). However, we may also 
think of z in T = 0 as restricted to the .[n — 2],«o) defined by the equations 
a;(8y)(yz) = 0. For z so restricted 7 = 0 has a neutral point y®. If y in 
[n] is ky + y’, where y’ is in an [n — 1} not on y™, then in the spaces [y’J, 
[z’], 7 = 0 reduces to a T’(2,n — 1, n — 2) = T’(z, y’, 2’), which defines in [y’] 
a White surface F?""*. The pairs pa, qa of points x, y neutral for z in T = 0 
are for 7’ = 0 ordinary corresponding pairs x, y’ on [2], F2"~*, whereas the 
pairs 2, 2 in Cy,_.(y), } are the pairs neutral for y’ in T’ = 0. Such 
a point 2 corresponds in 7’ = 0 to a space x = [n — 3] of F}*~*, which, dilated 
from y’, is the Semple [n — 2] of 7 = 0 corresponding to 2“. 

If q is a point of Qx,, the equations a;(8q,)(yz) = 0 are dependent with 
multipliers p, , and they define a space .[n — 1],, = x, of the double-N,, con- 
figuration on F}"~'. This «, cuts F?*-' in a curve Qi"-* which corresponds 
in [x] to the curve Q; of order n on all of the points of PX, except pr. If z is 
restricted to the space [z’] = .[n — 1],, , then q, is a neutral point in [y] for 7 = 0. 
If then the space [y] is projected from q, into a space [y’] = [n — 1], T becomes 
a trilinear form 7”(2,n — 1,n — 1) = T"(x, y’, 2’). The three equations above 
show that the Semple [mn — 2]’s corresponding to points z’ on Q}*~? are on 
q , and thus they project from q into [n — 3]’s in [y’]. In 7” = 0 we havea 
situation like that of (2) in §6. Hence the birationally related curves Q?*~?, 
Q; are birationally related to a curve S,“*~? in [y’] on the projection Co. 
from g, so that the points z’ on Qf"~* correspond to the N,_s-secant spaces of 
S,“=-* which arise from the Semple [n — 2]’s on qx. Hence 


(7) The «' Semple [n — 2]’s on a point qa, of Q%, project from qn into the ~' 
N,-s-secant [n — 3]’s of a curve S,**~* on the projection Qy"=i of the remaining 
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points of Qx,. This curve S;,“"-* is birationally related to the curves Qx"~? on 
FY" in xx, and Qf in [x]. Qi*-? is the map of Qf by curves Q"*'(¢), and S,%*-? 
is the map of Qi by (n — 1)-ics on a set of the first mapping, the points other than 
pr on Q passing into Oni ; 

We now examine the Semple [n — 2]’s corresponding to points z on a line 


m, of F}"~' and, with respect to them, prove that: 


(8) If B, is the quadric on all of the points of Qyx,, except qn , then B, has a nodal 
space [n — 4], say N[n — 4],. It is therefore twice ruled with «' spaces [n — 2]. 
One of these two rulings is the locus of Semple [n — 2]’s which correspond to points 
z on m, of F2"~', or to directions about p, in [2]. 


° (0) ; 0 Bis . . 
For, if x in z corresponds to z on F**-', the point 2 defines a Semple 


[n — 2] because the equations a;(By)(yz) = 0 are dependent with multipliers 
2°. Now, if z® is on m, then x is p, , and the coefficients of dependence are 
constant as 2” travels along the line x, = 2°’ + t°”. Hence one of the 
three equations may be discarded, and the other two yield two projective 
pencils of primes in [n] which generate a quadric of the type described in (8). 
Since x, cuts each curve Q;"~? (ef. (7)) in a point if h’ * h, the corresponding 
[n — 2] is on qa, and the quadric is B, . 

Thus we have, for n 2 4, a new configuration in [n] of N, nodal spaces 
N{n — 4),. For n = 4, this is a new set of 15 points defined by Qis. For 
n = 3, the nodal spaces are non-existent, but it is still true that one set of 
generators of the ten quadrics B, is a set of Semple lines. For n = 2, the 
Semple [n — 2]’s are the points y, and the quadrics B, are conics on 5 of the 
points Q. 

If n = 3, the Semple congruence of lines has no other singular points than 
the triple points Qip. However, for n = 4 it has also these loci of double 
singular points N[n — 4],. 

Reverting to (1) we observe that 


(9) Of the two ordered point sets Px, , Qx, , 2n + 1 pairs pr, qn can be chosen at 
random, the remaining Nn-2 pairs being then uniquely determined. 


First, it is clear that two such sets of 2n + 1 pairs have respectively 
2(2n — 3), n(n — 1) absolute constants, and thus the two have as many as 
P%,, itself. Secondly, the algebraic identity (4) of §5 has already been used 
to determine, from the given 2n + 1 pairs (qan)- (prt), the T(2, n, n + 1) for 
which they are neutral pairs. The remaining neutral pairs are then fixed. 
Thirdly, the 2n + 1 given pairs are sufficient to determine the Semple p” 
in [n] defined by x in [2]. For, the projectivity given in (1) imposes 2(n — 2) 
conditions on p”, which are sufficient to determine it uniquely. Indeed, the 
Semple congruence may be obtained from the 2n + 1 given pairs by using the 
method applied in (6). If the 2n + 1 given points q are projected from y® 
into 2n + 1 points q in an [n — 1] = [y’], then the 2n + 1 pairs pp, gh are 
neutral for z’ in a T’(2,n — 1, n — 2) = T’(z, y’, 2’). This defines a White 
surface F**~* in [y’] on the points g,, these corresponding to py in [z]. The 
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N,-2 spaces x = [n — 3] of this surface, dilated from y“, yield the N,2 Semple 
[n — 2]’son y’. With the Semple congruence thus defined, its singular points 
Qy,, are all determined. 


9. Degenerate curves of the birationally related systems, Q"*'(¢), Q*"-'(¢), 
S*""'(¢). The curve Q"*'(¢) is mapped on Q”"-'(¢) by curves Q"*'(¢’), and 
on S*"-'(¢) by n-ie curves on a further set Rx, cut out on Q"*"(¢) by some 
curve Q"*'(¢’). If then Q"*'(¢) itself is composite, the curves Q*"""(¢) and 
S*=-"(¢) will usually, though not always, be composite. However, the com- 
posite curves Q"*'(¢) will, if n > 3, be confined to two types of pencils each 
with a fixed part. These are first the fixed curve Qf on all the points of P%, 
except p, together with the pencil of lines on p, , and secondly the fixed line 
Pr , Px together with the pencil of curves Qjx on all of the points of PX, except 
Pr, Pr. If n = 3, there will also be a finite number of pairs of conics on Pip , 
and, if n = 2, a finite number of triangles on P} . 

However, the curves Q”*'(¢) and S“*-'(¢) may degenerate without Q"*"(¢) 
becoming composite. Consider a curve Q"*'(¢) = (pip: --- py,)"*’ = Q. Its 
genus is reduced by one because of the node at p,. Since it no longer goes 
through p; with a definite direction (as does the generic Q"*'(¢)), we think of it 
as made up of the directions at p; , say p:, and of the actual curve Q, these two 
having in common two directions or points. Under the first mapping, pr 
becomes a line 7; on F2"~', and Q becomes a curve of order N,-; — 1 which 
meets ™ in two points. Thus we secure again the intersection of F?"~' by a 
prime fon 7. The set i... must now contain the point p, so that S**-'(¢) 
also is made up of a curve of order N,_, — 1 and a bisecant. The types of 
degeneration of this sort tend to increase with increasing n since the multi- 
plicities at one or more points of Py, may increase. 

The N,_2-secant [n — 2]’s of each of the curves Q”"-'(¢), S”*-'(£) are related 
to the points of the other. Thus, when decompositions occur, these families 
of «' [nm — 2]’s also degenerate. Since all of the [n — 2]’s for curves S**~"(¢) 
are Semple [n — 2]’s, a great deal of specific information about this congruence 
can be obtained from a study of the decompositions mentioned for specific 
values of n. The case n = 3 is of unusual interest in this connection since the 
Q°(¢), S°(¢) define a cubic Cremona transformation between the two [3]’s of 
f and y. 


10. Conclusion. We hope in a following paper to show that if P%, is the 
set of nodes of a ternary rational curve of order n + 3, then there exist two 
trilinear forms 7(2, n, n + 1) and 7’(2, n, n + 1), the one with neutral sets 
Px,,, Qx, and the other with neutral sets Py, , Qk, , the sets Py, , Px, being 
projectively distinct, but the set Qx, being the same for both. In other words, 
the geometry of these two forms is superposed in the space [n] of y. For this 
reason we have been interested above mainly in the set Qy, and the Semple 
congruence. 
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CONDITIONS ON THE NODES OF A RATIONAL PLANE CURVE 


By Artuur B. CosBLe 


1. Introduction. The rational curve in the plane of order n + 3 with ra- 
tional parameter ¢, say p2’’(é), has a set of N, = (" : *) nodes at points 
pn, say the set Pr . Ifn < 3, these nodes may be taken generically and the 
rational curve exists. For n = 3, however, the ten nodes are subject to three 
conditions first noticed by Valentiner in 1881.’ For n > 3 similar conditions 
have not been obtained. It is the purpose of this paper to obtain necessary 
conditions on the set Py, for generic n. For this we define in §4 a set of N, 
“nodular” points Py, , which is shown to be not projective to Py, in general. 
In §5 a set of N, “catalectic”’ points Qy, appears in the space [n] of the conjugate 
rational envelope r?**(t). We prove in §7 that there is a trilinear form 7(2, n, 
n+ 1) = (ar)(8y)(yz) with pairs z, y = pr, qa drawn from Px, , Q%., which are 
neutral for z in T = 0; and in §6 that there is a trilinear form 7’(2, n, n + 1) 
with neutral pairs z’, y = pp, qx drawn from Py, , Qy, which are neutral for z 
in T’ = 0. The identity of the set Q%, for the non-projective sets Py, , Py, 
yields the conditions desired. These conditions are sufficient for n = 3. We 
obtain the forms 7, 7” from the rational curve and its conjugate rational en- 
velope by using certain special coérdinate systems developed in §§2,3. The 
pertinent theory of such forms is given in a recent paper.” 


2. Aspecial codrdinate system in [n + 1]. Two binary forms of ordern + 1, 


(at)"*" i (exo to ofp aay aa > (" 7 ') at a, 
(1) 
Po ‘i. 1 a , 
(Bt)"** = (Bots + Bit)" = = (" ; ) oa *h (j=0,---,n+D), 
7 


have a bilinear invariant 


(2) apy" = D (-»'(" : Y asbares 


If then we put these forms into correspondence with respectively the primes 
¢ and the points z of a space [n + 1] by setting 


(3) fj = 4;, z; = (-1)’ ty ; ') bn41-;, 


Received July 16, 1940. 

1 For references cf. A. B. Coble, The ten nodes of the rational sextic and of the Cayley 
symmetroid, Amer. Jour. of Math., vol. 41(1919), pp. 243-265; pp. 251-254. 

2A. B. Coble, Trilinear forms, this Journal, vol. 7(1940), pp. 380-395. 
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the incidence condition of prime ¢ and point z is expressed by the vanishing of 
this invariant, 
(4) ($2) = (a8)"" = 0. 

If the two binary forms are perfect powers, say 
(at)"** = (tr)"** = (7; — tro)”, 
(gt)"** = (ts)""* = (to — tra)", 


so that the corresponding primes ¢ and points z are those of a rational norm- 
curve in [n + 1], namely, 


(5) 


(6) i= (—1)/ rrp, z; = (—1)""* (" : ') sp tt gi ; 
the incidence condition 
(7) (fz) = (rs)"* = (7981 a 18)"*? = 0 


shows that the primes ¢ and points z belong to the same rational norm-curve 
N** in [n + 1]. 

Since (as)"*' is the bilinear invariant of (at)"*’, (st)"*', the roots of (at)"™ 
determine the parameters s of points of N"*' on ¢; since (8r)"* is the bilinear 
invariant of (tr)"**, (B¢)"*", the roots of (8t)"** determine the parameters r of 
primes on z. The coefficients a and b may be expressed in terms of symmetric 
functions of these n + 1 roots, these expressions being merely the polarized 
forms of (6). 

A primal of order k in z, say (Az)" = 0, becomes, when z is replaced from (3) 


and (6t)"*' is factored into (tt)-(tt)- --- (trait), @ symmetric form in the 
binary variables t;, 4, --- , tn4:, of degree k in each, say 

k 
(8) » = (Arti)*(Agte)* --- (Ansitny1) = 0. 

n+ 


Conversely, such a symmetric form becomes, when the elementary symmetric 

combinations are replaced by coérdinates z, a primal of order k in [nm + 1]. 

This primal of order k in [n + 1] we call the parametric primal attached to the 
k 


symmetric form > : 
n+1 


However, > may be interpreted in a quite different fashion. If, in a space 
n+1 
. k . . . . 
[k], there is a norm-curve N" with points x defined analogously to points z on 
n ° . . . . . 1) 
N"** in (6), then the k-ie combinations of 4; can be replaced by a point z' 


k 
k ° 2 k r . 
on N“, those of t by a point x” on N*, etc. Then >> becomes a form which 
n+l 
(n+) 


° ° ° ° 1 ° . 

is linear and symmetric in 2“, ---, 2 , and which therefore is the com- 

pletely polarized form of a primal of order n + 1 in [Kk]. This primal of order 
k 


n + 1 in [k] we call the apolarity primal attached to the symmetric form }.. 
n+l 
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This coérdinate system, based on the norm-curve N"*' with n(n + 4) con- 
stants, and on the distribution of the binary parameter ¢ on it with 3 constants, 
is obviously generic. The duality by which a binary form represents either a 
prime or a point is that set up by taking a, 8 in (2) as points z, 2’ or as primes 
¢,¢’. This correlation is a polarity or a null-system according as n is odd or even. 

3. A special codrdinate system in [n] = [2k + 1], [2k]. Two double binary 
forms in digredient variables 7, ¢, with respective orders 1, k in these variables, 


(mr) (ut)* = (moro + mii) (uoto + with)* = Do (‘) mj tity th, 


(1) % , , , , . k , °— ; 
(m'r) (u't)* = (moto + mi 71) (uote + wi th)* = z (‘) m; tity "th 


(¢ = 0,1;7 = 0, ---, k) 


have a bilinear invariant under digredient transformation, 


, , i+j k , 

(2) (mm')aw’)* = (D(H) misma rs 
1) 
If then we put these forms into correspondence with respectively the primes 7 
and the points y of a space [2k + 1] by setting 
i+j k ’ 

(3) Nii = Mj, yi = (-D (‘) M1~i,k—i 5 
the incidence condition of prime 7 and point y is expressed by the vanishing of 
this invariant, 
(4) (ny) = (mm’)(up’)* = 0. 

If each of the two double forms is a product of perfect powers, say 
(mr)(ut)* = (rp) -(tr)" 
(m'r)(u't)" = (rp’)-(tr’)* 
then the corresponding primes 7 and points y are those of rational surfaces S, 

S’ in [2k + 1], namely, 
i+j — k tk--j ft 
(6) ni = (-1) jp_ariri "s Vij = (—1)*" (‘) pitor ‘et? ; 


the incidence condition of the prime 7 and point y in (6) being 


(top. — T1p0)- (lori — tino)’, 


(5) 
(rop1 — T1p0)- (torr — tro)", 


II 


(7) (ny) = (pp’)-(rr’)* = (pop: — prpo)-(rorr — rir0)*. 


The locus S’ of the point y;,;, which in (6) depends on the two binary param- 
eters poip; and ro:r;, is the surface known as a general rational scroll in 
{n] = (2k + 1].° For fixed r’ and variable p’, the point y;,; runs over a generator 


2T. G. Room, The Geometry of Determinantal Loci, Cambridge University Press, 1938. 
Cf. p. 237, 11.8.4. 
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g(r’); for fixed p’ and variable r’, the point y;,; runs over a directrix N“(p’). 
Through each point of S’ there is one generator and one directrix. 

The locus S of primes, defined in (6), is the dual in [n] = [2k + lJ of 8S’. A 
prime of S, according to (7), cuts S’ in a directrix N*(p) and a generator g(r) 
repeated k times. We may define S, S’ to be dual forms of the same locus. 

It is clear from (1), (3), and (6) that we may interpret (m7’)(ut’)* = 0 as the 
condition that the prime m;,; in [n] is on the point 7’, t’ of S’; and similarly, 
(m'r)(u't)’ = 0 as the condition that the point m;,; in [n] is on the prime r, t 
of S. 

A particular case of this representation will be needed later when n is even. 
If attention is confined to those forms (m’r)(u’t)* which satisfy the condition 


(8) (m’ 7) (ut )* ai 0, 


(0) (0) 


where + ,¢- is a fixed pair of digredient binary parameters, then obviously 
R i ‘ , . . : - . 
we are dealing with points m;,; which lie on the prime = [2k] of S defined by 
0 
the parameters 7, {. 


4. The perspective curves and nodular points of p:**(t). Let p:**(t) be 
given by the equation (aé)(at)"** = 0, ¢ being a binary parameter and é a line 
coérdinate in the space [z] = [2]. A ternary rational envelope of class », 
(Bx)(yt)” = 0, is said to be perspective to p:**(t) if tangent t of the envelope is on 
point ¢ of p:‘*(t), ice., if 


(aB)(at)"**(yt’)” = (tt’)- at)" (ut), 


or 
(1) (af) (at)"**(yt)” = 0. 


This imposes vy + n + 4 linear homogeneous conditions on the 3(v + 1) coeffi- 
cients of the envelope, whence* p;**(t) has ©”~"* perspective envelopes of 
class v. Thus, if n is odd, p:**(t) has «’ perspective envelopes of class » = 
i(n + 3). Any two of these generate p; **(t) in the sense that tangents ¢ of 
the two envelopes meet in point ¢ of p:“*(t). However, if n is even, p: **(2) 
has a unique perspective envelope of class y = }(n + 2), and ©” of class $(» + 4). 
Then p: **(t) is generated by the one of class }(n + 2) and any proper one of 
class 3(n + 4). 

If 2y — n — 2 is negative, then n + 2 — 2y is the number of conditions im- 
posed on p; **(t) itself in order that it may have a perspective curve of class as 
low as v. In particular we see that 


(2) The condition that p:**(t) have a perspective conic imposes n — 2 conditions 
n+3 
on po (t). 


‘A. B. Coble, Symmetric binary forms and involutions, 111, Amer. Jour. of Math., vol. 
32(1910), pp. 355-364. See §15. 
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Rational curves with a perspective conic are treated in the paper cited in 
footnote 4 (cf. especially p. 357, (133)). We consider here only such curves as 
have no perspective envelopes of class less than the limits found above, i.e., 
3(n + 3) (n odd), 3(n + 2) (n even), and also such that n 2 3. Thus we 
exclude all rational curves with a perspective conic. 

In case n is odd, the perspective envelopes of class $(n + 3) can be given 
by the generic form 


(3) (wx) (dr) (5t)*"* = 0 (n odd). 


Such a form in ternary z, and digredient binary variables 7, t has 3-2-3(n + 5) — 
1 — 8 — 2.3 = 3n absolute constants. On the other hand, (aé)(at)"** also 
has 3(n + 4) — 1 — 3 — 8 = 3n absolute constants. If two of the perspective 
envelopes are given by 7 and 7’, the meet of tangents ¢ of these envelopes, to 
within the factor (r7r’), is 


(4) (a¥)(at)"** = (wn’t)(da’)(at)'"*(5't)""" = 0. 
If n is even, we consider the perspective envelopes 
(3’) (wx) (dr)(8t)"** = 0 (n even), 
with the subsidiary condition 
(3.1) (wx) (dr) (6t)*"*® = 0 (in z). 


As 7 varies in (3’) we again have «' envelopes. However, according to (3’.1), 
the particular envelope defined by r = 7“ has the extraneous factor (é#’) in 
its parametric equation and thus is actually the unique perspective envelope of 
class 4(n + 2). Thus the equation of the rational curve generated by the 
envelopes (3’) is 

(4’) (at) (at)"** = (wn’t)(dd’)(6t)"* (8) /(u) = 0. 


The form (3’) has 3n + 3 absolute constants, 3 of which are eliminated by 
(3’.1), leaving 3n for p2**(t). Again, p:**(t) has 3n absolute constants and 
determines its unique perspective }$(n + 2)-ic. In (3’) a system (%') of per- 
spective 3(n + 4)-ics containing this unique curve is selected, thus adding 
one absolute constant. But also in (3’.1) the value r = 7 is assigned to this 
curve, and the value (tt) is assigned to the extraneous factor, so that the 
3n + 3 constants in (3’) are apparent. 

Finally, all of the perspective envelopes of p3**(t) are obtained from (3) or 
(3’) by eliminating 7 by using the relations: 


(5) (mr)(ut)* = 0 (n odd), 
(5’) (mr)(ut)* = 0, (mr) (ut)* = 0 (n even). 


The resulting systems of perspective envelopes are 
(6) (xx) (dm) (5t)*"*® (ut) = 0, 
(6’) (xx) (dm)(8t)*"** (ut)*/ (tt) 
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In both cases we have systems (»”~"~*) of class v, the 2» — n — 2 parameters 
being the coefficients m;,; in (5) and (5’). 

Let p, be a node of p?**(t) in the nodal set P%.42,2, and let (xat)” be the quad- 
ratic which defines the nodal parameters of p, on p2**(t). Let K(t) be a norm- 
conic with parameter ¢ in a plane [z’]. Then (xat)’ defines, as in §2, a point 
x’ = m, this being the meet of the two tangents (xt)* of K(t). We call ma 
nodule of p3**(t), and the set of nodular points m, the nodular set P’2,s 2 of pr (t). 


Fundamental for our purpose is the theorem: 


(7) If p2**(t) does not have a perspective conic, the nodular set P’2...2 in [x’] 
and the nodal set P*,.2,2 in {x] are not projective figures. 


For, if Pio. were projective to P*42.2, and if it were projected upon P2422, 
the norm-conic K(t) used for the construction of P’2,.. would be projected into 
a conic K’(t) in the plane of P2422 with the property that tangents (x,t) of 
K’(t) would meet in the node p,. The incidence condition of tangent ¢’ of 
K’(t) and point t of p:**(t) would be given by a form f(t”, t"**) = 0. Since this 
would be satisfied for t’ = t by each of the (n + 2)(n + 1) nodal parameters, 
f(é, tt") = 0, and f(t”, t"**) would have the factor (ét’). Thus K’(t) would be 
a perspective conic of p:~*(t). Conversely, if p2**(t) has a perspective conic 
K'(t), the nodal set P?.,.2 is also the nodular set referred to K’(t). 


5. The conjugate rational curve r"**(t) and its catalectic set Q"..2. With 
p(t) given by the equation (a£)(at)"** = 0, we define in a space [y] = [n] 
the conjugate rational (n + 3)-ic locus of primes, 


(auyiey* = Byte +("* 9) ener +(" f°) ene 


+... 29, 


the term ‘‘conjugate” denoting that the point sections of the envelope r?**(t) 
n+3 


by the points y and the line sections of pz ~’(¢) by the lines & are given by apolar 
(n + 3)-ies, i.e., that 


(2) (a&)(ae)"**(By) = 0 (in &, y). 


For given ys, (1) determines the parameters ¢ of the n + 3 primes of r2**(t) 
on yx. This (n + 3)-ic may have an apolar quadratic (xst)* and be reducible 
to a sum of powers of the two linear factors of (xt). Then (8yx)(exa)’(e)"™ = 
0, and (8y)(exx)"(e)""' contains, for variable y, only n independent (n + 1)-ies. 
Thus a pencil (xt)"*' of (n + 1)-ies can be found such that (By)(exa)*(ex)"*" = 0 
in y. Hence (xst)’-(xt)"*’ is a pencil of line sections of p2**(t), and the fixed 
factor (xxt)” of the pencil is the pair of nodal parameters of a node pp of p: **(t). 
Conversely, if (xat)* is a pair of nodal parameters, (8y)(exs)*(e)"** has a pencil 
of apolar (n + 1)-ies and therefore one member (8y,)(exa)’(e)"** of the system 
vanishes identically, and there is a point y, for which (@y,)(e)"** has the apolar 
quadratic (x)”. Similarly, (8y,)(e)"** may have an apolar cubic (A,¢)*, and be 
reducible to a sum of three (n + 3)-th powers. Then a unique (At)" can be found 
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such that (8y)(ed;)*(e)” = 0 in y, and therefore (A;t)’-(At)” is a line section of 
p: (t). Thus the points y; lie on a surface whose points are in one-to-one 
correspondence with the collinear triads of p2**(t). If (8yx)(et)"** has an apolar 
quartic (u,t)*, the system (By)(eux)(e)" contains n linearly independent 
(n — 1)-ies. Hence for any quartic (u;t)‘ there is a point yz. Thus, from this 
point on, the apolarity conditions fall on the point y alone and not also on the 
apolar form. 

The conditions that (8y)(e)"** have an apolar quadratic, cubic, etc. are ex- 
pressed by the requirement that the successive matrices 


Eo Ey eee E, | 


Eo Ey «+++ Engi 
BE, Ey «-«- Eny1 
(3) DS =\|Ei BE, --- Enel, = , 


(E, Es +++ Enye 
\E, Es --- Enis 
| Es Ey eee Enis 


have the ranks 2, 3,---. We call the points y for which this requirement is 
satisfied a “catalectic locus 2,’’, 2k being the dimension of the locus, and 


* 5 ‘) its order (k = 0,1, --- , 3n). In particular the catalectic locus 
+2 


2 
with the nodes pp of p2**(t), since (8qa)(et)"** has, as an apolar quadratic, the 


nodal parameters (xt) of pa. 


LY» consists of a set of ( points ga in [n], say Qh42.2, in correspondence 


6. The osculant (n + 1)-ics of r;**(t) and the first trilinear form 7”(2, n, 
n+ 1). If the parametric equation (By)(e)"** of rt**(t) is polarized with 
respect to t, we obtain families of so-called “osculant envelopes” of re**(e). 


In particular, the osculant (n + 1)-ic envelopes are given by 
(1) (By) (ets) (ete) (et)"** = 0, 


this being the mixed osculant of t, , 4 of classy = n+ 1. In the form (1), yis 
a variable in space [n] defined only to within projective transformation, as is 
the conjugate rational envelope r%**(t) itself in (1) of §5. If, as in §2, we re- 
place t; , tg by the codrdinates zx’ of a point referred to the norm-curve N’? = 
K(t), and if further, as in (6) of §2, we replace the (n + 1)-ie combinations of ¢ 
by codrdinates z’ in a space [n + 1] referred to a norm-curve N"*', then the 
form (1) becomes a trilinear form 


(2) T’(2, n,n + 1) = (a’z’)(B’y)(y'2’) = 0. 


“* 2 a . . . 
Since the norm-curves N*, N"™ in [z’], [2’] respectively are arbitrarily chosen, 


and the parameter systems ¢ are equally arbitrary, the variables x’, y, 2’ in T’ 
are digredient. 
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We had observed in §5 that (@y)(¢e)"** had, when y was the catalectic point 
gq. , an apolar quadratic (xat)” = (xat)-(kret). Hence 
(Bqn)(et)"** = ky(xmt)”** + ko(knot)”**. 


From this it is at once evident that 


(3) (Bqn) (exa)’(et)"** = 0 (in #). 
Translating this to variables x’, z’ in T’, we see that 
(4) (a’n,)(B’qr) (y'2’) = 0 (in 2’), 


where m is the nodular point x’ determined by (xat)’. Hence 


(5) The trilinear form T’(2, n, n + 1) determined by the osculant (n + 1)-tes of 
n+3 


r*8(t) has for pairs x’, y, neutral for z’, the nodular set P’?,» 9 of p:**(t), and the 
catalectic set Q” 42,2 of rn**(t). 

It may be remarked that this theorem does not of itself impose conditions 
on the nodal set P*.42,2 of p2**(t). It merely states a relation between two sets 
covariantly related to the nodal set, this relation being sufficient to define the 
set Q?42 in terms of the set P7,22. Indeed,’ if the plane [z’] is mapped upon a 

: ee a n 1 : 
Veronesean V§"~” in a space I( Ms ) — 1] by the aggregate of curves of 
order n — 1, the nodular set P%2,9 2 is mapped upon a set Ry+22 on V3 "-D* whose 
associated set, uniquely defined to within projectivities, in [n] is Qt.22. The 
conditions desired arise from the existence of a second trilinear form 7(2, n, 
n + 1) whose neutral pairs are the nodal set P*.422 of p2**(t) and the same 
catalectic set Q’ 422 of rn **(t). 


7. The perspective (n + 1)-ics of p? **(t) and the second trilinear form 7'(2, n, 
n+ 1). The first trilinear form 7’ was obtained in the last section for every n. 
However, according to §4, the perspective envelopes of p?**(t) behave differently 
according as n is odd or even. We begin therefore with the simpler case of n 
odd. Then the perspective envelopes of class vy = 43(n + 3) and class » = 
n + 1 are given respectively by [ef. $4, (3), (6)] 


(1) (wx) (dr)(8t)"*® ” 0, 
(2) (wax) (dm) (t)\"*® (ut) Be 0. 


where; in (2), (mr) (ut) ” is a generic double binary form of the orders 
indicated. 

If x is a point ¢, of p2 **(t), the factor (¢t;) separates from (1) and (2). If z is 
a node pp of p2**(t) with parameters (xaé)’, this factor (x,t) separates from (1), 
so that 


(3) (wpn)(dr)(5t)"*® = (nat)?s (Int) (ge . 


5 Cf. Coble, loc. cit. (footnote 2), §5, (6). 
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In the equation (4) of §4 of p:**(#), let be the line t = ¢, of the perspective 
envelope (1). Since this & cuts p3**(t) in the point ¢ = ¢,, (t;) will factor out 
after this substitution. We can therefore define a form f of the degrees indicated, 


(4) f(m’, 7 0"? BOP) = (ew’e””) da’) (5t)* (8) (8) 8" / (tt), 


which for given 7 and ¢, furnishes the further (n + 2) collinear points of p?**(t) 


on the line (1) determined by 7 and t,. 

A collinear (n + 2)-point of p2**(t) determines a unique prime 7 in the space 
[n] of the conjugate curve. For, the polar of this (nm + 2)-point with respect 
to every point section from y of r2**(t) must be apolar to (ét;), and must there- 
fore either be (ét,;), or vanish identically. Since it must vanish identically for at 
least «"~’ points y, there is a prime » whose points y have point sections apolar 
to the collinear (n + 2)-point. On taking the polar of the collinear (n + 2)- 
point in (4) with respect to (8y)(e)"** [ef. §5, (1)], eliminating the factor (tt;), 
and then replacing ¢, by t, we obtain a form 


(5) gy’, 7, 0). 
Then, from the foregoing, it is clear that 


(6) With r and t as parameters, g = 0 is the parametric equation of a rational 
surface of class n — 1 in [n], the Stahl surface of primes attached to rn**(t). A 
particular prime is the locus of points y whose (n + 3)-ic sections of r2**(t) have 
a common apolar (n + 2)-ic, this being the n + 2 parameters of points cut out on 
pr’ '(t) by the line r, t in (1) in addition to t itself. 


This Stahl envelope is the surface S of §3 and we apply it as there indicated, 
to set up a coérdinate system in [n] in such a way that a form (mr)(ut)"” 
is the locus of points y = m,,; on the prime 1, ¢t of the envelope. If then in the 
equation (2) of the system of perspective (n + 1)-ies of p2**(t) we replace the 
coefficients m;,; of (mr)(ut)""” by codrdinates y in [n] referred to the Stahl 
surface, and if further, as in (6) of §2, we replace the (n + 1)-ic combinations 
of t by codrdinates z in a space [n + 1] referred to a norm-curve N"*’, then the 


equation (2) becomes a trilinear form 
(7) T(2,n,n + 1) = (ax)(By)(yz) = 0. 


We seek the neutral pairs z, y of this trilinear form 7. We observe that 
g = 0 determines, for given y, the «' pairs 7, t each of which defines in (6) 
a line which cuts pz "*(t) in the point ¢ and a further collinear (n + 2)-ie which 
is apolar to the (n + 3)-ic section of r2**(t) by the given y. If y is a catalectie 
point qa, this section is (Bq,)(et)"** = ky(wnt)"** + ke(nt)"** (ef. §6). Every 
(n + 2)-ic apolar to such an (n + 3)-ic must contain the factor (xs)’, and the 
collinear (n + 2)-ic must be on the node p,. But, according to (3), the line 
(1) is on the node py if (yr)(t)""” = 0. Hence 
(8) The catalectic point q, of rn**(t), when referred to the codrdinate system de- 
fined as in §3 by the Stahl envelope (5), is given by the coefficients of the 
form (lr) (ut)? in (3). 
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Now, the form (2), which is interpreted in (7) as the trilinear form 7’, is merely 
the bilinear invariant with respect to + of (ax)(dr)(6t)"*® and (mr)(ut)*"™. 
When z is at p, , and y = m;,; is at q , these reduce respectively to (xst)’- (ir) 
(dat)? and (lr)(at)"?.-- Hence their bilinear invariant with respect to 7 
vanishes identically in ¢. Hence also (ap,)(8qn)(yz) vanishes identically in z. 
Thus we have proved the theorem complementary to (5) of §6: 

(9) The trilinear form T(2, n, n + 1) determined by the perspective (n + 1)-ics 
of p2**(t) has for pairs x, y, neutral for z, the nodal set P?.,» of p:~*(t) and the 
catalectic set Qo of rn **(t). 


The modifications in the above proof of (9) for the case when n is odd, which 
are necessary for the case when n is even, are in great measure merely formal, 
and of the sort already used in (3’), (3’.1) of §4, yet it seems necessary to carry 
them through up to a certain point. Thus the systems of perspective curves in 
(1) and (2) are replaced as in §4 by 


(1’) (wx)(dr)(at)\"*? = 0, 
(1.1) (x)(dr)(at)*"* = 0; 
(2’) (wx) (dm) (at)*"* (ut)?"/(t) = 0, 
(#'.1) (mr)(ut®)" = 0. 


We have again in (2’) the «" perspective envelopes of class n + 1 determined 
by the «" forms with coefficients m;,; conditioned as in (2’.1). 
When, in (1’), (1’.1), 2 is at the node p, , we find that 


(3’) (wpn)(dr) (at) "* = (Kal)?- (ar) (at)!”, 
(3’.1) (arnt?) = 0. 


When in (4’) of §4 we replace & by the line (wx)(dr)(5t;)"**, we get, after 
dropping the factor (tt), a form 
(4’) f(x’, J. re. gr) 
(4’.1) f(x’, ~~. “ghee oom, a= 0 (in i), 
since the line has a factor (4) when + = 7. When f = 0 in (4’), we have, 
for given t; and variable 7, the pencil of collinear (n + 2)-ies cut out on p: “*(t) 
by lines on the given point t; of pz **(é). 

The-Stahl envelope, ©” primes in one-one correspondence with the collinear 
(n + 2)-points of p?**(t), is obtained as before by taking the polar of (4’) with 


respect to the conjugate envelope (8y)(«)""*, factoring out (tt), and replacing 
t, by ¢, to get 


(5’) g(y’, 7, &”), 
(5’.1) g(u', Pa gry = 0 (in y), 


this subsidiary condition arising from (4’.1). 
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Then the theorem (6) holds as it is stated. The Stahl envelope is not, how- 
ever, of the sort used before with $(n — 1) replaced by 43n. Such a surface 
would be of class n in [n + 1]. It is rather the section of such a surface by one 
of its primes and, indeed, by precisely the prime 7°", {”’. The codrdinate system 
y = m;,; which applies to this case is that described in (8) of §3. With such a 
coérdinate system we again get the trilinear form 7(2, n, n + 1) in (7), and 
carry out the proofs of (8) and (9) as before. Hence 
(10) With (6), (7), (8) modified as indicated above, the theorem (9) is valid for 
both even and odd values of n. 


8. Conditions on the nodal set P*.,.. of p: *(t). We are now in position to 
state actual conditions on the nodal set P’*.422 of p?**(t). Both trilinear forms 
T, T’ have in the [n] of y the same neutral set, the catalectic set Qhie2. This 
is simply associated with, and therefore projectively defines, a set Rayo, in a 


space |(" m4 ')- i]. Because of the existence of 7, the plane of p? **(t) can be 
n+ 1 


. r 7y(n—1)2 
mapped by curves of order n — 1 upon a Veronesean V3"" in e -1 
: 2 . y(n—1)2 
in such a way that the nodal set P),42,.2 maps into the set Ry,2»2 on vs" (ef. 
§6, (5), et seq.]. Because of the existence of 7’, the plane of the nodular set 
° ° ° , x4*(n—1)2 2 

can be similarly mapped into a Veronesean Vs , the nodular set Py+2.2 
mapping into the same set R,+2,2. Hence the conditions sought are expressed 
as follows: 

(1) If the plane of pz **(t) is mapped by curves of order n — 1 upon the Veronesean 

a n+ 1 . : ‘ 
Vs" in I( 9 ) _ i], the nodal set P mapping into a set R, then on this 

. , x? in—})2 yl in—1)2 ° 

set R there is a second Veronesean V2 , Ron Ve being the map of the 
nodular set P’. 


The symmetry of this condition with respect to the nodal set P and the 
nodular set P’ suggests that the nodular set P’ in [z’] is also the nodal set P of 
a rational curve p:"**(t) in [z’]. This indeed is true for the rational sextic 
(n = 3). For, in this ease, each V2 is the double surface of a cubic primal 
M3 in [5], and each M3 cuts the double V2 of the other Mj in a curve of order 12 
with ten nodes at Rj. Thus we have the maps of rational sexties with nodes 
at P?, in [r], and at Pj} in [z’]. This situation has been obtained in another 
paper’ from an entirely different point of view. 

Also in the case of a rational sextic the conditions given in (1) are independent. 
There are three conditions on R°, that it be on V}, and three more that it be 
on V3’. Thus each of R%, , and its associated Qi, the ten nodes of a symmetroid, 
is subject to six conditions, whereas Pjp is subject only to the three conditions 
that R?, on V3 is also on V;', and P%3 is subject to the three additional condi- 


* A. B. Coble, Associated sets of points, Trans. Amer. Math. Soc., vol. 24(1922), pp. 1-20. 
See Theorem 26. 
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° . ° ° »>(n—1)3 

tions. For higher values of n the existence of the second V3" on Rys22 no 
J ‘ = “ 7(n—1)2 Pape 

longer imposes independent conditions on Ry422. For, V3 admitting a 


‘ , n i\ n 1 
collineation gs depends upon ( z ) — 9 constants, and ther are ( . —-3 


+8 y(n—1)2 . x —— y(n—1)2, 
conditions that V3 be ona point. Thus there area finite number of V3’ s 


on (" m4 ') + 3 points, and (n — 2) (” 4 ') - 3] = 3(n — 2)*(n + 3) 


o,° es ° r(n—1)2, 
conditions that the remaining n — 2 points of R,422 be on one of these . 


2 


But this is precisely the number of conditions on the set Q?,.. of the neutral 


2 : " ‘ . e 
sets Pis2o2, Qise.2 of a form T(2, n, n + 1), this form being defined by the set 
2 7 n+ 1 ' 
Pn42.2 alone. But the (n — 2) ( 9 — 3] conditions that Rys2.2 be on 
x4 (n—1)2 a « +e , 
V;‘""”” cannot be altogether independent of the conditions that R be on J 
‘ P x mar 2 
if n > 3, since then these conditions would fall on P),42.2 and reduce the absolute 
: 2 « : 2 
constants in Pi.42,2 to a smaller number than the 3n which a nodal set P%,42.2 
actually possesses. 
However, it does not seem likely that the conditions (1) are sufficient, for the 
reason that, beyond n = 3, there seems to be no evidence that rational curves 
are paired as the condition suggests. 


9. The transformation of codrdinates defined by the two Veroneseans on 
. o(n—1)2 - 1 
Ri4z2. In the mapping of [x] upon V$""?* in [(" 4 ) — | we have a 
natural codrdinate system in [(" 4 ‘) _ | set up by the mapping 


(1) Xin = aizizt GG+jt+k 


n). 


rm: . . , >(n—1)2 ° o 2 

This yields a point X on V3 for each point z in the plane of Pi42.2. How- 
° ° . n—-l 

ever, these combinations of x are merely the coefficients of a form (2xé) of 


class n — 1 so that the mapping implies a coérdinate system of the following 
type: 
-\ nl —! 
(2) If (at)" ” and (ax)"~ are ternary forms of class and order n — 1, then 
, [ik ; m—l1\ ¢;2 
NX ijn = ApQ}A3 , l os ee Qyajas 
i,j,k 


‘ ; : ' n+1 ; 
is a mapping of these forms upon the points and primes of I( » ) — | with 
the incidence condition 


(XU) = (aa)"". 


7Cf. Coble, loc. cit. (footnote 2), §5, (6). 
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In these coérdinates X, U’ a change of coérdinates is represented by a generic 
form 


(3) C = (yx)""(cé)"". 


For, given any point X, an (n — 1)-ic, (at)"’, the form defines a new (n — 1)-ic, 
(ya)" '(ct)""’, whose coefficients X’ are generic linear expressions in the co- 
efficients of (ag)"™’. 
’ , n 1 
We had above in I( M 


well sets up a co6érdinate system X’, U’ in [(" : ) - i]. Thus any point 


” I(" ; ') = | has coérdinates X, X’ when referred to V, V’ respectively. 


We seek the algebraic expression for the transformation of coérdinates from 
X to X’, i.e., a form 


(4) C = (yx)" "(c'#’)"". 


*(n—1)2 ‘ 
) _ | a second surface V2"" which equally 


Since z = p, and x’ = n, map into the same point X = X’ of V, V’, it is sufficient 
to require that C be such that 


(5) (ypn)(c'é’)" = (me’)”” (i a 1, ect c 4 *)). 


For, the change of coérdinates is defined by merely y : ') +1< (" : *) 


corresponding pairs. 

We begin with the trilinear form T of (9) of §7 which arises from the perspec- 
tive (n + 1)-ic envelopes of pz **(t) in (2), (2’) of §7. In this let x be fixed 
and y = m,,; in [n] be variable. For variable ¢, the prime in [n] on the Stahl 
envelope runs over an (n + 1)-ic rational envelope in [n]. The “conjugate” 
form of this envelope is a single form H(x"*', t"*'), whose polar form 


(6) Ha": ty, be, «++ » batt) 
equated to zero, is the condition that the primes 4 , --- , én4: in [”] are on a point 
y. If zis on the point t, of pz “*(t), then (¢t;) factors out of T' in (2), (2’) of §7, 


n+l 


and H(c"*', t"*') = (t)"*' and the polar of t; vanish whatever ta, ---, tn4i are. 
If z is the node pp of pz *(t), then (xat)* factors out of 7’, whence H(pz"', t"™) = 
0 in t. Hence 
(7) For variable z, H = 0 in (6) is the adjoint (n + 1)-ie curve on the points 
ty ’ h, nl tnt of pz (t). 

We write H in the form 


(8) H(z" 0") = Hot" + y “4 ') Hit" + fr : *) Yt at ee Se 





all 


(12’ 


If, 
on tl 


base 
{= | 
(13) 
th) w 


locus 





‘ic 


ent 


-H,. 
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Since H is a perfect (n + 1)-th power when z is on 
(9) pr *(t) = R"*(2), 
there follows that 
(10) The two-row determinants of the matrix 
\Ho Hy, He --- Hy 
H, Hz Hz :--- Hea! 


n+3 


all contain R""*(x) as a factor with residual factors of order n — 1. 


We consider now the quadratic system (parameter ¢) 
(11) H(z"; th, +--+, tea, tf) =0 


of adjoints on the fixed points t; , f2, --- , tn of p2**(t).. The envelope of this 
system is the discriminant of the quadratic in ¢, and, after separation of the 
factor R"**(x), this has the form 

(12) C(2"";&, G, oe f-1) = 0. 


An expression for this form C in terms of the coefficients H of the binary form 
(8) is 


(12’) C(a""; &, ---, 0-1) = (HH’)*(Ht) --- (Hta-1)(H't) --- (Hta1)/R"**(2). 


Another form of (12) is found by observing that it is the condition that 
H(a"*', t"*") have an apolar n-ic (at)" of which (tt;), --- , (tta_1) are factors. On 
expressing these n + 1 conditions, and eliminating the n + 1 coefficients of 
(at)", we get C in the determinant form: 


Cla"; i, +++, ta) 


[Ho Hy Hy ++ Ha | 





(12’’) Hy, He Hy eee Hass | . 
=“ly 0 he (eae /P@- IT Gs). 
1 wis EB oes PE! 


If, in (6), we let tay: be variable, we have a pencil of adjoint (n + 1)-ic curves 


on the(” z *) nodes and the n points t, --- , t, of p2**(0), and on (°) further 


base points x. We shall call such a pencil w(t), --- ,¢,). For each x, and t,4; = 
t = t,, equation (11) is satisfied. Hence 

(13) For given x, C = 0 in (12) is the equation of the I}-s of pencils x(t), «++ , 
t,) which have a base point at x. For given t,, +--+ , tar, it is the (n — 1)-te 


locus of (0) Surther base points of pencils w(t), «++ , tra, O). 
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We consider the pencils + which have a node at p,, a node of p:**(t). For 
this it is necessary and sufficient that the two roots (Kyl), (Kat) of (xat)” be in- 
cluded in the n + 1 further intersections of the adjoint (6). This is just two 
conditions, but a pencil of such adjoints will have a fourth intersection at the 
n 


2 


node, so that one of the further base points x of the pencil has moved up 


to p,. Thus the pencils (kn, Kae, ls, --- , tr) have one of their 2 


base points at x = p,, where 4, --- , ¢, are arbitrary. Hence the J}_» of (13) 
has a neutral pair (x,t)”, i.e., the form (12) for z = p, becomes 


(14) C(p. ‘; ti, teey #1) = (Kyth)*-(uate)- --- (Kita). 


We now interpret the involution form C(x" <i, pacer 4) asa polarized 
envelope in the [2] of 2’ referred to the norm-conic K(é). A generic envelope 
(a’é’)""* can be polarized to yield (a’é’)(a’#’’) --- (a’"""). In this let &, 
e”,..., €""” be lines #’ = 4), #” = &,---, &"” = t,. of K(t). Then the 
polarized envelope becomes a symmetric form of degree two in each of , --- , 
tn_1 , and any such symmetric form can be interpreted in this way as a polarized 
envelope. This envelope is the apolarity primal defined in §2. Thus, for every 
x we have an (n — 1)-ic envelope in the [2] of x’, and therefore a form C of the 
kind desired in (4). In this notation, (xat:)” = (nat’), (xale)” = (maé’’), ete. 
Hence 


n 
) further 


(15) If the form C in (12), as a symmetric form in t,, --- , tr1, 78 interpreted 
as the apolarity locus with respect to K(t) of an (n — 1)-te envelope, then C becomes 
a form 
C = (a) (eR), 
with the subsidiary property that (yp,)" ‘(c’’)"' = (nsé’)"'. As noted above 
‘ ’ , . 1 

C determines the transformation of coérdinates in the [(” : ) _ | of Rnso2 
induced by the change from the one to the other of the two Veroneseans on Rn42,2 . 


We have introduced this transformation, whose existence is a necessary con- 

sequence of the two Veroneseans on R,42,2 , as a check on the entire exposition 
° =] od ° 

above. It is clear that a form C = (yx)" (c’t’)" ’, which becomes a perfect 


power (né’)"” for (" . ' points x = p,, is highly restricted. That it could 
be obtained from such relatively simple considerations was rather unexpected. 
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THE METHOD OF ORTHOGONAL PROJECTION IN POTENTIAL 
THEORY 


By HerMANN WEYL 


1. Stating the problem. Roughly speaking the classical boundary-value prob- 
lem of potential theory for a region G in the Cartesian (2, 22, %3)-space consists 
in splitting a given function ¢ in G into two summands y + 9, the first of which 
vanishes along the boundary of G, while the second 7 is harmonic. The two 
components are orthogonal if a metric in the functional space is based upon the 
Dirichlet integral 


D{¢] = / (grad ¢)*. 


J indicates integration over G. 
This fact suggests the idea of replacing the scalar ¢ by the vector field 


f = grad ¢ (in components: f; = ee.) 


and of operating in the Hilbert space of all vector fields f, with its metric de- 
fined by 


wit = [r= fuitate. 


Then the question arises how to characterize a vector field f as a gradient field 
without assuming more than its Lebesgue integrability. The vanishing of the 
line integral 


| v-az) = / (fidaxy + fodx2 + fzdzz) 


over any closed curve in G will not do, because we have nothing but spatial 
integration at our disposal. The customary condition 


(1) , rot f = 0 


uses differentiation. Let v be any vector field vanishing at the boundary of G. 
The formula 


(2) div [f, v] = (v-rot f) — (f-rot v) 


Received July 13, 1940. 
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for the vector product [f, v] with its integrated consequence 
| c-rot) = / (f-rot v) 


shows that (1) is equivalent to the relation 
| (-r0t v) =0 


holding for all fields v of the above-described nature. This characterization 
satisfies our demands. While the vector field f itself is single-valued, the 
potential g whose existence is assured by (1) may be multivalued with certain 
‘“‘neriods”’, if G is not simply connected. However, this is to the good because 
it makes our problem more inclusive. 

After these preliminaries we are now going to fix our subject in precise terms. 
G is any open set in 3-space. All functions which we consider are understood 
to be defined and their squares to be Lebesgue integrable in the interior of 
G; and equality of functions is understood as prevailing “almost everywhere’, 
i.e., except in a set of Lebesgue measure zero. A continuous function y with 
continuous (first) derivatives which vanishes in a boundary strip, i.e., outside 
some compact subset G* of G, is said to be of class T, and so is a vector field 
whose components are of class’. A vector field f is called irrotational or sole- 
noidal if it satisfies the condition 


(3) / (f-rot v) = 0 for every vector field v of class T 
or 
(4) / (f-grad Yy) = 0 for every scalar field y of class T 
respectively. We state the almost trivial 

Lemma 1. 
(5) / (grad y-rot v) = 0 


for any scalar and vector fields y, v of class T. 

Our pivotal proposition is as follows: 

TueoreM I. A field which is both irrotational and solenoidal equals a field f 
possessing derivatives of all orders and satisfying the equations . 


(6) div f = 0, rot f = 0. 
Because of the equation 


(7) Af = grad div f — rot rot f 
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for the Laplace operator A working on the components of f, these components 
are harmonic functions. 


Let § be the complete Hilbert space of all vector fields f in G of finite || f ||. 
The elements of > which are irrotational or solenoidal, or both, form complete 
subspaces §, 3’, € of §>. Our Theorem I describes the elements of ©. The 
closure (in the sense of the metric || f ||?) of the fields 
(8) grad y (y any scalar of class T) 


will be denoted by G, the closure of the fields 


(9) rot v (v any vector of class T) 


by G’. According to Lemma 1, © is part of §, and GW’ part of ’. By the 
very definitions (3), (4) we have the following decompositions into mutually 
orthogonal components: 


THEOREM IT. 
’ =G +6, e = O' + &; 
jo = G + §, So = G + F. 


The first equation contains essentially the solution of the boundary-value 
problem in our generalized form. The second equation is no less important. 
We shall treat both problems along parallel lines. 

In (8) the potential y of class T is uniquely determined by the field f = grad y. 
Not so for (9); here one has to add div v to rot v in order to fix v. Hence we are 
led to consider pairs f = (f, ¢) consisting of any solenoidal vector f and any 
scalar g, with the metric of the complete Hilbert space §* of pairs f defined by 


wir=/[r+fe. 


Let @* denote the closure (in the sense of this metric) of the pairs of the fol- 
lowing form 


f = rot», ¢ = divv (v any field of class T), 


while an element (f, ¢) of §* is said to lie in € if it satisfies the equation 
(10) ° | (rot ») + | ¢-div sa8 
for any v of classT. We have the decomposition 


(IIT) ; =6'°+ ¢ 


into two mutually orthogonal constituents. Theorem I is paralleled by the 
following statement about @: 
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TueoreM III. Any element of © equals a pair (f, ¢) whose members f and ¢ 
have derivatives of all orders and are linked by the equations 


(11) div f = 0, rot f = grad ¢. 


These equations show at once that g and the components of f are harmonic. 
We speak of the splitting (III) as the solution of the third boundary-value 
problem. 

The proofs of our three theorems follow in §2. Lemma 1 will be settled in §3 
in connection with a general survey of vector analysis. Some important 
auxiliary inequalities, the first of which is due to H. Poincaré, are discussed 
in §4. After these preliminaries a new question, that of topological periods, 
first formulated at the end of §2, is taken up in §§5 and 6. §7 deals with the 
behavior at the boundary, and §8 contains concluding remarks about 2 and n 
dimensions. 

The idea of replacing Dirichlet’s minimum principle by the construction of 
orthogonal projection in a suitable Hilbert space seems to have occurred first 
to O. Nikodym,’ who applied it to a simpler problem than ours. Chevalley 
tells me that he and de Possel some years ago developed potential theory along 
similar lines without publishing their investigations. I depend, above all, on 
two papers by K. Friedrichs.” In particular, the proof of Lemma 2 is a modifica- 
tion of a construction due to Fubini, Courant and Friedrichs. In his second 
paper Friedrichs overcomes the difficulties involved in the differentiation con- 
necting grad ¢ with ¢ by some ingeniously devised ‘‘mollifiers’ J,. Our way 
of dealing directly with the space of vector fields f and expressing their irrota- 
tional character by (3) removes an undesirable limitation and opens the road 
for a parallel treatment of our two boundary-value problems. By the question 
of periods our investigation is linked to Hodge’s construction of harmonic 
differential forms with preassigned periods.* 

The two constructions which serve to prove Lemma 2 and Theorem VII 
form the backbone of this paper. 


2. Proof of the central theorems. Suppose / is both irrotational and sole- 
noidal. Let w be a vector field of class [2 , i.e., vanishing in a boundary strip 
and continuous with its derivatives up to the second order. Replace y by 
div w in (4) and v by rot w in (3) and subtract; because of (7), 


Aw = grad div w — rot rot w, 


1 Sur un théoreme de M. S. Zaremba concernant les fonctions harmoniques, Journal de 
Mathématiques, (9), vol. 12(1933), pp. 95-109. 

2 On certain inequalities and characteristic value problems for analytic functions and for 
functions of two variables, Trans. Amer. Math. Soc., vol. 41(1937), pp. 321-364; On differential 
operators in Hilbert spaces, Amer. Jour. Math., vol. 61(1939), pp. 523-544. 

3W. V. D. Hodge, A Dirichlet problem for harmonic functionals, with applications to 
analytic varieties, Proc. London Math. Soc., (2), vol. 36(1933), pp. 257-303. 
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one gets the relation ‘ 

| -aw) = 0 
in which the three components separate, and finds oneself called upon to prove 
this 


Lemma 2. A scalar n satisfying the equation 


(12) [vas =0 


for every scalar ¢ of class T; equals a harmonic function. 


This once accomplished, we conclude that the components of f are harmonic 
functions with derivatives of all orders, and then, owing to (2) and 


(13) div (¥f) = (f-grad y) + y-divf, 
the equations (4), (3) lead back to 


divf =0 and rotf=0. 


The proof of Lemma 2 depends on the skillful construction of scalars ¢ of 
class T,. Consider a sphere K of radius R in G whose center we take as the 
origin, and let x’ be a point within the “cavity” K. Green’s function G(z, x’; R) 
representing the potential in K of a point-charge at 2’ is the difference of two 
parts, the singular part 


(14) 7 
[z—7| 


and the compensating part 





( R 
a , for |x| < R, 
R* — 2R(z-2’) + 2-29)! 
L(x, 2’: R) = ( “igi ax’) 
[@-we2) Fey = ISR. 


Here x denotes the vector from the origin to the point x. A surface density 


_1 R-2* 
R |x— 2’ 


screens the exterior of K. Replacing the metal surface K by a wall of some 
thickness, and thus letting R vary between limits a and b > a, we form 


(15) ie, 2) = [ Le,2;Rar / far. 
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z’ is supposed to lie in the cavity |z| < a. A spatial density 


~~ t gue 1 
b—a |x—2'/ |z| 





distributed in the wall a < |x| S |b| now screens the exterior |z| > b. 
Turning to the singular part (13), we replace the point-source 2’ by a little 
spherical conductor of radius p around x’. Then the following function 


mm for |z — z’| 2p, 
|x — 2’| 
g(x; p) = 





- for|z— 2'| Sp 


\p 


with the uniform surface density p ° on the boundary, takes the place of (14). 
Again we want spatial, not surface, distribution of sources: charges uniformly 
distributed over a solid sphere of radius c around z’ generate the potential 


(16) g*(z) = [ g(x; p) Pde / fr p dp, 


more explicitly, 


ry2 
g*(z, 2’; c) = Be ee. fees ree 
fea for|z—2’| 2c 
We choose 
(17) $(z) = g* — L* 
in (12) and then find 
1 ge —2” 9(z) 





(18) Tels) = 4x(o — a) Jz[x —2’[* |2|° 

MN is the mean value over the sphere |z — zx’| S c, while the integral at the 
right extends over the wall. The right side is a harmonic function n*(z’) of z’ 
and independent of c (while the left side is independent of a and b). Since the 
mean value of the harmonic function 7*(z) over a sphere around 2’ equals 
n*(x’), we find that the integrals 


[a@ - v@) 


extending over any solid spheres in G vanish, and hence (xz) and *(z) coincide 
almost everywhere, or n(x) equals a harmonic function throughout G. 

The choice of the differential dR in the integration (15) with respect to R 
is somewhat arbitrary: it could have been replaced by u(R)-RdR with any 
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positive continuous factor u4(R). The same applies to (16). Instead of (18) 
one would get 


(19) peo _ [=a epatey / face RdR. 
p 





d(p) and u(R) are functions in the intervals 0 S p S canda S R & b respec- 
tively. Yet the result is not essentially more general than (18) in which one is 
allowed to vary c as well as a and b. 

The function (17) is not exactly of class T,. However, one can extend the 
class [ in (3) and (4) to cover also continuous functions which have only piece- 
wise continuous derivatives, with discontinuities on such regular surfaces as 
spheres. Or sticking to the class T one can use the formula (19) with such con- 
tinuous functions A(p) and u(R) which vanish at the ends c and a, b of their 
respective intervals of definition. 

Only little modification is required for the proof of Theorem III. The same 
substitutions y = div w and v = rot w take place in (4) and (10) respectively, 
resulting in 


/ (f-Aw) = 0 
while the substitution v = grad ¢ (¢ of class T,) in (10) yields 
/ g-At = 0. 
Hence Lemma 2 shows that ¢ and the components of f are harmonic. Making 


use of their derivatives we may change the relation (4) holding for all y of 
class T into 


| v-aiv s =0 or divf=0 
and (10) into 
| vcot s —grady) =0 or rotf — gradg = 0. 


We'add some elementary observations concerning the local structure of har- 
monic fields f which satisfy the equations (6). 

Take a cube T in G the center of which is chosen as the origin. On account of 
rot f = 0 the field f is the gradient of a scalar » in 7’ which vanishes in the 
origin. (x) may be constructed as the line integral of f along the radius (r) 
joining x with the origin, 


7= [ fear 
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or more explicitly, 
1 

(20) a(t) = | Fe;r)dr 
0 


after setting 


p Xi-fi(r21, TIX2, T23) = F(z; t). 


One easily verifies the equations 


by utilizing the condition rot f = 0. Because of div f = 0 one has An = 0; 
consequently 7 itself is harmonic. Moreover, for any harmonic function 7 
in 7, the radial field 


j = z-»* where 7* = [nar 
is, as one readily verifies, a solution of the equation 
rot rot 7 = grad ». 
Again, in more explicit form, 
n*(z) = [ n(r21, TX2, TXs) dr, 
in particular for (20): 


n*(x) = [ F(x; 7)(1 — 1) dr. 


nis a scalar potential and 
h = rot j = [grad 7*, z] 
is a vector potential of f: 
grad n = f, roth = f. 
Notice that our vector potential has the additional property 
div h = 0 
and that its radial component vanishes. The equations 
rot h = grad n, div h = 0, 


which the reader is asked to compare with (11), show that Ah = 0: both scalar 
and vector potentials are harmonic. 
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We repeat the content of the first two equations of Theorem II. Any irrota- 
tional field f of finite || f || splits uniquely into two orthogonal components, 


(21) f=9te, 


where e lies in © and can therefore be expressed locally by a harmonic scalar 
potential », 


e = grad 7, 


while the @-component g is the limit (in the sense of the metric || f ||”) of a 
sequence of fields of the form 


(22) g, = grad y, (y, of classT;» = 1, 2,--- ). 


A similar decomposition (21) takes place for any solenoidal field f. We then 
express the G-component e by its harmonic vector potential A, 


e = roth (div h = 0), 
while the @’-component g is the limit of a sequence of fields 
(23) gy = roty, (v, of classT;» = 1, 2, --- ). 
In both cases we have 


IFIP = Ilg IP + lle ll. 


Any properties of regularity prevailing for f (e.g., differentiability up to a 
certain order) will be shared by g because of the completely regular behavior of 
the component e. 

We now are in a position to formulate the problem of periods. The integral 
of (e-dx) extended over a one-dimensional cycle (polygon) C in G is called the 
period x(C). This period is a topological invariant of e, inasmuch as its value 
does not change under continuous deformation of C; this is a consequence of the 
equation div e = 0. In the solution (21) of our first boundary problem the 
component g is the limit of fields (22) whose l-periods vanish. It is therefore 
reasonable to ascribe to f the same periods as toe. However, if f is continuous, 
we can form the integral of (f-dx) over C, and the question arises whether these 
natural periods of f coincide with those of e. Now let C* be a two-dimensional 
(oriented) cycle in G consisting of plane triangular faces. Because of rot e = 0 
the surface integral f e, do of the normal component of e over C’ is a topological 
invariant +(C*), called two-dimensional period. In our second boundary prob- 
lem the component g is the limit of fields (23) whose 2-periods vanish. Hence 
the 2-periods of e may be justly assigned to the solenoidal field f. Again, if f 
itself is continuous, one must ask whether its natural 2-period, 


x(C’) = / fado over C’, 


coincides with that of e. 








420 HERMANN WEYL 


3. A survey of vector analysis.‘ In order to prepare the answer to these 
questions we shall in this section concern ourselves with continuous vector 
fields f. The words “cube”, “block”, “square”, “rectangle” will be used to 
designate cubes, parallelepipeds, squares and rectangles whose edges are parallel 
to the axes of codrdinates. We add the adjective “oblique” to indicate arbitrary 
orientation of these figures in space. 

The continuous vector field f in G is said to be whirl-free if to every point z° 
in G one can assign a neighborhood N (cube centered in z’) such that the line 


integral 
(24) | (-az) = [1 ds = 0 


when extended over the boundary Q’ of any square Qin N. Here s denotes the 
length along Q’ and f, the component of f in the direction of the line of inte- 
gration. The equation (24) then holds for any square Q in G, irrespective of 
its size, as follows readily by subdividing Q into small squares. The same is 
true even for any rectangle R. Let us describe its edges of lengths a and b as 
horizontal and vertical. Divide the horizontal edge into a large number m of 
equal parts and fill the rectangle with squares of edge « = a/m starting from the 
bottom. The line integral around each of these little squares vanishes. A 
small strip of m rectangles 7: , --- , 7m of height < ¢ along the upper edge of R 
will be left over. Consider one of them, e.g. 7; , choose a point in 7; and denote 
by f' the value of f at that point. If 6 is an arbitrarily small given positive 
number, one can choose m so large that the inequality |f — f'| < 6 holds 
throughout 7 ; on account of the uniform continuity of f this is even possible 
simultaneously for 7;, ---,7m- Because the circumference of r; has a length 
<4e, one finds that the line integral of f — f' around 7; has an absolute value 
<4e-5. The line integral of the constant vector f' vanishes. Hence our es- 
timate holds good for f itself, and the sum of the line integrals of f around 
T1,-+++,?m has an absolute value <é-4em = 4ad. By adding all the little 
pieces into which R is cut, we find the same estimate holding for the line integral 
of f around R, and thus our statement is proved. This typical argument is 
very useful for a rigorous foundation of vector analysis. 

Consider a cube T in G whose center is taken as the origin. We construct the 
solution ¢ in T of the equations 


(25) . j (i = 1, 2, 3) 


4 Here I follow closely the lectures on vector analysis which I used to give at the Tech- 
nische Hochschule in Ziirich; reflections of the method can be seen in some of my early 
papers, as in Uber die Randwertaufgabe der Strahlungstheorie und asymptotische Spektral- 
gesetze, Journal fir Mathematik, vol. 143(1913), p. 182, footnote, and Sitzungsber. Preuss. 
Akad. d. Wissensch., 1917, p. 265. 
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which assumes a given value ¢’ at the origin by integrating parallel to the axes 
of coérdinates. In the present general case this is the more natural procedure 
while we used radial integration for the harmonic fields in §2. We find 


om, m2) = 9 + [fe 0,0)de + [ falar, 8,0)de + | fale, an, 8 db. 
0 0 0 


By definition 


zytéry 
o(21, Z2, 3 + dx3) — g(a, r2, 23) = / fs(a1, 2, &) dé. 
z3 

The analogous equations for the variation of x2 and 2x, hold by definition for 
3 = O and for z; = 0, x2 = O respectively, but using the fact that the integral 
of f around the circumference of a rectangle vanishes, we obtain them without 
those restrictions and thus prove (25). Once (25) is established one realizes 
that the line integral of f along any closed rectifiable curve in 7’, in particular 
along the circumference of a plane triangle or an oblique square, vanishes. The 
last remark shows that our definition of a whirl-free field is independent of the 
orientation of our Cartesian coérdinate system. Summing over a finite set of 
triangles, each of which is embedded in a cube T C G, we see that the line 
integral of f over any 1-cycle C in G vanishes provided C ~ 0. As mentioned 
before, we assume our I-chains, 1-cycles, 2-chains and 2-cycles to consist of 
straight segments and triangular faces respectively. C ~ 0 indicates that C 
bounds a certain 2-chain in G. By subdivision one can always take care that 
each of the faces of a given 2-chain can be immersed in a cube T C G. 

It is convenient to use the “universal Abelian covering manifold” G over G 
on which a cycle C of G is closed if and only if C ~ 0 on G. The covering 
transformations S of G over G form an Abelian group. The process of con- 
tinuation yields a solution ¢ of the equations (25), 


grad g = f, 


over the whole of G. The potential ¢ is periodic, the difference g(Sr) — ¢(z) 
of the values of ¢ at any two points z, Sz of G, covering the same point of G 
and arising from each other by the covering transformation S, is a constant 7s . 
If by following the 1-cycle C a traveler is led from a point z° to the point Sz° 
over x’, this period 7s is the line integral of f over C. 

The continuous field f in G is said to be source-free if one can assign a neighbor- 
hood-N C G to every point z° in G such that the flow 


FIT] = | f.do 
vanishes through the boundary 7” of any cube T in N. By subdivision into 


sufficiently small cubes we carry this statement over to any cube T CG. How 
general is this law of vanishing flow? Consider a piece V of G bounded by one 
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or several surfaces V’. We cast over the space a net of cubes of small edge e 
and thus cut V into small pieces. The flow for each cube of the net which lies 
entirely in V (inner piece) vanishes. To each of the truncated boundary pieces 
we apply the same method outlined before in the case of the small boundary 
rectangles r;. By summation we find that the flow 


F[V] = [ taao 


vanishes provided 

(i) we may be sure that the flow of a constant vector f° vanishes for each 
boundary piece (projection in the direction of f°!), and 

(ii) the number of boundary pieces is O(1/e). 
This is certainly true for any solid convex polyhedron V which (together with 
its boundary) lies in G, in particular for a tetrahedron and any oblique cube. 
The last remark frees our basic definition from being bound to a special Cartesian 
coérdinate system. Summing over a set of solid tetrahedrons, we realize that 
the flow through a 2-cycle C’ vanishes provided C’ ~ 0. 

A device similar to what the universal Abelian covering manifold does for the 
whirl-free fields and their one-dimensional periods is missing in the present case. 

Our next concern is the introduction of div and rot without the hypothesis of 
differentiability. We shall use the notations div*, rot* for these generalizations 
of the differential operators div, rot. The existence of 


div* f = p 
for a continuous field f means the existence of a continuous function p in G 
such that 


(26) / frdo = / p (T’ boundary of 7’) 
T’ 4 


holds for any cube T in a certain neighborhood N of any point z° of G. One 
sees at once that p is uniquely determined and that the restriction of T to a 
neighborhood N may be omitted. Moreover, the fundamental relation (26) 
may be carried over from T to any piece V of G which satisfies the two require- 
ments (i), (ii) mentioned above; hence, in particular, to any tetrahedron and 
oblique block. Source-free fields f are characterized by the condition 

div* f = 0. 

The existence of 
rot* f= u 


for a continuous field f means the existence of a continuous vector field u in G 
such that 


(27) [wae = [. (f-dz) 





In 





u in G 





ORTHOGONAL PROJECTION IN POTENTIAL THEORY 423 


for any square Q in a certain neighborhood N of any point z° in G. The sense 
in which one travels around Q at the right side is to be connected with the 
normal n at the left by means of the orientation of space. wu is uniquely de- 
termined. Whirl-free fields f are characterized by the equation 


rot* f = 0. 


In the manner described before the relation (27) carries over to any convex 
polygon parallel to one of the coérdinate planes. However, we must try to 
make ourselves independent of this orientation. Consider any plane E. As it 
cannot be parallel to each of the three coérdinate axes, one may suppose that it 
does not contain the “vertical” z;-direction. Those parallelograms in E which 
by orthogonal projection upon the (x; , z2)-plane go into squares (in our limited 
sense) will for a moment be called cells of E. Suppose z’ a point of G on E and 
N CG@a cube around the center 2’. Given any cell Z on E which lies in N, we 
project Z vertically upon the horizontal base of N and thus obtain a little chim- 
ney with a horizontal square base, four perpendicular walls which are parallel 
to the (x; , 23)- and the (x2 , z3)-planes and the slanting opening Z. u satisfies 
the condition of vanishing flow 

/ undo = 0 


for the surface of each cube T and hence also for the surface of our chimney: 


(28) E | wdo+ ff uado =0. 


Since each of the five faces F (namely, the base and the four walls) have the 
proper orientation, we have for each of them the equation 


| wdo = | fea. 


In view of (28) we obtain by summation over the five faces F: 


— | wdo = — | feds. 


Operating with the cells Z in E as we operated with the squares in the planes 
paraHel to the coérdinate axes, we arrive at the equation 


(29) [ (rot* f),do = [ feds 


for any plane convex polygon P in G. (This method is also well suited to carry 
Stokes’ formula (29) over to curved surfaces.) 

If f has continuous first derivatives, then div* f and rot* f arise from f by the 
differential operators div and rot respectively. 
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Just as, locally speaking, a whirl-free field f has a scalar potential ¢, f = grad ¢, 
so a source-free field f has a vector potential u, 


(30) f = rot* u. 


In general u will not be differentiable, and hence it is essential to write rot* 
instead of rot. We imitate the procedure followed for the scalar potential. 
The center of the cube T in G is taken as the origin. We choose u = 0 along 
the x;-axis, uv, = 0 in the plane x; = 0, and us = 0 throughout 7. We integrate 


the equation 


ue _ Oui _ 
Ox; O22 . 
in the plane xz; = 0 by 
z2 
(31,) ular, 2,0) = — | falas, &, 0) ae, 
and 
dup _ ue uy _ uy 
O22 «= OX si 0x3 = 92 , 
by 
z3 
U2 (21, L2, Xs) = — I fila, 72, é) dé, 
(31) 


u(r, Io, %3) = uri(z1, %, 0) + I fo(an, T2, &) dé. 


The relation 


(32) [s. do = . Us ds 


remains to be proved only for horizontal squares Q in 7. Projecting such a Q 
perpendicularly upon the plane z; = 0, we obtain a block B for whose square 
base and four walls F the equation 


(33) | tudo = [was 


holds by construction. Because f is supposed to be source-free, the total flow 
of f through the surface of the block, namely, through the five faces F and the 
square Q, vanishes. Hence summation of (33) over the five faces F yields the 
desired equation (32). 

Our next step will be to carry over the formulas (13) and (2) to the starred 
operators. Here are the statements: If the function g has continuous deriva- 
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tives and div* f exists for the continuous vector field f, then div* (gf) exists and 
is given by the equation 


(34) div* (¢f) = ¢-div* f + (f-grad ¢). 


If f is continuous and rot* f exists while g is supposed to have continuous first 
derivatives, then 


(35) div* [f, 9] = (g-rot* f) — (f-rot g). 


Notice the asymmetry in the assumptions about f and g. In order to prove 
(34) cut the cube T into m* small cubes t of edge «. Denote by ¢’ the value of 
any function ¢ in the center z° of t and by (¢) a quantity tending to zero with « 
uniformly for all the m* cubes ¢t. We have in ?: 


eg =¢ + ei(t1 — 21) + ¢2(%2 — 22) + ¢3(2s — 23) + (€)-, 


where ¢; = dy¢/dzx; ; hence, with an error of order (€)-€, 
[ Jn do = eff do + [ > gi(x; — x) fn do. 
In the first part we write 
|. 4 = [ aves = {(div* f)’ + ©}-é. 


In the second part we may replace f by the constant vector f° in neglecting 
something of the order (¢)-¢’, and then we readily obtain as its value 


é- >, oft = &-(f-grad ¢)’. 
i 
Hence 


| efa do = et (e-dive sf + (f-grad 9)" + 0}, 


° 3 
and after summation over all m° cubes t: 


[, fn do = Do (y-div* f + (f-grad y))°-é + (©. 


In the limit « — 0 the right member changes into 


[ (p-div* f + (f-grad )). 


Similarly (35) is proved. 
If f is source-free and y of class T’ the equation (34) reduces to 


(36) div* (¥f) = (f-grad y), 
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and thus by integration over G: 
(4) / (f-grad y) = 0. 


Indeed, let G* be the compact subset of G outside of which ¥ vanishes. We 
construct a net of cubes of such width that all cubes of the net which have 
points in common with G* lie in G. Integrate (36) over each of these cubes ¢, 


[ Gerad y) = | vado 


and form the sum. In the same way we infer from (35) that a whirl-free field 
satisfies the equation 


div* [v, f] = (f-rot v) 


and hence 
(3) / (f-rot v) = 0 


for any vector field v of classT. In other words, any source-free field f is sole- 
noidal, equation (4), and any whirl-free field f is irrotational, equation (3). 
Lemma | is a particular case of both these facts. 

We cannot be fully satisfied without convincing ourselves of the inverse 
proposition: A continuous field which is irrotational or solenoidal is whirl-free or 
source-free respectively. I indicate the proof briefly in the two-dimensionai case. 
Let Q be a square inside the “horizontal” two-dimensional region G. We use a 
third vertical dimension z and erect over Q a straight pyramid which we cut at 
the height z = «. Let the frustum, a low mound standing over Q, be described 
by the equation z = y.(x;, 22) while y, = 0 outside Q. The derivatives of y, 
have simple discontinuities. Nevertheless we are allowed to substitute y, for 
the function y in the equation (4) which characterizes the continuous vector 
field f as solenoidal. The limit of 


1 
.f (f-grad ¥.) 
€ “@ 
for « — 0 is the flow f f,-do through Q’. 
Finally we prove the modified equation (7): 
(37) grad (div f) — A*f = rot* (rot f). 


Under the assumption that f and div f have continuous first derivatives, we 
maintain that the existence of rot* (rot f) implies the existence of 


A*f; = div* (grad f,) {i = 1, 2, 3] 


and vice versa. We consider the vertical component and erect over a horizontal 
square Q CG in the plane z; = 23 a vertical block B C G of height h. Its two 
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horizontal faces will be called Q and Q,. Integrate the vertical component of 
the left member of (37) over B. The first term contributes 


(38) [ a (div f) = | / div f. aol" -[ div f-do — [ div f-do. 


Observe that 
0 re) re] 
[ aivs-do = [ % Fado + [ (2+ 2) do 


= [ Bao + J Suds 


0x3 


The second term at the right is a line integral around the boundary Q’ of Q. 
Reversing for this part the transformation (38) we see that the contribution 
under consideration equals 


2 ao +/f% uv: dasdm: 


the first integral extending over the two bases Q and Q, , the second over the 
four walls. The second term of the left member of (37) contributes 


[att = [Fao 
Subtraction yields the integral of 


A . oh = (rot f), 


over the four walls or the integral over z from x$ to x3 + h of the line integral 
/ (rot f).-ds 
around the cross section Q, :z3; = zof B. Divide by h and pass to the limit h—-0. 


Let p be a continuous function in Gand T CGacube. We form the potential 
(zx) of the mass distribution with density p(x) in T: 


oa) = [26 , ; 


the integration with respect to x’ runs over 7’. Inside 7’ not only # is continuous, 
but also its derivatives: 


F = grad > = -J 255 Pa -p(2’). 
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(Incidentally F satisfies a Hélder condition with arbitrary exponent < 1.) 
For any cube ¢ in the interior of T one has 


(39) [ F.do = —4r | ». 


Indeed the integral 


(x — 2’)n 
w|z—a2'P 





running with respect to z over the surface ¢’ is the solid angle under which 
t’ appears from 2’ and thus equals 4x or 0 according to whether the point 2’ lies 
inside or outside ¢t’. This gives for the left side of (39) the result 


—4r. / p(x’) (x’ over ). 


The formula (39) may be stated thus: 
div* F = A*# = —4xp inside 7’. 

We return to an arbitrary source-free field f in G. The local existence of a 
vector potential u of f, equation (30), is of little use unless we are able to nor- 
malize it by the equation div* u = 0. Here is the way in which this may be 
accomplished. We form for any point z in T the integral 





j(x) = / I, (x’ over T). 
Then 
(40) aa -f wT. 


On the other hand, 





2 1 f@—2/)-f@) rae 
divj = = a-er (x’ over T). 


Write for a moment 2’, z instead of x, z’; the value (div j)° at 2° is given by 


1 / 1 
pot i (crad (2 — 2] - $c), 
Use the relation (34) for 
1 


g(z) = [2 —7| 


and integrate over 7 after first excluding xz” by a small cubical neighborhood 1. 


Taking account of div* f = 0 and shrinking ¢ down to x’, we get 


1 1 


(div j)° = “i * [x = Pate 
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or 


6= —divj = J JS (z’ over T"). 


r—2'| 


This 6 is a harmonic function in 7 with derivatives of all orders, and thus we 
deduce from (40) and (37) the relation 


rot* (rot 7) = f — grad @. 


We saw at the end of §2 how we may ascertain a harmonic vector field h in T 
such that 


grad @ = roth, div h = 0. 
The field ‘ 
rotj t+h= 


satisfies all our demands. This construction is superior to the one laid down 
in the equations (31), and the result, which is the main goal of this long section, 
deserves to be fixed as 


THEOREM IV. For a harmonic function n in a cube T we can find a harmonic 
vector field h such that 


grad » = roth, div h = 0. 


For any source-free vector field f in T we can find a continuous field u in T (which 
moreover satisfies a Hélder condition of arbitrary exponent < 1) such that 


(41) f = rot* u, div* u = 0. 
4. Auxiliary inequalities. We now come to another more interesting prepara- 
tion. Take a cube T of edge l and let it be described by the inequalities 
0sx%sl, 0sn sl, 0S 23 Sl. 


Let ¢ be a function with continuous first derivatives in 7 (boundary included). 
The gradient f = grad ¢ determines ¢ up to an additive constant. We therefore 
split ¢ into a multiple ¢’ of 1 and a second component ¢* orthogonal to 1, 


olz) = o° + o(2), [ +@ =0 
and set 
Hrlel = | (ey, Delel = J (grad ¢)* 


Lemma 3. With a certain constant L depending only on 1, Poincaré’s inequality’ 
(42) Hrlg] = L’- Dele) 


5H. Poincaré, Sur les équations de la physique mathématique, Rend. Cire. Mat. Palermo, 
vol. 8(1894), pp. 70-76. 
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holds. The best value for L is 


The attempt to minimize D,[g] under the auxiliary condition fr ¢ = 1 leads 
to the acoustic problem of the eigen-tones of 7, even when T is any fairly regular 
region: 


Ag +o =0 inT, sd = 0 onthe boundary 7”. 


Hence the best value for L in (42) is the reciprocal of the frequency \ of the 
gravest eigen-tone. This observation points the way to the following proof. 

Takel = 1. Forany setv = (» , v2 ,»3) of non-negative integers we introduce 
the eigen-function 


co (v) = CO (%) , 2, ¥3) = COS TH21-COS Wre%2- COS TV3X3 
and the eigen-vectors 
1) (2) (3) ¢ a 2 3) + 
co” (v), co” (v), eo” (v); sn” (v), sn® (v), sn® (). 


The second and third component of co” (v) and sn” (v) vanish while their first 
components equal 


SIN 1Y4X1-COS Wr2X2-COS W323 ANA COS #H4,T1-SiN WreX2-SiIN THs; 
respectively. We introduce the Fourier coefficients of g and f = grad ¢ with 
a (2 (2) ° 
respect to co (v) and co’ (v), co (v), co” (v) respectively : 


a =a(v) = / ¢-co (v), a; = a;(v) = [ f-c0 (v) (¢ = 1, 2, 3). 


¢* has the same Fourier coefficients as ¢, except that a(0, 0, 0) is replaced by 0. 
Set 
2(v) = 1 or 2fory = Oory = 1, 2, --- respectively, 
and 
5 = 5(v, , ve, v3) = 2(v1)-2(ve)-2(vs). 


The individual eigen-function co (v) contributes to H7{g] the amount é-a’; 
according to Parseval’s equation, H 7g] itself is the sum of these contributions 
associated with the different sets vy = (v , v2 , vs), excluding (0, 0, 0). 

The connection between ¢* and f may be put in this form: 


[ o-aivp = -[ on), 


(44 
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the second equation holding for any vector field p in T with continuous deriva- 
tives whose normal component p, vanishes along 7’. In the sequel p always 
has this significance. Taking 


one finds 
a; = —7va (¢ = 1, 2, 3). 
Since 
DG toh +0i)-aa = Dai ta+ad < fs, 
v . T 


where the accent indicates the exclusion of (0, 0, 0) from summation, we obtain 
the desired result 


x -Hrlg] [9 


As one sees, the proof depends on the fact that 
[2(v)}-cos avr (vy = 0, 1, 2, ---) 


constitute a complete orthogonal system for the interval 0 S zx < 1. 
For a block T of arbitrary edges 1, , le , ls , 


Osnsh, 0OsSxnehk, Osa), 


one would obtain the same inequality (42) with 
(43) L= : max (l,, lz, Is). 

The inequality (42) may also be written in this form: 
(44) [ | @@ - oy < 2°7-Drie. 


In the left member both integrations with respect to x and 2’ run over T. At 
the right, the letter 7 stands for the volume of the cube 7. 

What is the analogous relation for rot instead of grad? rot u remains un- 
changed by adding a term grad ¢ tou. Hence as a preliminary we carry out the 
following construction’ in which 7’ plays the réle of G. Let I be the complete 
Hilbert space of all vector fields u of finite 


lui = foe 
T 


* This is the problem to which O. Nikodym applied the method of orthogonal projec- 
tion, loc. cit. (footnote 1). 
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while = C T is the closure of all fields grad o derived from potentials o that 
have continuous first derivatives in the closed 7, and T* consists of the elements 
u* of T which are orthogonal to all those fields: 


(45) / (u*-grad «) = 0. 
4 
This orthogonal decomposition T = T* + T when applied to an element u of T 
is described by 
u= u*+ ia. 


We put the relation f = rot u into the more universal form 
(u-rot q) = / (f-4), 
T 4 


holding for any field g in the closed 7 which has continuous derivatives and 
whose tangential components vanish along T’. This equation survives for u* 
because the fields grad o approximating @ and hence @ itself are orthogonal to 
rotg. We thus arrive at this conjecture: 

Lemma 4. Let f and u* be vector fields in the interior of T of finite || f \\r, \\ u* |\r 
such that the equations 


[ (ut-eraa o) = 0, 
(46) 
[ (ut-rot @ = [ oo 


hold whenever the scalar « and vector q have continuous derivatives in the closed 
T and the tangential components of q vanish along the boundary of T. Then u* is 
uniquely determined by f, and a universal inequality 


(47) || u* |r S M?-|If I 
holds where the constant M depends on | only; its best value is 
2_ iF 
M = on 


The corresponding minimizing problem is that of radiation, of standing electro- 
magnetic waves in the Hohlraum 7’. This sets the tune for our proof. 

Let a;, b; (i = 1, 2, 3) be the Fourier coefficients of f with respect to sn” 
and of u with respect to co“’. Then by the substitutions ¢ = co (v) and q = 

® eo”, co” the equations (46) yield 


co, co 
bw, + beve + by; = 0, 


(48) 
a(veb3 — vabo) = a, m(vsb; — ribs) = a2, w(vibe — vedi) = a3, 


We 








at 


closed 
u* is 
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and from this follows 
ai + a3 + as = w(t + v2 + ¥5)(bi + BD: + D5). 


Not only (0, 0, 0) but also those combinations (»; , » , v3) in which two com- 
ponents vanish may be excluded. Indeed ». = »; = 0,» # 0 implies a; = a, = 
a; = 0, be = bs; = 0, and by (48) also b; = 0. Thus the least admissible value of 
vy +n+ris2. This proves our statement. 
For a block T with the edges 1; ,  , ls a similar inequality holds, and in that 
case the best value for M” is 
EG 6UGkCOGG 


2 1 
M = 1 max (; os 493 .). 
b+348+h h+h 


The question of the existence of u* for a given solenoidal f will be decided in 
connection with the application of our inequality to the situation in which we 
are primarily interested ($6). 

Similar inequalities hold for a sphere K of radius R. The best values of L 
and M in (42) and (47) are R/a, where a is the least positive root of the equation 





and 2R/m respectively. Elementary proofs of the inequality (42) for convex 
bodies and sphere, which, however, do not yield the best constants, are given by 
H. Poinearé and the author.’ It seems unlikely that they allow approaching 
the inequality (47). 


5. Periods of irrotational fields. 

1. We take up the first boundary problem, i.e., the decomposition § = @ + G&, 
f= 9+ e, of an element f of §. Here g is the limit of a sequence of fields g, = 
grad y,. For the moment we throw aside our knowledge that y, is single valued 
over the whole of G and vanishes in a boundary strip. Given a cube 7 C G, 
we subtract from y, its mean value y? over 7, so that y; = y, — Wy} satisfies the 
normalizing condition 

[ vi =0 
T 


We apply Lemma 3: 
[ of - v's Pollo - oll 


7H. Poincaré, loc. cit. (footnote 5). See also R. Courant and D. Hilbert, Methoden der 
mathematischen Physik, I1, Berlin, 1937, pp. 488 and 517-519. H. Weyl, Die Idee der Rie- 
mannschen Flache, Leipzig, 1913, pp. 89-90. Another proof could be modeled after the 
pattern of the argument in §7. 
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Hence the integral at the left tends to zero with un, » > ~, and there exists a 
function y* of finite square integral in 7 such that 


/ y* —ys)?0 for »—> ~. 

T 

y* is connected with g by the equations / y*=0 and 
T 


(49) [ v*-aivp = -[ -n) 


holding for any p of the formerly described nature. If one writes e = grad 7, 
then y* + » stands in similar relationship to f itself. 

2. We study any function ¢ in G with continuous derivatives and the ac- 
companying vector field f = grad y. We suppose 


(50) sit = [ f° = Diels. 


Choosing a definite cube 7) of edge in G, we normalize the arbitrary additive 
constant in ¢ by 


(51) [ = 0, 

and then have 

(52) [ ¢stie Ue = bh/a). 
To 


Lemma 5. Let T, 7, be any two overlapping cubes in G. We maintain that 
under the assumption (50) 


(53) / ¢ <A’é implies / ¢ < Aieé, 
4 


T 


where A, depends on A and T, T; but not on € and ¢. 


Proof. According to Lemma 3 there exists a constant ¢', the mean value of 
g over 7; , such that 


(54) [ w~-~) sLie Ga © Od 


Denote by ¢ the common part of T and T;. The hypothesis (53) and formula 
(54) imply 


[¢ < A’é’, I (' — ¢)’ Ss Lie. 
t 
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Using Schwarz’s inequality for 


1 
: wa +e —-@¢@ 
g =A’. Al + i i 
we find 
(')t < (A + Le. 


Since 
I ¢ = / ~-¢+&¢)N, 
T, T) 
we arrive at the result (53) with 
2 2 2 Ti 
Aj = Ly + (A + Ly) a te 
Let T be any cube in G. Join Ty with T by a chain of cubes any two con- 
secutive members of which overlap.* (We operate here, if necessary, in one 
of the connected components of G, rather than in G itself.) Starting with (52) 


and continuing by means of the last lemma, we ascertain a constant Ar such 
that 


(55) [esate 
T 
follows from 


[ ¢=0 and Die] s é. 
r 


0 


The application to our situation is immediate. We subtract from y, its mean 
value y? over 7) , so that y* = y, — ¥° fulfills the normalizing condition 


(56) ve =0 
To 
Then 
[ Wr — ve)? S At\lg — gall 
for any cube 7 CG. Hence we find a function y* in the whole of G such that 
(57) / (y* — y2)?-—0 for each T. 
T 


The relation (49) now holds for every T. The harmonic e has a harmonic 
scalar potential 7, e = grad n, on G. We put ¢* = ¥* + 7 and feel justified in 


§ This argument is taken from the author’s book on Riemann surfaces, loc. cit. (foot- 
note 7), pp. 103-104. 
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ascribing the value ¢*(b) — ¢*(a) to the line integral f (f-dx) extending over any 
line { on G joining the point a with b. Here a denotes at the same time a point 
on G lying over a and b that point on G to which a traveler starting at a is led 
by following the trace |. 

3. Suppose f itself to be continuous and thus whirl-free rather than irrota- 
tional. We can write f = grad ¢, where ¢ is a periodic function on G with 
continuous derivatives. Our last result comes very close to a proof that ¢ has 
the same periods as 7. But to make this point quite explicit we apply Lemma 5 
to our present ¢ on G, which we are evidently entitled to do, and to a chain 
leading from the cube 7) on G to that cube T which arises from 7) by the covering 
transformation S. We make use of the normalization (51). The inequalities 


/ ¢ < Lie, / ¢ = / (Sy)’ S Ate 
T T To 


0 


result in the following relation for the constant difference 7; = Sg — ¢: 
ms-Ty S (Lo + An)’. 
Hence: 


THEeoreM V. For any covering transformation S of G there exists a constant 
Hs such that the period rs{f| of any whirl-free field f satisfies the inequality 


ws < Hs-\\f II. 


We apply this lemma to g — g, with its potential g — » — ¥,. Its periods are 
independent of v, namely, the periods xs of g — 4, and we obtain 


Ks S Hs-\|g — oll, 


and this proves the desired result xs = 0: 

TueoreM VI. If the decomposition § = G + € its applied to a whirl-free 
vector f, f = grad ¢, then the periods of its potential y agree with those of the harmonic 
potential n of the G-part e. 

The function ¥y* = ¢ — 7, single-valued in G, is the limit of the functions Ve 
in the sense of the relation (57), provided the arbitrary additive constant in 7 is 
normalized according to 

[vqo 
T 


Our theorem proves in particular that for any periodic function ¢g on G with 
continuous derivatives we can ascertain a harmonic function 7 with the same 
periods; it goes beyond this statement by adding that in some sense 7 has the 
same boundary values as ¢. 


6. Periods of solenoidal fields. We shall try to imitate as closely as possible 
the procedure of the previous section for the second boundary problem, i.e., the 
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decomposition 
W=G+6, fagte 


of a solenoidal vector field f. We encounter no difficulty at point 1. g is the 
limit of fields g, = rot v,, and we apply to v, and a given cube T CG the splitting 
formerly described as T = T* + T. Lemma 4 yields 


[ (xy — v3) S M*-\|g — gall’, 
and hence v> tends to a limit v* in 7 in the sense that 

[ (v* —v;)? 0 forv— o. 
This v* satisfies the relations 


/ (v*.grad o) = 0, 
T 


[ (*-rot q) - | oo 


with the same conditions for ¢ and q as in (46). Put e in the form rot h; then the 
given field f will stand in the same relationship to v* + h* as g to v*. (Inci- 
dentally h* would equal h if we had used a sphere K instead of a cube 7’, because 
div h and the radial component of A vanish.) 

We can expect no analogue of point 2. 

Point 3 may be established although the argument has to undergo some 
modification on account of the missing parallel to the covering manifold G. 

Consider a 2-cycle C in G whose faces are plane triangles A each enclosed in a 
cubical box T CG. (To be precise, we suppose all points of the closed triangle 
to lie in the interior of 7.) Our goal is to derive an inequality for the period 


Tc = | tudo 
c 
of any source-free vector field f in G, 
we = He-\IS Il 


in which the constant H¢ depends on C and not on f. To that end we enclose T 
in a slightly larger cube 7’ C G and construct a vector potential u for f, con- 
tinuous in the interior of 7’ and satisfying the relations 


(58) f = rot* u, div* u = 0. 
Afterwards we pass to T and apply the splitting T = T* + T tou, 


u= u* + &. 
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We maintain that @ = grad 3, where # is harmonic in the interior of T. Indeed, 
by definition, 


/ (a-rot q) = 0. 
T 
Moreover, the second equation (58) implies 
| (u-erad y) = 0 
T 


for any ¥ with continuous derivatives in the closed 7 which vanishes at the 
border of 7, and this, together with (45), results in 


| (a-grad vy) = 0. 


Our fundamental Theorem I applied to 7 instead of G then shows that @ is a 
harmonic field satisfying the relations 


diva =0, rota =0. 


Hence u* is continuous in the interior of 7’ and the relations (58) persist for u*. 
Therefore 


(59) | tudo = f u, ds - | ur ds. 
4 4’ 4’ 


Since the conditions (46) prevail, we conclude from Lemma 4 that 
(60) [ us? s araisir. 


[The combinatorial schemes of the 2-cycles I had in mind when writing this 
proof are abstract finite oriented 2-manifolds. However, with obvious altera- 
tions the proof holds good for 2-cycles on an arbitrary 2-complex, and Theorems 
VII and VIII should be understood in this wider sense. Added November 
17, 1940.| 

Next we envisage two adjacent faces A, , de of C, their common edge 6, and 
their embedding boxes 7; , 7’: in which the fields uy, us are defined. In com- 
puting m- we sum (59) over all faces of C. The edge 6 contributes 


(61) I tat = whee. 


T; and T; have a common part 7';. The boxes 7 for all the faces 4 with a com- 
mon vertex a have acommon part 7. The 7’; and 7’, are not cubes, but blocks. 
Because 


x + . ’ 
f = rot*u, = rot* w in 7 
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the difference uz — u; is whirl-free in 7; and hence equals grad ¢;, where ¢; = ¢ 
is a function in the interior of 7; with continuous derivatives. Incidentally 
gs is harmonic because us ur is not only whirl-free but also source-free accord- 
ing to the equations 


div* up = 0, div* us = 0. 
The relations (60) for uy in 7; and us in 7. imply 
[ ay sans, fad sadasi 
Ts Ts 
and hence 
(62) [ ad oy? =f (ut - ud s Oh + Md*-IIFIF. 
é é 


Let the edge 6 lead from the vertex a to b. Its orientation is such that the 
transition 4, — A, crosses it from left to right. For the opposite crossing A: > A; 
we obtain go. = —¢2,¢-3 = —¢s. The integral (61) has the value 


— [Gerad a). ds = gala) — go(0) = eula) + oad. 
Summing over all edges 6 of C we arrive at this formula: 
(63) ro = 2 {ys(a) — gx(0)} = Li xala). 
The latter sum extends over all vertices a and 
Xa(a) = 2d ¢s(a), 


, . . 
where >.’ runs over all edges 6 radiating from a. 


3 
Denote by A; , As, --- , Am (4;) the cycle of faces around a. Because 
7 * . 7~ 
grad gis = Ug — U , grad gay = Us — U2 , 
the gradient of the sum giz + ¢o3 + --- + gm: Vanishes in 7, , and hence that 


sum is a constant. Designating by x, a point varying over 7, we thus find that 
’ 
Xa(Za) = > ¢s (Ta) 
is a constant, and (63) changes into the more general equation 


(64) fc = > Xa(a) veal > {¢s(2a) = ¢s (a) }. 


This equation puts in evidence that the value of z¢ is not affected by moving 
each vertex a within its surrounding box 7, . 


We apply the inequality (44) to gs and the box 7’; with the effect that 


[ f Goole) = ee? = 13-f) Gerad oo) 
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with a certain constant Ls; depending on the lengths of the edges of 7’; only; see 
equation (43). Integration at the left ranges over 7; with respect to x and 2’. 
We combine this with (62) and limit the integration at the left for x to T, and 
for x’ to T, and thus find an inequality 


[fooled = exten)? = AbT.Ty-IIF1F 


a “Tp 


The constant A; , whose explicit value can easily be given, does not depend on f. 
If we now use the second expression (64) of r¢ and integrate by running each 
point x, over its box 7, we get 


my < Hi.\\f\|? where He = DAs: 
6 


THEOREM VII. To every 2-cycle C in G one can assign a constant H ¢ such that 
the period x over C of any source-free vector field f in G satisfies the inequality 


me S He-\If I. 
Returning to our second boundary problem we observe that the period kc 
over any 2-cycle C of g is that of 
9-9 =g —rot,. 
The resulting inequality 
Ke S He-\|g—g ||’ forv = 1,2, --- 


shows that xc = 0 or that f has the same periods as the harmonic part e: 


THeoreM VIII. [If the decomposition §’ = G’ + € is applied to a source-free 
vector field f, then the periods of f over any 2-cycle are the same as those of the G- 
part e. 


7. Behavior on the boundary. So far we have evaluated the fact that the 
approximating g, in our two problems have a scalar and a vector potential 
respectively, which are single-valued throughout G. How can we take into 
account their vanishing in a boundary strip? 

In our first problem, 


g» = grad y, (y, of class T), 


we put y, = 0 outside G, so that y, is a function with continuous derivatives 
throughout the whole space, and choose an arbitrarily large cube 7’ which need 
not be part of G. We are going to prove that the y, themselves, without being 
normalized by subtraction of a constant to fit the equation (56), converge to a 
limit J in the sense that 


[ @-wr-o fory— @. 
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ee To this end, study any function y of class T and the potential @ of the mass 
r’. distribution of density 
na p(x) = ¥(z)in T, = O outside 7: 
ra p(x’) 

#@) = 2i|2—2'!’ 
af. and form the integral 
ch 
' J= Pa / (grad .grad y). 


Taking G as the domain of integration one finds 


4r T 
Taking the whole space as domain of integration one gets 
d 
a ae ee / (grad #)?. / (grad y)’. 
4a 4a 
The first integral at the right converges because ®, grad ® vanish at infinity with 
the orders 1 and 2 respectively, and it equals 
1 / I p(x)p(x’) 
—— | ®.A*® = a, 
4n ja — 2’ | 
ieee At the right side the integration with respect to both z and 2’ may be restricted 
‘e G- to T and then p(x) be replaced by ¥(x). By Schwarz’s inequality its square is 


less than or equal to 


t the E | [ woven’ = ef ¥), 


ential 


, into where 


iss T), Thus 


atives 


pater re. / yp. / (grad y)?. 
_ being . - 


ge to a Combine this with (65). The result is the following inequality which ought to 
be compared with Lemma 3: 


[v < z.[ (grad y)”. 
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Application to ¥, — y, yields 
[ @-wo'0 torn,» @. 
T 


Hence y, converges toward a limit y in the sense that for every cube T 


[o-wio fory— ©. 


¥ vanishes outside G. The relation 


[ ¥-aiv p = -[ (g.-p) 


holding for any p satisfying the conditions indicated by that letter carries over 
to the limit: 


(66) [ v-aiv p = -[ -n). 


Again g is set equal to zero outside G. This is the sought-for equivalent for the 
equation g = grad y together with the boundary condition y = 0. Indeed, if 
G has a fairly regular boundary y, and y, which vanishes outside G, has con- 
tinuous boundary values, then the equation (66) would not be true for g = grad y 
unless one adds at one side the term f ¥-p, do extending over the part of the 
boundary y enclosed in T. 

For obvious reasons this procedure fails for the second boundary problem. 
However, the idea again works handsomely when we replace the second by the 
third problem. We study a vector field v of class T and set v = 0 outside G; 


moreover, 


d= vin T, = 0 outside 7’. 


We form the vector potential 


and the integral 
J= PS | (div V-div »v + rot V-rot v). 
Tv 
By transformations similar to the foregoing we find the inequality 


[ vs se {(rot v)? + (div v)*}, 
T 4nr Gg 
which is to be compared with Lemma 4. 

Any pair (g, ¥) in @” is the limit of pairs 


g» = rotv,, y, = div», (v, of class T). 
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Application of our inequality to v, — v, yields a vector field v vanishing outside G 
such that 


/ (vy —v)—-0 forv— @ 
T 


in any cube 7. This v satisfies the conditions 


[ @-rot q) = [ oo, | (-wrad 0) == -[ v0 


for any scalar o with continuous derivatives in the closed 7 which vanishes 
along the boundary and any vector field g of the nature indicated by that letter. 
These integral equations are the equivalent for the differential equations 


g = rot », y = div v 


together with the boundary condition v = 0. 


8. Concluding remarks. In two-dimensional space the conditions (3) and (4) 
for irrotational and solenoidal fields, read 


(y of class TP). 


When one considers (fi, fe) as a covariant vector, these conditions are invariant 
under conformal transformations of the coérdinates z;, x2. Hence the theory 
applies to arbitrary Riemann surfaces, i.e., to two-dimensional manifolds whose 
conformal structure is locally Euclidean. It yields, among others, this result: 
if ¢ is a periodic function with continuous derivatives on the universal Abelian 
covering manifold G of a compact Riemann surface G, then there exists a har- 
monic function » with the same periods. This statement is practically equiva- 
lent, and on the basis of well-known results due to de Rham, completely equiv- 
alent to the existence of an Abelian integral of first kind with prescribed periods 
of its real part. An alternative procedure for the construction of these integrals 
is the one followed by the author in his book on Riemann surfaces cited before. 
The-method of orthogonal projection in Hilbert space is a pleasant variant of 
the Dirichlet principle of minimization. However, it ought to be said that our 
present method shows its full strength only by the general way in which it 
allows taking boundary conditions into account. The argument of the last 
section does not go through in two-dimensional space, unless G is bounded or at 
least such that the integral over G of 1/(1 + | x |*) is finite. 

The method is easily adaptable to the problems of two- and three-dimensional 
elasticity theory. 
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In n dimensions the conditions (4), (3) read: | 
Oy _ 
/ DF aa 0, 
0 dik 
J E4280 


Ox; 

y is an arbitrary scalar of class T and vy, an arbitrary skew-symmetric tensor of 
rank 2 and class’. It is not difficult to see how to formulate the corresponding 
conditions for Pfaffian forms of higher rank. Here we meet with Hodge’s 
investigations mentioned above. He observes that in a 2k-dimensional space the 
conditions for a Pfaffian form of rank k involve only the conformal, not the full 
metric, structure of the space, and thus the theory of these forms and their 
periods goes through in a “conformally flat’? space (a space endowed with a ( 
Riemann metric for which the conformal curvature vanishes). 
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REAL INVERSION FORMULAS FOR LAPLACE INTEGRALS 
By Harry Po.Luarp 


1. Introduction. In this paper we shall be concerned with real inversion 
formulas for the Laplace integrals 


(1) f(z) = l ” &*dalt), 


(2) f(x = I ° e *' p(t) dt. 


In (1) a(t) is of bounded variation in (0, R) for all positive R, and normalized, 
that is, 


a(0) = 0; a(t) = $[a(t+) + a(t—)] (t > 0). 


In (2) ¢(¢) is assumed Lebesgue integrable in (0, R) for all positive R. 

We shall obtain new inversion formulas for (1) and (2) in terms of 

I. f(x) and its derivatives in a neighborhood of infinity, 

II. f(x) and its differences in a neighborhood of infinity, 

III. f(x) and its derivatives on a discrete set of points near infinity. 

In the special case of the integral (2) it will suffice to know the derivatives or 
differences of high enough order. 

Case I has been treated by several writers, particularly D. V. Widder. 
Theorem 1.1, which forms the basis of our work, is an extension of results due 
to Widder and the present author [2].' 

Case II can be handled by means of an operator employed by Widder to solve 
the Hausdorff moment problem ((6], pp. 174 and 178). The result is that if (2) 
converges, then” 


¢(t) = lim (n +k La I aye atyn +1), n= | & | 
ko nik! é—1 
for almost allt > 0. There is a similar result for the integral (1). Our formulas 
differ. somewhat from these. 
Case III does not appear to have been treated previously.’ 
The main theorem, which we now state, concerns the integral (2). D will 


Received August 1, 1940. 

1 Numbers in square brackets refer to the bibliography at the end of the paper. 

2 As usual, [a] denotes the largest integer in a. 

’ For asummary of methods of inversion when other information concerning f(z) is given 
see [1], p. 1. 
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be used to denote the Lebesgue set of the determining function ¢(t). This set 
consists of almost all points ¢ > 0 and includes the points of continuity of ¢(¢). 


THEOREM 1.1. Let {6;:(t)} be a sequence of real functions satisfying‘ 








(3) 6. = o(k) (k + 2») 
for eacht > 0. If (2) converges, then 

. k + 0.\°" (—1)* 1 (k + 
) o(b) = Jim ( ) kl 5 t ) 


for all t in D. 
If o(t+), o(t—) both exist at a point t > 0, and if 











(5) 0 = o(k’) (k— ~), 
then 

o(i+) + o(t—-) _ ,.. (kK +N" (-1)' a (kb + & 
(6) 2 = tim (*+*) sm (E+8). 


Several particular cases of this result are known ((4], p. 772; [6], pp. 122, 126; 
[2], p. 422). We shall prove it in §3, where it will be shown to yield as corol- 
laries the following new inversions of (2). 


Coro.iary 1.11. If (2) converges, then 


(7) o() = lim [*] vt ;o ((*)). 


(8) 6(0) = tim SD" 5% () 
m0 : k=[zt) 





for all t in D. 


Coro.uary 1.12. Let {z,} be any sequence approaching +. If (2) con- 
verges, then 


k | 
@) (0) = tim (FY skhy(x,) 


k=[zpt] 


for all t in D. 


2. Lemmas. We devote this section to the statement of several lemmas 
needed in the remainder of our work. 


Lemma 1. If (1) converges, there exist A > 0, g > 0 such that 
| a(u) | S Ae™ (u > 0). 
This is a known result ({5], p. 703, Lemma 2). 


‘In this theorem we do not require that the o-conditions be satisfied uniformly with 
respect to t. 
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Lemma 2. If (1) converges, there exist N > 0, g > 0 such that 


Nk! 


\f (x) | < = 


(x > g). 


The proofs of this and the next lemma are easily supplied by the reader. 


LemMa 3. If {6} is any sequence satisfying (3), then for k large enough 


6 k+1 
(1 + *) < 2c". 


Lemma 4. If {6} is any sequence satisfying (5), then 


k+1 pl 
(10) (k hl [ PE id ut du— } 
: 0 


(k +o g enh tOadu uédu—4 
! 1 





It is obviously enough to prove (10). Since, by [6], p. 115, 
en 1 

kr [ eu'du-4 
it suffices to show that 

ett pittale 

Ik = = / e “uk du = o(1) 

k! 

The maximum of e “u occurs at u = 1, so that 


” | ihe + | Ox | 


we? e < |0,.|k°, 


the latter inequality being a consequence of Stirling’s formula. 


of (5) completes the proof. 
Lemma 5. (10) fails to hold when & = k’. 
For by [3], vol. I, p. 80, Problem 210 


4yk+1 k+kt 
a3) [om Pian al ott dt 
é 0 $ 





(k— o), 


(k— o). 


(k— @), 


(k — ), 


An application 


4+ (2x)7 [ edt = 6(k—- &). 


3. The Laplace-Lebesgue integral. In this section the integral (2) is treated, 


the general case (1) being left for §4. 


We begin with a proof of the first part of Theorem 1.1. Let ¢ be any point 


of D. Define 


pw) = [ 190) - 60} ae. 
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By the method of Widder ((6], pp. 122-124) the question is easily reduced to 
one of showing that 


» k+l ,@ 
I, = Wor [ empty (1 — ——* udu =o(1) (k— ). 
=i ab 


Let « > 0 be arbitrary. Since ¢ belongs to D, there exists a 6 (0 < 6 < 1) 
so small that 


(11) | B(tu)| <e|u— 1} (ju —1| <6). 


Divide the interval of integration into the intervals (0, 1 — 4), (1 — 6, 1 + 4), 
(1 + 6, ©) and denote the corresponding integrals into which J(k) is split by 
T,(k), I2(k), Is(k). 

The functions e “**“u‘", for large enough k, have their maxima at points 
greater than 1 — 6 and are = in (0,1 — 6). Hence by (3) and Lemma 3 


k+1 le 
| Ti(k)| s oie [ * tetonu kt | B(tu) | | 1 — tf ui du 
Ss Ai- i. fig CHee-o) .. g)* [ | B(tu) | (1 — u) du 
=> *(k — 1)! A ’ 


where A; is a positive number independent of k. Since for k large enough 6, 
S 36k, we have 
| 1,(k) | < As Dae Piha tte 6 | _— 6)*", 
~  —(k—1)! 

where Az is independent of k. By the test-ratio test the right side of this in- 
equality is the general term of a convergent series, and hence approaches zero 
with 1/k. 

Similarly, J;(k) is seen to approach zero with 1/k. 

It remains to consider J,(k). By (11) 


1+6 
(12) | In(k)| <e I «| Patw) | du 


where 


(k + 61) ° —cetopru, k- k + 
P,(u) = ote e fe Al) — 4) (1 - ‘u) (Osu < o), 


k is to be taken so large that k + & > Ofork > ko. P(u) changes sign at u = 
1, u = k/(k + 4) and is positive outside the interval determined by these two 
points. Hence by (12) it follows that fork > k; > ko 


1+6 


| In(k) | < , Pelu) du + de P,(u) du). 


k/(k+O,) 





(1 
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By (3) it is easily verified that for k large enough 


1 ' 1-3 
[ P,(u) du s [ P,(u) du, 
k/(k+0,) | 


1 C4) 
[Paw du\ sf Prtw) du, 
k/(k+0,) ' 1+6 
so that by use of the gamma function 
Ta(k)|<e | Pa(u)du =e 
0 


This proves the first part of Theorem 1.1. 
To prove the second part of the theorem define 


wu) =o(t-) O<u<i; wh=9¢; wu) =9¢(t+) (u>d. 
Let 


F(z) = [ e “w(u) du 


t C) 
= ot-) | e “du + (+) [ e “du. 
0 
Then by Lemma 4 


: k + 6.\" (-—1)* 2a (‘ + *) _ o(t+) , o(t—) 
13) im (£**) eC ittr +. 





Now let 


plu) = o(u) — w(u), 


G(r) = [ e ™ p(u) du. 


p(u) is continuous at u = t and vanishes there. Then ¢ belongs to the Lebesgue 
set of p(u) and by the first part of the theorem 


’ k+l ¢__4)k 5 
(14) lim (t+) (=1)" qw (ktm). 0. 
kow t k! t 

Since f(z) = F(x) + G(x), (6) follows from (13) and (14). 

Condition (3) in the hypothesis of Theorem 1.1 cannot be improved if the 
conclusion (4) is to hold for all Laplace integrals; for let f(z) = 1/x*. In par- 
ticular cases, however, (3) may be needlessly restrictive, as, for example, if f(x) = 
1/z. 

Condition (5) of the same theorem cannot be replaced by 6 = O(k*). For, 
by Lemma 5, (6) fails to hold at = 1 when 6 = k' and ¢(¢t) is defined by 


g)=-10st<1); oI) =1; gD =O(1 <t< o), 
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As for the corollaries of Theorem 1.1 stated in the introduction, (7) follows 
from (4) on letting 


[*] _k+6(t), 
glee tm 


(8) on letting 
ee k £80, 
where k = [zt]. Corollary 1.12 is an immediate consequence of Corollary 1.11. 
Note that (4) and (8) furnish inversion formulas for Case I mentioned in 
the introduction, while (7) and (9) cover Case III. 
To complete the remaining case we introduce a linear difference operator. 


Let f(x) be defined by a Laplace integral for z > o.. Then for any t > 0 we 
define 


—1)* | 
(15) Misa) = SP esate |, 
‘rek/t 
where {Ax} is a sequence such that 
(16) : + ky > Cc 


and 


aise) = & (F)(—nt fee + mo, 


The condition (16) guarantees that (15) is well-defined. 
We conclude this section by showing how the operator (15) serves to invert 
the Laplace integral. 


THEOREM 3.1. Let (2) converge. _Then 
o() = lim MB. {f(@)} 


for all t in D, if 


(17) — o(7) 


By a well-known generalization of Rolle’s theorem 


(18) My {se)) = SP" (Gyr (é + ars) 


where 0 S 6 Sk. By (17), (18), and the first part of Theorem 1.1 it is enough 
to show that 


ke) w (k + Od, t)*™ (k > @). 
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‘ + amit 
k 


The proof is now complete. 


But by (17) 


4. The Laplace-Stieltjes integral. To obtain the corresponding inversions 
for (1) we begin by observing that we can write 


f(x) =z {. e ** a(t) dt 


for sufficiently large values of x. This isa consequence of Lemmal. Applying 
the second part of Theorem 1.1 to 


F(z) = ra [ ” a(t) dl, 


we deduce by Leibniz’ rule 
THEoREM 4.1. If (1) converges, then 
alQ = lm > (- > r( + a) f” (tts + ) (t > 0), 
ko n=0 
the functions {0,(t)} satisfying (5) for each t > 0.* 


The case @ = 0 (k = 1, 2, ---) is due to Widder, the case 0 S & S 1 to 
the author [2]. 


As above we deduce immediately the following corollaries. 
Coro.tuary 2.11. If (1) converges, then 


a(t) = lim aie ae [ Al fo ({*]) (t > 0), 


a() = lim S ‘= — 


zo n=0 


a” f™ (2) (t > 0). 


The second of these is the Feller-Dubourdieu inversion of (1) ([2], p. 420). 


Coro.tuary 2.12. Let {xm} be any sequence approaching +. If (1) 
converges, then 


a(t) = lim >> (- - 


mao n=0 


tnt” (tm) (t > 0). 


To obtain the inversion which corresponds to Theorem 3.1 we can apply the 


result given there to the function F(z) = f(z)/xz. We prefer, however, the 
following form. 


THEOREM 4.2. Let (1) converge. Then 


a — flo) = Timm [ Mi, {f(2)} du 
ke 





if 
(19) Ae = 0(1/k’) (k > «), 
By a theorem of Widder ((7], p. toe 


A -10) =e [POY Oe ore 


U 


Hence by (18) it suffices to show that for any fixed t > 0 


t k k+1 
m= LSEOY Fm) Ohm 
_ -(—1) 
~ (k- Di den 
where 0 S ¢,(u) S k. ” Rolle’s theorem 


we {f° (u+ ded) —f$%W}du=o(1) (k> &), 


| Hol S gay [ft oo 1 + Had) |, 


where 0 S ¥(u) S k. Then by Lemma 2 and (19) we have for k large enough 


| Hi | 2& (k— 1)! 4: yet 


+O! a win | kk +1) = o(1) (k-o), 
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CHARACTERISTIC FUNCTIONS OF FAMILIES OF SETS 
By M. H. Srone 


In an interesting paper entitled The characteristic function of a sequence of sets 
and some of its applications, Fundamenta Mathematicae, vol. 31(1938), pp. 
207-233 (see also Fundamenta Mathematicae, vol. 26(1935), p. 302) Szpilrajn 
has employed the characteristic function to develop a certain method of dealing 
with the algebraic structure of sequences of sets; and has established with the 
aid of this method a variety of specific theorems and equivalences in the domain 
of set-theoretical topology. He attributes to Kuratowski the first use of the 
characteristic function of a sequence of sets. 

In the present note, I shall trace certain connections between the content of 
Szpilrajn’s paper and the general theory of abstract Boolean algebras which I 
have developed in two memoirs published elsewhere: The theory of representa- 
tions for Boolean algebras, Transactions of the American Mathematical Society, 
vol. 40(1936), pp. 37-111 (cited here by the letter R); and Applications of the 
theory of Boolean rings to general topology, ibid., vol. 41(1937), pp. 375-481 
(cited here by the letter A). In doing so, I deem my chief purpose to be that 
of reconciling two independent points of view which prove, upon examination, 
to present a considerable similarity so far as the theory of the algebraic structure 
of sequences of sets is concerned. 

As I shall point out below, an obvious but theoretically desirable generaliza- 
tion of Szpilrajn’s work leads to the introduction of the characteristic function 
of an arbitrary transfinite sequence, or well-ordered family, of sets. It seems 
to me of more importance, perhaps, to observe that the réle of order, which is 
essential to the definition of the characteristic function, appears to be artificial 
so far as the majority of applications is concerned. In principle, therefore, one 
is tempted to seek an order-free theory of the algebraic relations envisaged. I 
shall show here that such a theory is already in existence and that, through the 
adjunction of elementary considerations of order, it leads back to the theory of 
the characteristic function due to Szpilrajn. 


1. The space $.. If ¢ is any cardinal number, we shall denote by %, the 
Cartesian product of ¢ two-point Hausdorff spaces. It is a totally-disconnected 
bicompact Hausdorff space; in the particular case where c = Np it is homeo- 
morphic with the Cantor discontinuum. In the sequel we shall suppose that 
¢ is an infinite cardinal. 


Received August 10, 1940. This paper was originally accepted for publication in 
volume 33 of Fundamenta Mathematicae. Page proof was read in the early summer of 
1939. Presumably that volume will not appear in the immediate future. 
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A more detailed description of 8, , adapted to later discussions, may be given 
in the following terms. Starting from the class A of ordinals a preceding some 
fixed ordinal 8, subject to the restriction that A shall have cardinal number 
c, we take as the points of 8, the real functions ¢ defined over A and assuming 
only the values 0, 1. We then take as a basis (of open sets) for B, the family 
composed of all sets €, and €,, a < 8, where &, consists of all 8 with 8(a) = 1 
and @’, is the complement of , in %, (i.e., €., consists of all with 8(a) = 0). 
The algebraic and topological properties of the space %, so obtained are fully 
discussed in R Chapter I, especially Theorems 9-13; they include those noted 
above. For our later convenience we have replaced the sets U., UW, of R by 
€.., G. respectively in the present description. 

The sets €, bear a special relationship to the topology of 8, which proves to 
be of importance in the sequel. This relationship is most concisely expressed 
in terms of the Boolean algebra A, generated from the sets ©, by the formation 
of all possible complements, finite unions, and finite intersections. According 
to R Definitions 1, 2 and Theorems 1, 9 the sets belonging to A, are character- 
ized as the open-and-closed subsets of 8,. Moreover, R Theorem 12 discloses 
that the algebra A, is a free Boolean algebra generated by the c elements €, 
and is thus completely characterized in algebraic terms. The proof of the 
theorem cited consists partly in establishing the independence (to use Szpilrajn’s 
terminology) of the sequence {U.} = {G4}, which is obviously equivalent to 
that of {€.}. The constituents of {€.} are thus non-void closed subsets of 
%.. By virtue of the bicompactness of %, , all the atoms of {€.} are therefore 
non-void; and, since the sets €, , €, , a < 8, constitute an open basis for %, , 
no atom can contain more than one point. The sequence {€,} is therefore 
completely independent. As a matter of fact it is quite easy to see, directly 
from the definition of the sets €, and without recourse to the topology of &, , 
not only that the constituents of {€,} are non-void, the sequence consequently 
being independent, but also that the atoms of {€.} are precisely the one-point 
subsets of B,, the sequence thus being completely independent. And the 
bicompactness of 8, can then be deduced essentially from this direct observa- 
tion in the manner indicated in the proof of R Theorem 9. 


2. Definition of the characteristic function. Let e = {E.}, where a ranges 
over the class A of §1, be a transfinite sequence of subsets of a fixed non-void 
set X. The characteristic function c, of this sequence is defined as that single- 
valued function from X into 8, determined by assigning to each z in X the image 
8 = c,(x), where 8(a) is 0 or 1 according as z e EL. orzeE, ,a<B. Itis evident 
that an arbitrary single-valued function c from X into %, is the characteristic 
function of a unique sequence e = {E,} determined by taking £Z, as the set of 
all z such that 8 = c(z) satisfies the condition 8(a) = 1. In short, the charac- 
teristic function c, is determined by the relations c,(E.) = €.c.(X), Ea = 
c.'(€a), X = c,'c.(X). 

These relations evidently serve to establish the two following properties, 
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which summarize the information essential to the majority of applications of 
the characteristic function: 

(1) the correspondence €,c.(X) «> E, induces an isomorphism between the 
Boolean algebra A,.(X) generated in c,(X) by the sets €.c.(X) and the Boolean 
algebra E) generated in X by the sets E, ; 

(2) the sets in A,.(X) are both open and closed in the relative topology of 
ce(X) considered as a subspace of %, . 

From A Theorem 56 we know that the correspondence €, — €.c.(X) induces 
a homomorphism A,— A,(X). Hence the correspondence €, <> EZ, induces a 
homomorphism A, — Ep. 

It is convenient to determine when two elements z; and 22 in X satisfy the 
condition c.(z1) = ¢.(a2). Without difficulty we find that the following state- 
ments are equivalent: c.(z:) = c¢.(22); 2; and 22 are separated by {H#.}; 2 and 
2, are separated by Ep ; x; and 22 belong to the same atom of {E,}. Conse- 
quently we may construct c, in two steps, first identifying points of X belonging 
to the same atom of {E£,} and then forming the characteristic function of the 
reduced sequence {E+} in the resulting set X*. It is evident that the first step 
here is precisely that of reducing the algebra Ey in accordance with A Theorem 54. 


3. Alternative definition of the characteristic function. We shall now re- 
phrase the definition of the characteristic function in algebraic terms. 

We begin by observing that the correspondence €, «> E,, a < 8, induces a 
homomorphism A, — E,. Since A, is a free Boolean algebra, each of its ele- 
ments is expressible as a finite union of terms of the general form 


Ca, +++ Ca Gans Cary (NM 20,p20,n+ p21: 


and, as is shown in the proof of R Theorem 12, two such expressions can be 
equal only in consequence of the fundamental Boolean identities. On replacing 
each ©, in every such expression by its correspondent E, , we obtain a corre- 
spondence from A, to Ep which carries equal elements into equal elements, com- 
plements into complements, unions into unions, and intersections into inter- 
sections, by virtue of the fundamental Boolean identities. We thus have a 
homomorphism , — E, , which evidently becomes an isomorphism if and only 
if {£.,} is independent. 

With each point z in X we now associate, by virtue of A Theorem 34, the prime 
ideal p(z) in E, which consists of those sets in Ep not containing z. From p(z) 
we pass by A Theorem 48 to the prime ideal p,(z) of all those sets in A, which 
are carried by the homomorphism A, — E, into sets in p(x). And from p,(z) 
we pass to a uniquely determined point 8, in 8, with the help of R Theorem 9. 

The characteristic function c, of {E.} is defined by the equation c,(z) = 
8, for all z in X. 

It is easy to show this definition equivalent to that of §2. The proof of R 
Theorem 9 discloses that 8,(a) is 0 or 1 according as Ul, = G. € p(x) or Us = 
G. p(x). Clearly the relations ©, ¢p,(z), €. €p.(x) are equivalent respec- 
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tively to the relations E, ¢ p(x), E. € p(x); and hence are equivalent respectively 
to the relations ze E,,2¢E.. Thus we see that c.(x) = 8, is determined by 
putting 8,(a) equal to 0 or to 1 according as xe E, or re Ea. 


4. Unordered families. The construction of the characteristic function c, de- 
scribed in the preceding section reveals that the ordering of {£.} has significance 
only insofar as it determines the homomorphism A, — E, through the cor- 
respondence €, «> E,. If we replace this homomorphism by any other, the 
construction can still be carried through and still provides a mapping of X in 
%. with the essential properties (1) and (2) of §2. By considering the reduced 
algebra determined by E), as suggested at the close of §2, and applying A 
Theorem 69 we obtain an immediate verification of property (1); and property 
(2) then follows from the results summarized in §1. 

The most direct treatment of unordered families on the basis of A and R is, 
however, the following. Let {EZ} be a family of subsets, distinct or not, of a 
fixed non-void set X; and let E, be the Boolean algebra generated in X by the 
given sets E. By A Theorem 67 and R Theorem 1 there is associated with 
E,) a totally-disconnected bicompact Hausdorff space 8(E)). If the algebra 
E, is reduced in accordance with A Theorem 54, the resulting isomorphic algebra 
of sets is, by virtue of A Theorem 69, equivalent to a certain algebra of subsets 
of a fixed set ¥ C B(E); and, in view of information summarized in A Theorem 
69 and R Theorem 1, the latter algebra consists precisely of the sets G¥, where 
@ is both open and closed in Q(E), the set ¥ itself being everywhere dense in 
S(E,). Thus we obtain a single-valued function c from X onto ¥ in B(E); 
and we see that c carries Ey) isomorphically into the algebra of sets GX, the in- 
verse c’ serving to invert the isomorphism determined by c. If we now appeal 
to R Theorem 10, we can imbed 8(E)) topologically, as a closed set, in the 
space $,. The function c therefore maps X into %, , with c(X) = X as before; 
and the algebra into which it carries E) can now be characterized as consisting 
of all sets GX, where G, is both open and closed in %, (i.e., is an element of A,). 


5. An application. To illustrate the applicability of the results of §4 we shall 
consider a generalization of a theorem of Kuratowski proved by Szpilrajn with 
the aid of the characteristic function. Let X be a non-void topological space— 
more specifically, a T-space (in the terminology of Alexandioff and Hopf) of 
infinite character c. Let {EZ} be an arbitrary (open) basis for X. We may in 
particular choose {EZ} so that its cardinal number is ¢. Since any two distinct 
points in X are separated by the basis {EZ}, the Boolean algebra E) is a reduced 
algebra of sets. Thus the map c of X onto ¥ C &, is biunivocal. Now, if G 
is any non-void open subset of X, it is the union of certain sets E; and c(G@) is 
the union of the corresponding sets c(Z). Since c(Z) is open in the relative 
topology of ¥, considered as a subspace of 8, , we conclude that c(@) is also open 
in this topology. We thus obtain the following result: 


ete ee OClUcremDDelUrlUC OhlC Ke CUrlDlC RC tssiét 
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TueoreM. If X is any Ty-space of infinite character ¢, it is a biunivocal con- 
tinuous image (by the map c') of an appropriate subspace X of a totally-discon- 
nected bicompact Hausdorff space of character ¢ (the space B,). 


Of course, the map c of X onto & is continuous only if X is homeomorphic with 
%. The conditions under which a given space X is homeomorphic with a sub- 
space of a totally-disconnected bicompact Hausdorff space (Boolean space) are 
discussed in R Theorem 55. Even though c fails to be continuous, its topologi- 
cal character must still be comparatively simple. In fact we can show that, if 
@ is any (relatively) open subset of ¥, then c’ (@) is the union of at most ¢ sets 
of the form GF, where G is open and F closed in X. We include here the cases 
G = X, F = X. From $4 we know that the sets c(H), H «EK, constitute a 
basis for ¥. Hence G is the union of (at most ¢) sets c(H); and c'(@) is the 
union of the corresponding sets H = c'c(H). Now each set H, being expressible 
in terms of the basis {EZ} as a finite union of sets of the form 


E,--- E,Exy-:-Enzp  =(n 2 0,p 20,n+ p21), 


is a finite union of sets of the form GF described above. Thus c'(@) has the 
property asserted. In case X is a regular space we can sharpen the preceding 
result, asserting now that c '(G) is the union of at most ¢ closed sets. To estab- 
lish this proposition we associate with each point z of a non-void open set G C X 
an open set G(x) such that ze G(x) C G (x) C G, this being possible by the 
regularity of X. Since {£} is a basis for X, it must contain a set E(x) such that 
zeE(x) C G(x). The relations E (x) C G (x) C G now show that G is the 
union of the closed sets EF (x), of which at most ¢ are distinct. It follows im- 
mediately that c '(@), being the union of at most ¢ sets GF, can be expressed 
as the union of at most ¢ closed sets. In particular, if X is regular and separable 
—in other words, is metric and separable—, the set c'(@) is an F,-set. 

In conclusion we point out that the representation provided by the theorem 
proved above is entirely distinct from the representations provided in the 
theory of “Boolean maps” given in R. Indeed the present representation of 
X in %, defines a Boolean map m(%, , ¥*, X), where X* is the family of one-point 
subsets of ¥ = c(X), only in the extremely special case where X and ¥ are 
homeomorphic by the map c. 
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A CLASS OF DIFFERENTIAL OPERATORS OF INFINITE ORDER, I 
By Erar HILie 


Introduction. The present paper is the first part of an investigation devoted 
to the theory of differential operators of infinite order’ of the form 


(1) G6.) = b> nds. 


G(w) = ,™ g.w" 
k=0 
is supposed to be an entire function,” the order and type of which will be sub- 
jected to various restrictions; 


(2) n=2-£ 


is the differential operator of Hermite-Weber; and 3; = 4,-6:. Putting 
ad 

dz” 
where H,(z) is the n-th polynomial of Hermite, we find that 
(4) 5sha(z) = (2n + 1)ha(z). 


The author has shown the importance of the differential operator G(é,) in the 
theory of Hermite series (see E. Hille [4]). There only those features of the 
theory were discussed which were of immediate use for Hermite series. In the 
present paper and its continuation we shall consider various questions omitted 
in the earlier discussion. 

The basic notion of applicability of a differential operator was given on page 
897 of the paper quoted above. Let G(w) be a given entire function and let § 
be a given class of analytic functions {j(z)}. Wesay that the differential operator 
G(é,) applies to or is applicable to the class § if the series 


(3) ha(2) = (—1)"e" — (€") = eH), 


(5) G(s.) -f@) = ¥ odtsee) 


Received September 16, 1940; presented to the American Mathematical Society, Sep- 
tember 10, 1940. ; 

1 For a survey of the general field of differential operators of infinite order see R. D. 
Carmichael [1] and H. T. Davis [2]. The latter has an extensive bibliography. Numbers 
in brackets refer to the bibliography at the end of this paper. 

‘ 2For the theory of entire functions used in this paper consult the treatise of G. 
Valiron [9]. 
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converges at every point where f(z) is holomorphic, the sum of the series being a 
holomorphic function of z in any domain in which f(z) is holomorphic, no matter 
what element f(z) of § we substitute in the series. 

It was shown on page 898 of the same paper that if § is the class of all ana- 
lytic functions, a necessary and sufficient condition in order that G(6,) shall 
apply to § is that the entire function G(w) be of order o < 4 and of minimal type 
if so = 4. Anewproof of this theorem will be given in §4 below; and in part II 
of this paper we shall show that the condition is still sufficient if we replace 6, 
by an arbitrary second-order differential operator, the coefficients of which are 
entire functions. The result also extends to differential operators of order n 
if we replace $ by n™. 

The present paper is devoted mainly to the applicability of the differential 
operator G(é,) to classes of entire functions. §§1-3 contain preliminary ma- 
terial such as formal representations of the operators, fundamental estimates of 
5‘ f(z) for large values of k under different assumptions on f(z), and a brief dis- 
cussion of the continuity properties of the functional 


| a f(2) 1/ (2k) 


(6) F,(z;f) = lim sup rd + k/e) ’ 


ke 


which is analogous to the functional 


P(e) 
1+ k/c) 


in the theory of the differential operator G(d/dz). Most of the material in 
these sections is new either in form or in substance, but there is a certain amount 
of unavoidable overlapping with §3.3 of the previous paper. Whenever possible 
we refer the reader to this paper for further details, however. 

The main theme occupies §§4-8. Certain results bearing on this problem 
([4], Theorems 3.3 and 3.4) have already been announced without proofs. These 
results are restated in amplified form and proved in the present paper. The 
fundamental notions are the order relation, defining the conjugate order, the 
conjugate type and the critical p-order, the conjugate of which is the mazimal 
o-order. The order relation is 


() 2(¢5f) = lim sup | 


1 1 


valid for p 2 2 which is the critical p-order with ¢ = 1 as the corresponding 
maximal o-order. The order relation can be made more precise by the intro- 
duction of the conjugate type. “Let it be known that’ 


(9) lim supr’ log M(r;f) Sa, p> 2, 


3 M(r; f) denotes the maximum modulus of f(z) on the circle | z| =r. Similar notation 
is used for other functions of z or w. 
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and let 8 be the conjugate type of a determined by the equation 


(10) (pa)*(208)"? = 1, 
where ¢ is given by (8); then G(é,) applies to f(z) whenever 
(11) lim sup r’ log M(r;G) < 8, 


and this limit is the best of its kind. If p = 2 there is still a conjugate type 
depending upon a, though we cannot determine its exact value. For p < 2 
there exists a maximal type 8(0) such that G(é,) applies whenever (11) holds 
with o replaced by 1 and 6 by 8(0). Again, we can determine fairly narrow 
limits for 6(0) but not its exact value. We also investigate how the order and 
type of the transform G(é,) -f(z) depend upon those of f(z) and G(w). To prove 
that the various limits obtained are the best possible and to prove the existence 
of various phenomena, we need a large number of counter examples which are 
assembled in §8. 

In §9 we have joined various loosely connected remarks on G(é,) and related 
operators. The applicability theory extends to operators which are entire func- 
tions in 6, with coefficients which are polynomials in z of limited degree. The 
greater part of the section contains general reflections on the outstanding differ- 
ences between the theories of the operators G(é,) and G(d/dz). The presence 
of a finite maximal o-order is such a difference, the irregular behavior of the 
functional F,(z, f), defined by (6), is another. The fact that the functions 
f(z) for which F..(z, f) is bounded are highly specialized compared with the 
functions for which ®,(z, f) is bounded is also noteworthy. This implies that 
the classical method of solving non-homogeneous differential equations of in- 
finite order by operator series or their equivalents is of very limited interest in 
case of the equation G(é.)-W = F(z). Finally, we call attention to the fact 
that the operator G(é,) seems to be oriented in the complex plane, and that 
the values of G(w) on the fixed sets {2n + 1} and {—2n — 1} are of fundamental 
importance for the behavior of the operator. There is nothing corresponding 
to this situation in the theory of the operator G(d/dz). 

In later papers we shall study the equation 


(12) } G(s.)-W = F(z) 


for given functions F(z) and G(w). We shall also extend parts of the appli- 
cability theory to operators of the form G(D.), where D, is a given second-order 
differential operator. 


1. Basic formulas. In the following f(z)-is an analytic function holomorphic 
within a domain D. We shall obtain various expressions for the operators 


‘ A postulational treatment of operational equations which also applies to the operator 
6, is due to F. Schiirer [8]. 
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éif(z) with the aid of Cauchy’s eh For z in D we have obviously 


z(t — 2)? — 
(t — z)* 


Here we can replace z’ by ¢ in the numerator without changing the value of 
the integral. As contour of integration we can choose a small circle | — z| = 
R. By iteration we get 


0a) 810 Orff fat oa a 


where t4: is to be replaced by z. The contours of integration can be taken as 
sufficiently small circles | ¢, — t.4:| = R,, the sum of the radii of which is less 
than the distance from z to the boundary of D. The integrations are to be 
carried out in the natural order of the subscripts. 

This formula is highly condensed and can be used for estimates but does not 
readily yield the best possible appraisals. In order to get fairly sharp estimates 
of the behavior of 6:f(z) as k > © we had better resolve 4:f(z) into components. 
The expression on the right side of (1.1) can evidently be written as the sum of 
the 2‘ integrals 


(1.2) Ti... = (—2)"(20i)* $-: $ — ara i - a, a i dt; --- 


Here the i,’s are either zero or one and all combinations are permitted. Further 


? p(0) dt. 





m=k— >Di,. 

As a matter of fact, the k-fold integrals in (1.2) can be replaced by m-fold 
ones if we use an obvious contraction process based upon Cauchy’s integral 
formula. Each of the integrations with respect to a variable ¢, such that i, = 1 
can be suppressed if appropriate modifications are made in the remaining in- 
tegrations. The result is an expression of the form 


I iohy+++im - (—mi) "2 a 


(1.3) gigi. lim 
$ (m) § (s; — 82)*(82 — &)®--+ (8 — pt) ds, +--+ d&m, 


where jo, ji, --* , Jm are non-negative integers such that 
(1.4) jothit--- tin =k —m. 
We have then 

(1.5) 8:S(2)-= Qo J iis---in- 


Here the summation extends over all integers m (0 S m S k) and all integers 
jo, i, +++ »Jm Subject to (1.4). The contours of integration are subject to the 
obvious restrictions. 

We have shown ([4], p. 892) that the reduction can be carried still further. 
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For the details we refer to the quoted passage. The result is an expression of 
the form 


Jiois---imn = (2ei) {i (da) ih 


(1.6) 
$ § = ua" - -_ uy" f (ua) du --- dUiy41 
wn) (wm — a Ug) oo 6 (pyr — 2) ert 
Here it is supposed that the subscripts ji , je, --- , jm Vanish except those in 
the places 7;, i2,---,%. Further 





Jia = Ve, o = 0, tat =m, 2(ta es ta—1) = da , 
We note that 
dy + dp + --- + dy + dus = 2m. 


The formula remains valid if all j; = 0. We have then u = 0, d; = 2m, jo = 
k — m, and a single integral. It is also valid if i, = m. We have then d,4; = 
0 and take (d,4:)! = 0! = 1. 

For the purpose of making estimates we have found it convenient to resolve 
8: f(z) into its 2‘ component integrals. But when it comes to getting representa- 
tions of differential operators of the type G(é,), it is advantageous to reassemble 
these components into groups. 

Let us return to formula (1.3) and choose contours of integration which may 
depend upon k and m but not upon the subscripts jo, ji, --- , jm. Summing 
all m-fold integrals, we get 


—7i)™ eee Ly—m(2, tr, te, +++, tm) are 
(—7i) § fg jets eS ha tL 





Here 
(1.7) L(t, th, +++, te) = 2G G* ... Bim, 


where the summation extends over all non-negative integers jo, ji, ---, jm 
such that 


(1.8). jo that -+: tim = ». 


We have consequently 


(1.9) aye) =O (- wi g -$ ens feck =) fl) Bt ee 





where the contours of integration can still be disposed within obvious bounds. 
The first term in the sum corresponding to m = 0 is understood to be 


Ly(2)f(e) = 2*f(2). 
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As an application of formula (1.9), let us compute 8:2", where n is a non-nega- 
tive integer. The integrals are easily worked out and give 


(1.10) 2" = Do (—1)"Anat ™, 
where 
Ankm = » (n + 2j:)(n + 2j, — 1)(m + 2yjr + 232 — 2) 

(1.11) -(n + Qj, + Be — 3) --- (mn + Br + Be t+ --- + Wm — 2m + 2) 
(mn + Qj + Be +--+ + Bm — 2m + 1). 

Here the summation extends over all non-negative integers ji, je,---, jm 

subject to the condition 0 S j; + je + --- +jm Sk —m. In (1.10) the sum- 

mation extends over all non-negative integers m not exceeding the smaller of 

the numbers k and #(2k +n). Evidently Axx,» is a positive integer, and taking 

merely the term corresponding to j1 = k — m, je = --- = jm = O we get the 

trivial estimate 

(n + 2k — 2m)! 

(n + 2k — 4m)! 





(1.12) An, k,m > 


which gives some idea of the rate of growth of these coefficients. We see that 
5:2” is a polynomial of degree n + 2k which reaches its maximum for fixed values 
of |z| on the lines y = + 2,2 = x + ty. 

On the basis of these formulas we can get expansions of the 6-transforms of an 
arbitrary analytic function holomorphic at the origin. Let 


(1.13) fe) = Sanz", l2| <R; Gw) = & ow, | w| <@. 


Then 


(1.14) 5: f(z) ad > a, p (—1)"An,em2” 


(1.15) G(s.) -flz) = > ‘. ya YD (-1)" Agee", 


Here formula (1.14) is easily justified and the double series is absolutely con- 
vergent for |z| < R. Formula (1.15), on the other hand, is of more problem- 
atic nature. If, however, the operator G(é,) is known to apply to all analytic 
functions, then (1.15) is a valid representation of the transform for |z| < R if 
the triple series is summed in the order indicated, that is, first with respect to 
m, then n and finally k. The same conclusion is of course valid if f(z) belongs 
to some more restricted class § of analytic functions and it is known a priori 
that the operator G(é,) applies to §. 

Formula (1.15) represents G(6,)-f(z) as a double series in the polynomials 
8:2”. The domain of convergence of a polynomial series of course need not be 
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a circle, but we have no idea of what domains are possible in the present case. 
Sometimes it is possible to rearrange the polynomial series into a power series 
within the circle |z| < R. The following is a particularly important case of 
which we shall make an application below in §8.6. 

Suppose that’ 


(1.16) wn 20, w=e'™ or ott 


and that G(é,) is known to apply to a class § of the following structure. All 
functions f(z) of § are holomorphic at z = 0; and if 


f(z) = > Qn2” 
belongs to %, then 
f*@ = x a,2" 


also belongs to § if |a, | = |a,| for all. We can then assert that the triple 
series in (1.15) is absolutely convergent within the circle of holomorphism of 
S(z) for every f(z) in §. Indeed, the series converges for every f(z) in § by as- 
sumption. The series is known to remain convergent if we replace every a, 
by a. = w"|a,|. If in this convergent series we put z = wr (0 < r < R) 
and observe (1.16) and the definition of a* , we obtain a triple series all the terms 
of which are non-negative. This series is simply the series obtained when we 
replace every term in (1.15) by its absolute value. Consequently the series 
(1.15) is absolutely convergent within the circle of holomorphism of f(z) for any 
f(z) in §. Such a series can of course be rearranged as a power series inz. We 
do not insist further on the properties of the series (1.15). 

Representations of G(é,)-f(z) of more general usefulness can be obtained 
directly from formula (1.9). We have 


G(6.)-f(2) = 


< t —m Lym (2, h, so tts » tm) 
2m 2,(-) $$ Se 


Let us suppose that in this formula all m-fold integrals are taken along the same 
paths of integration, regardless of the value of k, and that the double series is 
absolutely convergent in such a manner that summation and integration can be 


interchanged. These hypotheses will be critically examined in §4 below. In- 
troducing the entire functions 


(1.18) G2) = - guLa(e) = G(e’), 


(1.17) 





(1.19) Ga(z, h, OOP» tm) = > oolrale h, 799% te); 


5 For the sake of simplicity we have assumed that (1.16) is valid for all & but all large k 
would be sufficient for our purposes, 
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we can write 


G(6,) f(z) = Go(z) -f@) 


(1.20) _ __\-™ als, ti, +++, tm) 
+2 ri) f- haga gee ae th ++ Me 





The right side may have a meaning even if the left has none. In this case we 
use the symbol G*(6,)-f(z) and regard G*(é,) as an extension of G(é,). In all 
cases considered below, however, formula (1.20) will be found to represent 
G(5,) -f(z) proper. 


2. Estimates of 5: f(z). We shall investigate how the iterates of 8,f(z) grow 
in absolute value with k. Various estimates will be obtained from the different 
formulas of the preceding section. 

We start with formula (1.1). Let us choose as contours of integration the 
circles 


| — ba | =F (v= 1, 2,---,k; toys = 2), 
where p is any positive number less than R(z), the radius of holomorphism 


of f(z) at z. Let M,(p) denote the maximum modulus of f(#) on the circle 
|t — z| = pand put |z| = r. Then 


jatst) | = atn(*) T(r +40) % +2} 


and finally 


jase) | < Macoyat (E)” 


1 /pr lp’r 
vexp {3 (2) + +3 &+)D+— 


(2.1) 


a B P* + 1)(2k + v} 


This estimate is not particularly good but is nevertheless quite useful. As 
an example, suppose that f(z) is an entire function such that 


(2.2) lim r* log M(r;f) =0, M(r;f) = max |f(re™) |. 
re 0s¢@<2r 


Then M.(p) < M(r + p;f). Let us choose p = ak’, where a is independent 
of k and will be disposed of later. Formula (2.2) implies that the k-th root of 
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M(r + ak?; f) tends to unity ask — ©. It follows that 
lim sup k*| 8:f(z) |" < 2a” exp (4a°), 
ke 


and this expression reaches its minimum for a‘ = 3. Hence 
4 
(2.3) lim sup k*|a4f(@) = 2($) 


for any entire function satisfying (2.2). This means that the order p of the 
function is at most 2; and if p = 2 then the function is of minimal type. We 
are not able to improve on (2.3), but we are fairly sure that the constant on 
the right is not the best possible. 

In passing we notice the estimate 


(2.4) |atf) | < M.@) [« + p+ 2(£) | 


which is more favorable than (2.1) for small values of k. 
Suppose now that f(z) is an entire function of order p > 2 and type a, i.e., 


(2.5) lim sup r’ log M(r;f) = a. 


We then use formulas (1.3)—(1.6) to get our estimates.° Formula (1.5) expresses 
8: f(z) as the sum of 2‘ integrals. We separate these into two groups according 
as 2m S kor >k. The integrals of the first group we take in the form given 
by formula (1.3). We let p be a positive quantity, to be disposed of later, and 
in the integral for J ;,.;,,...,i, We use as contours of integration the circles 


ls — sal = 2 (v = 1,2, «++, m; 8m4i = 2). 


We note that | s,| S r+ pforall». Hence 


(2.6) | Fiesius+++sim | = M+ Pi f2"r + 5 Wis (”) ; 


This estimate is also true for m = 0 if we replace the meaningless 0° by 1. 
Let the sum of the terms J ;,,;,,...,;,, of the first group in. which 2m S k be de- 
noted by Si. We have then 


: , ‘ie k m 2m 
tise tenes om Zn)" Leta] | 


‘For the subsequent discussion cf. E. Hille [4], pp. 892-894. The estimate of S}, is 
new and the factor 2e' in the exponent in (2.10) is better than the factor 4 previously found 
([4], formula (3.3.11)), but it is still not the best possible factor. This affects formula 
(2.16) below adversely. 





tc 


(2 


4 


C 


(2 


te 


fo 
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since there are (*) m-fold integrals. The function (z/A)* is less than or equal 
tolfor0 <2z 3 A. Further 


E,(n) 7 <#2(n) = * 


Hence 
1 , 3 fe po 


Let us denote the sum of the integrals J ;,,;,,.-.,;,, With 2m > k by Si. Here 
we use the reduced form (1.6). Let g be another positive quantity to be dis- 
posed of later and choose as contours of integration the circles 


d 
| Ua — Wat | = 5 (a = 1,2, +++, m+ 1; Use = 2). 


By the usual methods we get 


ee F 2(k—m) { 2m ov { (da) } 
(2.8) | Jigsite-+im| SM +g N(ir+@ ( . ) I] { rae 





It was shown ([4], pp. 893-894) that 


(2.9) |Si| S Mr + 9;f)4 (#)" {i is leq(r + 9)] te oF 


j=l fi! 


The expression within the braces is dominated by a suitably chosen exponential 
function, and a simple calculation shows that 


2k 
(2.10) | St] < 8M(r + ape (2) exp {2e'g(r + q)}. 
Combining (2.7) and (2.10) we get 


k ; 2k k 
x |6:f(z)| S$ Mr + p;f)[2*r + p)/* max {1 leer |} 


2k 
+ 8M(r + gk (*) exp {2e'g(r + 9)}, 


where p and gq are arbitrary positive numbers. 

It is clear that the first term in (2.11) cannot be made essentially less than 
k* for large values of k, | z | being fixed, no matter how p is chosen. The second 
term is much more affected by the choice of gq. 

So far we have made no use of hypothesis (2.5) so that formula (2.11) is valid 
for any entire function without restrictions on p and g. Let us now use (2.5). 
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We choose p = 1, g = bk””’, where b will be disposed of later. For k = 2(r + 1) 
the first term in (2.11) becomes 


(2.12) M(r + 1;fy[2*(r + ky. 
Let us now define o by the order relation 


(2.13) Sg Bat. 
p 2 . 
Then the second term in (2.11) may be written 
2k 
(2.14) 8M (r + bk”; fir" (2) exp [2e! bk'!?(r + bk'”)]. 


Since « < 1, the expression (2.14) evidently completely dominates (2.12). By 
(2.5) 


lim sup [M(r + bk’; fy" < exp [ab’. 


Consequently 


lim sup k“"| &:f(2) |" s (2) exp [ab’] 
ko be 


for every positive b. Minimizing the right side, we get 
l/e 
(2.15) im sup k**| ae) = (2) ° (ap) 
ko 
We shall see in §8.1 that this estimate is the best of its kind in a certain sense. 
The case p = 2, a > 0, remains. Here the two terms of (2.11) become 
essentially of the same order of magnitude and the exponential factor in the 


second term also affects the estimate. We now choose p = ak’, q = bk’, where 
a and b are to be disposed of later. Assuming 2a” < 1, we have 


| def(z) | < M(r + ak’; f)2™ rt a a} k* 


2k 
+ 8M(r + bk; n(2) exp {2e'bk!(r + bk!)} k***. 


Since (A + B)’ < A’ + B’ when y < 1, we get 


| atp(e) |!* < [M(r + alts eat + a} 
in (2 : : 
+ [8M (r + bk; fy} (7) exp {2 (1 + ia)} /(2k) 


+B exp (aa) + (2) exp [ba + 24) 
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ask— ©. This is true for all a > 0 so we can let a — 0, and it is also true 
for all values of b > 0 so we can choose b? = (a + 2e)' which minimizes. 
Hence we get 


(2.16) lim sup k| at f(z) |" s a + s + 2h. 
ke 


No claim is made that this estimate is the best possible, but we shall prove in 
§8.1 that the factor 4/e in front of a cannot be replaced by any smaller quantity. 

For small values of a formula (2.16) gives far too high an estimate. For such 
values we get a much better result by following the method used in deriving 
formula (2.3). This method gives 


(2.17) lim sup k*| 5:f(2) |" S 2a™* exp laa’ + da'] 


for all real values of a. The minimum of the right side is reached for 
(2.18) a’ = —$a + (fa° + 3)! 


For small values of a this estimate gives a limit of the form 
4 

(2.19) 2(¢) {1 + 3'a + O(a’)}. 

For large values of a it gives 

(2.20) Qea + o(4). 


Here (2.19) is much better than (2.16), while (2.20) is not so good as (2.16). 
We do not insist on further refinements of these estimates. The results ob- 
tained so far can be summarized as follows. We recall that statements regard- 
ing “best possible” estimates will be proved in §8.1. 


THEOREM 2.1. If f(z) is an entire function of order p and type a, then 
l/e 
(i) lim sup k*| sé f(z) |'* < (2) (ap)*!” 
ko 


when p > 2, where the conjugate exponent o is determined by the order relation 
(2.13). This estimate is the best of its kind. 


(ii) lim sup k*| f(z) |'* < min : a+ 5 + 2! 2a”? exp [aa” + io'} 
ke 


when p = 2, where a’ is defined by (2.18). For large values of a the factor 4/e 
cannot be replaced by any smaller number. 
4 
(iii) lim sup k| stf(2) |" < 2(5) 
ko 
when p < 20rp = 2anda = 0. 
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In the discussion above we have restricted ourselves to entire functions of 
normal type or minimal type. More precise information could be obtained by 
the introduction of the so-called proximate orders of Boutroux and Lindeléf in 
both these cases and also in the case of functions of maximal type.’ We leave 
such extensions to the interested reader. 


3. On a class of functionals. The results obtained in the preceding section 
can be formulated in a slightly different manner which is of some interest. Let 
f(z) be an analytic function holomorphic in some domain D. Let z be a fixed 
point of D, \ a real number 0 < A S 1, and form 


(3.1) F,(z;f) = lim sup 18f@ | igh 


ke k 
r(1+3) 


where we admit + © asa possible value. This defines a non-negative function 
of zin D. As a function of z it is not necessarily continuous in D even if it is 
bounded. An example showing this will be found in §8.2. 

But we can also regard F,(z; f) for fixed z in D as a functional of the second 
argument defined for all functions holomorphic at the point in question. As 
such it is evidently non-linear, but it is guasi-additive 


(3.2) Fy (2; fi + fo) S Prlz; fit) + Fale; fr), 
and for every constant C ¥ 0 
(3.3) Fy(z; Cf) = Fy(z; f). 


These functionals are closely related to various types of grades’ which have 
been considered in the theory of linear operations. 
Now let §,,2 denote the class of all entire functions f(z) such that 


(3.4) lim sup r* log M(r;f) S a. 


We can then reformulate Theorem 2.1 as follows: 


‘THEOREM 3.1. The functional F,(z; f) has the following properties when f(z) 
ranges over &p,a. F(z; f)-=O for’ < o when p > 2, and for < 1 when p S 2. 
For p > 2 


7See G. Valiron [9], §III, 6. 

8 This is the term used by H. T. Davis (({2], Chapter V, Grades defined by special opera- 
tors) for the superior limit of the k-th root of the absolute value of the transform of the 
k-th power of the operator. This corresponds to the case ¢ = ~ in (3.1) which seems to 
be of limited interest to us. I. M. Sheffer used the term exponential value; the German 
term ‘‘Stufe’’ was introduced by O. Perron. The notion itself in one form or another 
‘goes back to C. Bourlet and S. Pincherle. If the grade is infinite, H. T. Davis discusses 
how fast the sequence in question tends to infinity under different assumptions on the 
function. The introduction of the Gamma function in the functional puts the investiga- 
tion on a systematic basis in our case. More general grades have been considered by 
P. Flamant [3]. 
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(3.5) F.(2;f) < (ap)"”(20)"™, 


where o is the conjugate order of p, and no better estimate is valid for the class 
Be.a- Filz; f) is uniformly bounded on §,.q when p S 2, and bounds can be read 
off from (ii) and (iii) of Theorem 2.1. Finally, Fy(z; f) is unbounded on §,.« for 
h > o when p > 2, and for > 1 when p S 2. 


Let us now investigate the continuity properties of F(z; f) as a functional 
of f(z) on &,.2. We shall say that f,(z) converges to f(z) in ¥,,0 if fa(z) € Bo. 
for all n, f(z) € &.2, and f,(z) converges uniformly to f(z) in every fixed circle 
|z| < R of the z-plane. We then say as usual that F(z; f) is continuous at 
tf = fo, if fn — fo implies F(z; f,) — F(z; fo). Since F(z; f) is a non-negative 
quasi-additive functional which vanishes for f = 0, continuity anywhere im- 
plies continuity everywhere. Starting with this remark, we shall prove 


THEOREM 3.2. F(z; f) is not continuous anywhere on §,,2 for } = o when 
p > 2and for \ = 1 when p S 2. 


For the proof it is enough to exhibit a sequence f, converging to zero in 
%>.« , such that F,(z; f,) does not converge to zero at least for some values of z, 
where \ isc or 1. The existence of such functions is an immediate consequence 
of formula (3.3). We have merely to choose a function f(z) such that F\(z;f) # 
0 for \ = o or 1 respectively and then take f,(z) = C,f(z), where C, ~0. The 
possibility of finding such a function f(z) will be established in §8.1. 

We have proved elsewhere and it will be proved again in §4 that F4(z; f) is de- 
finable over the class of all analytic functions. More precisely, it was shown that 


| ase) aes 
(2k)! ™ R(z)’ 
where F(z) is the distance from z to the nearest singular point of f(z), and that 


moreover this inequality is the best of its kind.’ Judging from the analogy 
with the functional 





(3.6) F,(z;f) = lim sup [ 


an if (2) Ty BS 1 
(3.7) $,(z;f) = lim sup [oe = RO’ 


one would imagine that the sign of equality should always hold in (3.6) for every 
f and every point z. Unfortunately this is not the case and it is even obvious 
that it could not be so.” Indeed, if f°” (0) = 0 for all n, then F4(0; f) = 0 
regardless of the value of R(O). Moreover, F3(z; f) can be a discontinuous func- 
tion of z inside the domain of holomorphism of f(z) and it is an everywhere discon- 
tinuous functional over the class of analytic functions f(z). An example to prove 
the first point will be found in §8.2. The second statement is proved 
as Theorem 3.2. 


*See [4], formula (3.3.13) and Theorem 3.1. Our present formula (3.6) gives a more 
pregnant formulation of the result. That the inequality is the best possible also follows 
from the example in §8.2, especially formula (8.2.3). 

10 This does not exclude the possibility that equality may hold almost everywhere, for 
instance, or that the origin is the only exceptional point. 
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4. Entire functions of 5,. Let 
Gv) = D gw" 
k=0 


be an entire function of w, the order of which will be restricted below. We 
proceed now to a systematic study of the differential operator G(é,). We 
recall the definition of applicability given in the introduction: G(6,) applies to 
the class § of analytic functions f(z) if the series 


(4.1) G(,) f(z) = > gu def (2) 
converges to a holomorphic function at every point where f(z) ts holomorphic, re- 
gardless of what function f(z) « § we take. 

In §1 formula (1.20) was given as a formal representation of the transform 


G(8.) -f(2) = Go(z)-f(2) 


(4.2) Te. cates 8 We SB 
+2 ( mi) Gone G alba ts oo ad 6) dy dl 


where the contours of integration in the m-th term are circles | t, — t4:| = 
Rn» such that >> Rn,» < R(z), the radius of holomorphism of f(z) at z. The 
v=1 


entire functions G,(z, t: , --- , tm) are defined by (1.7), (1.18), and (1.19). Now 
formula (4.2) is obtained by substituting the expression for 6:f(z) furnished 
by formula (1.9) into (4.1) and rearranging terms. This is evidently permitted 
if (4.2) remains convergent when every quantity is replated by its absolute value 
and, in addition, | @n(z, ti, ---, tm) | by Do | ge || La-m(2, i, +++, tm) |. All 
our convergence proofs will involve such replacements so we can rest assured 
that if the resulting series are convergent, they do give valid representations of 
the transform and the operator G(é,) does apply to the class of functions under 
consideration. 

We shall begin the discussion by an investigation of the entire functions 





Gm(z, ti, ---, tm). We shall suppose that 
(4.3) lim sup r” log max |G(re)| < 8, 
reo 0s0<2r 


restricting ourselves for reasons which will become apparent below to the case 
in which 0 < o < 1." Let G,, denote the class of all such functions G(w).” 


11 The case ¢ = 0 would require the introduction of proximate orders or some such 
device and is excluded for convenience. Only the range $ S o & 1 is of interest below. 

12 The reader should observe that the classes §p,2 and G,,g become identical if p = o, 
a=8,z=w. It is convenient, however, to distinguish between a space of operands and 
a space of operators and our notation is chosen accordingly. Thus the letters f, z, §, p, 
always refer to the operand space and G, w, G, o, 8 always to the operator space. 
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Lemma 4.1. If G(w) «G5 and |z|, |ti|,---, |tém| S u, then for every 
«e>0 
(4.4) | Gn(z, tr, +++, tm) | S Cloe(B + ¢)/m]”” exp [(6 + 6u], 
where C depends upon 8B, ¢«, and o, but not upon m or u. 


Proof. By assumption” 


(6 + 6)*”" 
| ge | = Cf) Td +k/o)’ 
Since 
| Li—m(2, hh,--:, tm) | < (*) stad 
we have 
 (k\ 6+ 0*" sum 

= + COG +o" ERG + 0""w), 

where 


“ 2 
Ea(@) = 2 Tdi + ak) 


is the Mittag-Leffler Z.-function. For large positive z it is known that 
(4.6) Eyje(x) = ¢ exp (x’) + o(2). 


We can consequently find a quantity B(c) which is bounded for 0 < « S o $1, 
such that for all z = 0 

Eye(z) = B(e) exp (2’). 
By Cauchy’s formula 


-, (m) m 1 Eye(z) dz 
mi ee (x) bot 1 ori —s (z pt x)mt? 


the right side of which does not exceed 
R"Ey.(z + R) = B(c)R™ exp [(z + R)’] < B(o) exp (z’) R™™ exp (R’) 
since o S 1. The least value of the last expression is obtained for R° = m/c. 
13 See, for instance, G. Valiron [9], p. 41. The constant C(e) depends upon G(w) and 


the choice of «. Similarly, with other constants below. If it is of some importance that 
the constants are independent of the functions, attention will be called to the fact. 
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Hence 
mig 
SE (x) < Bio) (<) exp (wv). 


If we combine this estimate with (4.5), formula (4.4) results and Lemma 4.1 
is proved. 

Formula (4.4) is the basic inequality in most of the subsequent discussion. 
It does not lead to quite as sharp estimates as those based on §2. This is in the 
main because of our replacing all variables z, t,, ---, tm by the absolute value 
of the largest among them. In our applications it is known that | ¢t;| < | z| + 
(m — j)q(m), where g(m) — 0 and mq(m) — ~ asm— ~. We consequently 
get u = |z| + mg(m) which, when substituted into (4.4), leads to an unneces- 
sarily high estimate. The excess becomes appreciable only when the orders 
of f(z) and G(w) are conjugate in the sense defined in the introduction. Since 
this case can be adequately handled by the methods of §2, we shall not attempt 
to improve upon (4.4). 

We are now ready to start with applicability questions. When § is the class 
of all analytic functions, the following theorem has already been stated and 
proved by the author.” 


THEOREM 4.1. <A necessary and sufficient condition that G(é,) shall be appli- 
cable to the class of all analytic functions is that G(w) ¢ Gio. 


It is easy to give a proof of the sufficiency of this condition on the basis of 
Lemma 4.1. Let f(z) be an analytic function holomorphic at the point ~ , 
where the radius of holomorphism is to be R(z). In the m-fold integral of for- 
mula (4.2) we choose as contours of integration the circles | t, — t4:| = p/m, 
where p is any number less than R(~). We take z = 4, put r = | |, and 
choose u = r+ p, 8 = 0, and o = 3 in Lemma 4.1. We then obtain the 
following majorant of the series (4.2): 


47) [GD Ife | + COME) exp llr +991 D A(£) 


where M(p) is the maximum modulus of f(z) on the circle |z — | = p. Since 
¢ is at our disposal and can be chosen less than 2'p/e a priori, we see that the 
majorant series is convergent. Moreover, the convergence is evidently uni- 
form if z is restricted to a bounded domain in which f(z) is holomorphic and 
R(z) has a positive infimum. Hence the transform is holomorphic at every 
finite point where f(z) is holomorphic. This completes the proof of the suffi- 
ciency of the condition. For the necessity we refer to the passage quoted in 
footnote 14. The argument just given evidently also proves the following 
result. 


14 [4], Theorem 3.2. Our previous proof was based upon a formula of type (2.11). 
18 This theorem can be generalized. Assuming the distance of D, to the complement 
of D, to be B + n, we can allow G(w) « Gj,s , the conclusion being unchanged. The proof 
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TueoreM 4.2. Let D, > Dz be bounded domains in the complex plane such 
that Dz has a positive distance n from the complement of D,. Let §(D:1) C F(De) 
be the classes of all functions holomorphic and bounded in D, and Dy respectively. 
Let G(w) € Gio. Then G(6,) defines a linear, bounded and consequently continuous 
transformation on §(D,) to §(De). 


Indeed, choosing p = » and e = 7/e in (4.7) we get 
(4.8) max |G.) -f@|s max {| Ge’) | + Ci(n) exp [n/e|z/]} -max | f(z) |. 


This inequality shows that we are dealing with a bounded transformation of 
one normed linear vector space upon another. 

G(6,)-f(z) is a bilinear transformation involving two function spaces § and 
@. That it is continuous on § when G(w) is fixed in Gj» is expressed by Theorem 
4.2. We have also continuity on Gj, for fixed f(z) in §. This does not follow 
directly from (4.8), and we shall prove continuity only for a particular type of 
convergence which will be referred to as dominated convergence in Gio. We 
shall prove 


THEOREM 4.3. Let {I',(w)} be a sequence of functions in Gi which converges 
to a function G(w) and is such that there exists a fixed function To(w) in Gi with 
M(r;T,) S M(r; To) for all n and r. Let f(z) be holomorphic in a domain D. 
Then T,(6.)-f(z) converges to G(5,)-f(z) in D and the convergence is uniform in 
any domain D, < D which is bounded and has a positive distance from the com- 
plement of D. 


The dominated convergence of I’,(w) to G(w) evidently implies uniform con- 
vergence in any finite domain and also implies that G(w) e@i.'° Hence we 
have also 


lim Tajm(Z, tr, «++, tn) = Gm(z, th, «++, tm) 


no 


for every fixed m, and the convergence is uniform when the variables are bounded. 
Further, the existence of a common dominant of the sequence of maximal moduli 
implies that the estimates of Lemma 4.1 hold uniformly with respect to n for 


cannot be based upon formula (4.2) and Lemma 4.1, which would give a weaker result, 
but requires the more powerful machinery of §2. Compare G. Pélya [6], p. 600, for the 
operator G(d/dz). Pélya assumes that D, has no points in common with the point-set 
obtained by adding the conjugate indicator diagram of G(w), in his case a function of ex- 
ponential type, to the complement of D,;. I do not know if the indicator diagram can be 
worked into the theory of the operator G(é,). 

16 The first statement follows from Vitali’s theorem.—Uniform convergence relative to 
the function M(r; To) in the sense of E, H. Moore implies but is not implied by dominated 
convergence. Relatively uniform convergence with respect to an ‘‘étalonnage’’ has been 
used by P. Flamant [3] in operator theory, but dominated convergence is possibly new in 
this connection. Cf., however, J. F. Ritt [7], p. 30 et seg.—Theorem 4.3 extends to opera- 
tors in G,,s (} < o S 1) and entire functions f(z). 
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all the functions J,,m(z, t:,---, tm). It follows that for zeD., p = 27h, 
¢ = 4ne’ we have 


Tn (6.) -f(z) — Tale”). fe) — p> (—1i)™ 


4 Pek f gies hi, YM =f) 44) dh «+d Gre 


< 4°"C2(n) exp G |z ) max | f(2) |, 





where D, is the subset of D the points of which have a distance < 2™y from 
some point of Do. This implies that 


lim sup | T'n(6,)-f(z) — GO.) -f() | < 2-4” Calm) exp (4ne™| 2 |) max | f(z) | 


for every N, whence the theorem follows. 


THEOREM 4.4. A necessary and sufficient condition that G(é,) shall apply to 
the class of all entire functions is that G(w) ¢ G4, for some finite B." 


The necessity will follow from the example in §8.3. For the sufficiency proof, 
assume that (4.3) holds with o = } and a finite 8. In formula (4.2) we choose 
as contours of integration in the m-fold integral the circles | t, — t4:| = q(m), 
where g(m) is to be chosen suitably. Taking u = r + mq(m), ¢ = } in Lemma 
4.1 we obtain the following dominant of the series (4.2) 


|G) \|f@ | + CO x [et3 +31" exp [(8 + €)(r + mq(m))]M (r + mg(m); f), 
where r = | z| and M(r;f) = max | f(z) | when |z| =r. 

No matter how fast M(r; f) tends to infinity with r, we can choose g(m) 
subject to the following conditions: 

(1) g(m) -0asm— @, 

(2) mg(m) > ~, 


(3) lim | sup [M(r = mq(m); f)}"" s 2. 


We see en that the series (4.8) is uniformly convergent in any fixed circle 
|z| S R, since the m-th root of the m-th term tends to zero. It follows that 
G(6,)-f(z) exists and is an entire function. This completes the proof of the 
sufficiency of the condition of the theorem. 


5. The order relation, conjugate orders and types. The classes §,,. and 
@,,, are characterized by the inequalities 


(5.1) lim sup r* log max |f(re”)| < a, 
re 0s@<2r 


17 This theorem was announced in [4], footnote 10, p. 899. 
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(5.2) lim sup r”’ log max |G(re®)| < 8. 
re 0s0<2r 
We say that p and o are conjugate orders if 
(5.3) o = 1, p < 2, 
(5.4) Le eek, . 088 
p 2 


We call (5.4) the order relation.* The value p = 2 below which the order 
relation ceases to hold is the critical p-order, and the corresponding value ¢ = 1 
is the maximal o-order. 

Suppose that p > 2 and oa is the conjugate order of p. We then say that 
a and 8 are conjugate types if 


(5.5) (ap)"/"(280)" = 1. 


The importance of these notions will become evident in the following. We 
shall begin by proving 


THEOREM 5.1. A necessary and sufficient condition that G(é,) shall be appli- 
cable to all classes §, 4 with p fixed = 2 (0 S a < @) is that G(w) ¢ Go, where 
o is the conjugate order of p. If p < 2, the condition is merely sufficient.” 

At this point we shall prove only the sufficiency of the condition. The 
necessity will follow from the examples in §8.4. Let us assume then that 
p = 2, a is the conjugate of p, and G(w) eG... We use formula (1.20) = (4.2), 
choosing as contours of integration in the m-fold integral the circles 


(5.6) | t ie t+ | oi —_—" (v ” 1, 2, ste ™M,; imi = z). 
We can then substitute 6 = 0, 
(5.7) u=r+m’, |z| =r, 


in Lemma 4.1. It follows that the series for G(é,)-f(z) is dominated by the 
series 


CJ mio 
|G(2’) || f()| + Cleo) an (=) -m™” .exp [e(r + m")™|M(r + m’; f). 
m=1 
By assumption (5.1) holds with a finite a. We can then find finite quantities 
A and B such that 


M(r;f) < B exp (Ar’) 


18 The terminology is mine. Cf. H. Muggli [5], p. 152, for the corresponding relation 
in the case of the operator G(d/dz). The basic facts appear to be due to G. Valiron [10], 
pp. 52-53. See also formula (9.3) below. 

19 If we demand instead that G(8,) shall apply to all entire functions of order S p, in- 
cluding functions of maximal type of order p, then it is necessary and sufficient that the 
order of G(w) be < ¢. See H. Muggli, [5], p. 152, for G(d/dz). 
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forr 21. The series is consequently dominated by 


|G’) | | f@) | + C(, €, a) > 2” (ee)™” 


- exp {e(r + m*)* + A(r + m”")?}, 


This series converges for every finite value of z because the m-th root of the 
m-th term has a limit superior less than or equal to 


2(eve)"“e*, 


(5.8) 


and this quantity can be made as small as we please since ¢ is at our disposal. 
If p = 2 we have to replace A in the exponent by A + e¢, but the conclusion is 
the same. It follows that G(é,)-f(z) exists as an entire function. 

If p < 2 we have o = 1 and (5.7) is to be replaced by u = r + m' and (5.8) by 


(5.9) |G?) ||f@| +0) > (2ee)™ exp {e(r + m!)? + A(r + m)’}. 


This series is clearly convergent for every finite value of z. This completes the 
proof of the theorem. 


6. Closer estimates in the conjugate case. We shall now utilize the machinery 
built up in §§2 and 3 for the purpose of discussing in more detail the case in 
which f(z) and G(w) are of conjugate orders. We start by proving 


THEOREM 6.1. <A necessary and sufficient condition that G(é.) shall be appli- 
cable to the class §,.2, p fixed > 2, a fixed (0 < a < @), is that G(w) €G,,, 
where y < 8. Here p and og are conjugate orders, a and 8 conjugate types. 


We shall prove merely the sufficiency here; the necessity of the condition 
follows from the example in §8.4. By definition 


G6) -s@) = X wots 


k 1/k 
lim sup [r( + *) | Ge ] < 7", 
ke 


. | &:f(z) | e i £2 We( 5)!” 
lim sup Fea + k/e) Jats S (20)"*(ap) 


by formula (3.5). It follows that 
lim sup | gxdsf(z) |" S (2oy)""(ap)””. 
ke 


Since G(w) e G,,, 


while 
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Since y < 8, the conjugate of a, the product is less than 1. Hence G(é,) -f(z) 
exists as an entire function when the condition of the theorem is satisfied. 
If p & 2, the results are less precise. We start with the case p = 2. 


TuEoreM 6.2. There exists a positive decreasing function B(a) such that 
G(6,) applies to the class %2,, « fixed (0 < a < ~), whenever G(w) € G,,, if and 
only if y < Bla). Asa— ©, aB(a) — t. 

The existence of such a B(a) is proved by a Dedekind cut argument. If 
a; < a then Fe, C F20,, 80 that if G(é,) applies to Fe, it also applies to 
§e.c,- Hence the condition y < B(a2) must imply y < 8(a:) whence B(a2) S 
B(a). For B(a@) we have the following inequalities 


(6.1) Ai(a) S Bla) S f(a), 
where 
(6.2) 5S = sup sup [Files IP, 


f(z) ranging over ¥2,2, and 





(6.3) Si 7 Su sup (FPGA, 
where 

#7. 7) = ji | Loe) - 
(6.4) Fi (z;f) = lim [ eae ’ 


and f(z) ranges over the subset of functions in §2,2 for which such a limit exists 
at some points z. It is quite likely that 6;(a) = (:(a), but not being able to 
get good estimates of either quantity, the author must leave this question 
unsolved. An example in §8.5 shows that 


lim sup af2(a) S }, 


whence it follows in particular that B(a) —- 0 as a—> ©. On the other hand, 
Theorem 2.1 (ii) shows that 


lim inf af:(a) 2 +. 


a--a 


Hence 
lim aB(a) = ¢ 


as claimed above. Formula (2.19) shows that 
’ 1/3\' 
(6.5) B(0) = lim B(a) = 5\-)- 
a0 e 


In case p < 2 we also have an unsatisfactory situation. 






















peas ewe a 
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THeorEM 6.3. If G(w) ¢G,,, with y < B(O), then G(6,) applies to the class 
$2.0 and a fortiori to every class §,,2 withp <2. There exists a quantity Bp (8(0) < 
Bo S 1) such that G(5,) applies to the class of all polynomials if and only if 
G(w) «G;,, with y < Bo. 

The existence of 8 follows again by a Dedekind cut argument; and since the 
class of all polynomials is a subset of §2,0, we have B(0) S &. That & < 1 
follows from the example in §8.5 below. It seems quite likely that & = 8(0), 
but we are unable to prove it. 


7. On the order and type of G(é,)-transforms. We shall study the relations 
between orders and types of the three functions f(z), G(w), and G(6é,)-f(z). 
We restrict ourselves to the simplest case. 


THEOREM 7.1. Let f(z) be an entire function of finite order p and finite type a. 
Let G(w) be an entire function of order o and finite type 8. Let p’ be the conjugate 
order of p, and suppose that ¢ S p’ and that 8B = O if « = p’. Then the entire 
function G(6,) -f(z) is of order P S max (p, 2c). If P = pand p > 2a, the type 
is at most a; tt is at most a + B if P = p = 2c, and at most B if P = 20 and p < 
20. These limits are the best possible.” 


We know that G(é,)-f(z) exists as an entire function by Theorem 5.1. In 
order to get the required estimates we have to modify the analysis which led 
to formulas (5.8) and (5.9). Suppose first that p > 20 and go back to formula 
(1.20) = (4.2) once more. We choose as contours of integration the circles 


|b — tyr | = mr (v = 1,2, ---, m; tm = 2), 
and in Lemma 4.1 we choose ¢ = o, 8 = 8, and 
u=r+m”. 
Recalling that 
M(r;f) < B(e) exp [(@ + ¢)r’], 
we see that the difference G(5,)-f(z) — G(z’)-f(z) is dominated by a quantity 
C(e) multiplied into the infinite series 


> 2"1(6 + eae} m™ exp {(a + (r+ mM)? + (B+ e)(r + m")*], 


1 1 
= —--—-— —)s 0. 
a 2{1 : i} so 


The function G(z’)-f(z) evidently has all the properties claimed for G(6,)- f(z) 
in the theorem, i.e., its order is at most max (p, 2c) and its type is at mos; 


where 


20 See H. Muggli [5], p. 153, for G(d/dz). Muggli does not discuss the type except when 
p= 1. See also G. Valiron [10], p. 53. 
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a, a + 8, and 6 according as p > 20, p = 2¢, and p < 2e. Moreover, it is only 
when p = 2¢ that any lowering of order or type can occur for the product. It 
remains to discuss the infinite series. 

We write >) = Di + >: , where >>» contains all terms with m < r* and 
>: the rest. In D)s we have r + m'? < 2m’. Hence 


Dd: < L276 + ¢)ce]™” m™ exp [(a + B + 2e)2’ ml]. 
We recall that if a = 0, o = p’, and 6 = 0; further, ¢ is at our disposal. It 


follows that po < A(r, ¢), a finite quantity which tends to zeroasr— ©. In 
>: we have 


(r +m)? <r? + p(r + mi?) mm”? <r? + pm'?(2r)” 
if p > 1, and 
(r+ mr <rt+m 
ifp $1. Similarly 
(r +m?) <r + Qom*(2r)*", or tm cr +m 


according as o > 4 oro S 3. Hence 


p>» < exp {(a + 6&)r’ + (8+ &r”} X26 + ece]”“m"e* 


= exp {(a + or’? + (8 + ©r"} Dis. 


If both p < 1 and o S } we have E < (a2 + 8 + 2e)mand )-; evidently re- 
mains bounded while r — «©. The most unfavorable case is that in which 
p > 1 and o > $ and we can restrict ourselves to a detailed discussion of this 
case. 

Here we have 


E < (a + )pm"*(2r)" + (8 + €)20m"*(2r)* 
< [(a + )p + (8 + €)2o}m""(2r)"* = Br?'m”. 
>; is then seen to be dominated by an expression of the form 
2» dm exp [Br m”"], 


where 
0 < an < A(A) exp [—Am], 


A being an arbitrarily large fixed quantity. The latter inequality is obvious 
if a < 0, and if a = 0 we recall once more that 8 = 0 and that ¢ is at our dis- 
posal and can be made as small as we please in advance. We note that B is 
independent of m and r. Now the maximum of 


exp {Br’'m”? — Am} 
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when m is a continuous variable equals 

exp {(Bp)”(p — 1a! Pp}, 
It follows that 

Ds < B(A)r’ exp (CaM "7’}. 
Since A is as large as we please, we conclude that 


>: < D(e) exp [(a + 2¢)r’]. 
Combining the estimates of )-, and >>» we see that 


DL < Di(6) exp [(a + 2¢)r’] 


for every positive «. Consequently, if p > 20 the transform G(6,)-f(z) is an 
entire function of order p and type a at most. 
If p = 2c the same argument gives instead 


LX < Di(e) exp [(a + 8 + 2¢)r"] 
for every positive «. We conclude that the order of G(é,)-f(z) is at most p = 
2c and if this is its true order, the type is at most a + 8. 
If p < 2c we choose the radii of the circles of integration equal to 


m" (2e)—1 


instead. This gives as majorant for the difference G(8,)-f(z) — G(z*)-f(z) a 
constant multiple of the series 


> 2"[(6 + oe] m™ exp {(a + )(r +m")? + (B+ (r+ m"™)™}. 


This series is discussed by the same method as above and shows that G(6,) -f(z) 
now is an entire function of order at most 2¢ and that, if this be the true order, 
the type is at most £. 

That the results are the best possible will be proved by examples in §8.6. 

Suppose that 4 S o < min (4p, p’) and that G(w) eG... , where 8 is an arbi- 
trary fixed non-negative real number. Then G(é,) defines a linear transformation 
on the class §,.2 to itself by Theorem 7.1. This transformation appears, how- 
ever, to be neither bounded nor continuous.” An example proving this for the 
case in which 


lim sup n™ log | G(2n + 1)| = + 
will be given in §8.7. 


8. Counter examples. In this section we shall give the various examples 
which will prove our statements in §§2-7 concerning best possible results or 


21H. Muggli [5], p. 153, showed that exp [d*/dz*] does not define a continuous trans- 
formation on the classes to which it applies. 
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lack of continuity, etc. We shall give as few details as possible since many 
examples employ the same principle, but the first time the principle is used a 
fuller treatment will be given. 

Many of our examples employ properties of the Hermite functions. We shall 
list what properties we need here for later reference. We refer the reader to 
E. Hille [4] for proofs.” The function h,(z) is defined by formula (3) of the 


introduction. For r > 0, |z| = r, we have 
(8.1) | ha(z) | S (—1)"ha(ir). 
Further, 
0 < (—1)"haalir) — = cosh (4n + 1)'r 
(8.2) 
< wo! exp [(4n + 1) 7] fexp [4°4n + 1) — 1. 


There is a similar formula for the functions of odd order in which 4n + 1 is 
replaced by 4n + 3, the cosh by sinh, and the factor (2n)!/n! by 2(2n + 
1)!/(4n + 3)'n!. The formula 


22 2 cle 1) 4 n! 2n 
yy Manin) = 1+ 5, (2)? + Qi) + + + (2r) 
proves that for fixed r the left side is an increasing function of n. A similar 
result holds for the functions of odd order. If z = xz + iy, y > 0, we have 
(8.4) a(x + ty) = ha(iy) exp [—ix(2n + 1)']{1 + m*na(z, y)}, 


where 7,(z, y) is bounded for —1/e S$ x S$ 1/e,e Sy S 1/e. Finally we note 
that if in a Hermitian series the coefficients satisfy the condition i"c, = 0 for 
all large n, then the point of intersection of the upper line of convergence with 
the imaginary axis is a singular point of the function defined by the series. 


(8.3) (-—1)" 





8.1. Examples for Theorems 2.1 and 3.1. For p > 2 we shall show the exist- 
ence of entire functions f(z) of order p and type a, such that 


I/e 
8.1.1) tim K"" | apt) = (2) ° Cap)?” 
ke 
for every value of z on a given line x = 2» in the complex plane with the possible 


exception of the point z = 2). For this purpose we consider the series” 


n! 


@n nyt en)» 


(8.1.2) fle;20, 4, }) = D> (—1)" exp {— alan + 1)! + ina(an + D4} 


where x 2 0,a > 0,3 <b <1. We have obviously 


| f(z; Zo , a, b) | = S(ir; 0, a, b). 


22 See, in particular, Theorems 1.1, 1.4, and 5.1. 
23 The case b = 4 is discussed in [4], pp. 895-896. 
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Let us choose N = [y;r’] and break up the series in (8.1.2) into two parts >>, 
and > 2, where >., contains all the terms with n < N and >: all the rest. 
Then using (8.2) and (8.3) we get 


|d.| >> exp [—a(4n + 1)"] —— | hen(ir) | 


(2n)' i 
< aay | hew (ir) | p> exp [—a(4n + 1)"] 
< Ciexp {(4N + 1)'r + (4N + 1) 77} 


< C2 exp {46'r’}. 
Similarly 


|>2| < > exp {—a(4n + 1)’ + r(4n + 1)! + §°(4n + 1)7} 


< exp {36'r’} Lew {—a(4n + 1)” + r(4n + 1)'}. 


If r is very large, the exponent in the last formula has a single maximum for 
n> N. It follows by classical arguments that the infinite series is of the same 
order of magnitude as the integral 


[ exp [—au” + ru] udu 


which by the method of Laplace is found to be less than a constant A (a, b) times 


PD oy, {atas —1) (2) 
Dab : 


Consequently, f(z; 2, @, b) is an entire function whose order p and type a 
satisfy the inequalities 


(8.1.3) ps ss = 0’, a < a(2b — 1)(2ab)-""” = a’. 
We observe that the quantities which figure on the right sides of these inequali- 
ties are the conjugates of b and a respectively in the sense of relations (5.4) 
and (5.5). We shall prove that equality holds in both places. 

Now take z = 2 = 2 + tyo, where y is arbitrary but fixed and positive. 
Then 


si flea; 20, a, B) = D> (—1)"4n + 1)" exp {—a(dn + 1)° + iaa(dn + 1) 


Ga) 7 han (Zo), 
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the absolute value of which exceeds the real part which equals 


x (4n + 1)* exp [—a(4n + 1)") | han (iyo) |{1 + n*Rina(zo, yo)]}. 


(2n)! 7 
Since »,(z, y) is uniformly bounded in —1/e S z S 1/e,e S y S 1/e, we can 
find an integer m such that n*R[na(xo , yo)] > —} for n = m and any point 
z in the rectangle mentioned. The terms of the series corresponding to n < m 
can evidently be neglected for large values of k. The remainder exceeds 


: ‘> (4n + 1)* exp [—a(4n + 1)°] ~~ | han (iyo) | 


(2n)! i 
>s 1S (4n + 1)* exp [—a(4n + 1)" 


> $ max {(4n + 1)‘ exp [—a(4n + 1)’]} 


k k/b 
>C (£) 
It follows that 


(8.1.4) lim inf k~” | 85 (20; zo, a, b) |"* = (abe)~”. 
ke 


From this inequality we easily get the required results. We first notice that 
the inequality can be replaced by the equality 


(8.1.5) lim k-" | aE f(zo; xo, a, b) |* = (abe). 


Indeed, formula (2.15) is valid not merely for functions of order p and type a, 
but for functions satisfying (3.4), ie., whose order is at most p and type at most 
a. Using this remark and the estimates (8.1.3), we obtain the inequality 


lim sup k~”| 3£f(¢0; xo, a, b) |* < (abe), 
ko 


which combined with (8.1.4) gives (8.1.5). 

These formulas show that the functional F,(z ; f) is 0, (abe)”, or + 
according as ) is less than, equal to or greater than b. On the other hand, 
Theorem 3.1 tells us that F,(z; f) is always 0 for A S a, the conjugate of the 
order of f(z). It follows that o < b and hence that p 2 b’. But this is pre- 
cisely the opposite to the first inequality in (8.1.3). This inequality then must 
be an equality. From the inequality 


(abe)*” < (5) (ab’)*”’, 


we then get the opposite of the second inequality under (8.1.3) which then also 
must be an equality. 
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We have consequently proved that formula (2.15) is the best possible in the 
sense that equality may actually hold for any preassigned value of z even if the 
limit superior is replaced by an ordinary limit.” 

If p = 2 we can use the function f(z; x , a, 1) and proceed as above. We 
obtain 


(8.1.6) p=2% asie+t, 
(8.1.7) lim inf k7| 88f(e0; 2, a, 1) | = 4, 
ke ae 
and finally 
(8.1.8) lim inf k7| 8®f(¢0; 20, a, 1) |"* = a 5. 
ke 


This inequality proves that the factor 4/e in formula (2.16) cannot be replaced 
by any smaller quantity. 

For p < 2 or, more precisely, for functions satisfying the condition (2.2) we 
proved that inequality (2.3) holds. That this inequality is not capable of very 
considerable improvement is shown by the fact that 


1 


(8.1.9) lim sup k| 81 |"* > > 
k—*co 


on the lines y = +2. Indeed, formulas (1.10) and (1.12) show that if y = +2, 
then 


(-—1)’8"12 Ao,2»,» > (2v)!, 
and this obviously implies (8.1.9). 
8.2. Discontinuities of the functional F,(z;f). It was stated in §3 that F,(z;f) 


may be a discontinuous function of z for a fixed f(z). This is proved by con- 
sidering the series 


n!(4n + 3)! 
(2n + 1)! 
where a > 0,3 S$ b S 1. This is a function of the same type as f(z; 0, a, b) 

of formula (8.1.2) and it can be discussed by the same methods. 


When b = 3, the series is convergent in the strip —a < y < aand the points 
z = +a are singular. It is obvious that 


(8.2.2) F\(0;¢) = 0, 


(2.1) o(¢;a, 8) = ¥ (—1)" exp [—aldn + 3)" han,s(2), 


** The excluded case in which % is real + 0 can be handled by a modification of the 
series. Cf. a similar argument in [4], pp. 896-897. 
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and it is an easy matter to show that 
pares 

a—|y| R(ty) 
Here R(z) denotes the radius of holomorphism of ¢(z) at the point z. This 
example then shows that F;(z; f) may be a discontinuous function of z. It also 
shows, incidentally, that (3.6) is the best possible estimate. 

For } < b < 1 we are dealing with an entire function of order b’ and type a’ 
(see formulas (8.1.3)). We have 
(8.2.4) P.0;¢) = 0, Frliy;¢) = a (y ¥ 0). 


Thus F;(z; ¢) is discontinuous at z = 0. The same result is true when b = 1 





(8.2.3) Fy (iy; ¢) = (-a<y<a,y#09). 


8.3. Example for Theorem 4.4. We shall prove that if G(w) is any entire 
function of order } and maximal type, then there exists an entire function f(z), 
usually of infinite order, such that G(é,)-f(z) does not exist anywhere on the 
imaginary axis. By assumption we can find a monotone increasing function 
\(u) tending to infinity with u such that 


(8.3.1) (2k)! | gx | > [A(k)]” 

for infinitely many values of k. Let us then choose a monotone increasing 
function u(u), tending to infinity with u, such that 

(8.3.2) A(u) exp {—u(4u")} > © with wu. 

Then form 


(8.3.3) f(z) = d(- 1)" exp {—(4n + 1)!y(4n + 1)} han (2). 


Gn) 7 


It is easily seen that this is an entire function which is ordinarily of infinite 
order. Further 


(8.3.4) S:f(iy) > d:f(0) > C(2k)™ exp {—2ku(4k’)}. 
It follows that the series 


ps gx d2f (2) 


cannot converge anywhere on the imaginary axis since there is a subsequence 
of the terms tending to +. On the other hand, it may very well happen 
that the series 


(8.3.5) p> (—1)" exp {—(4n + 1)'u(4n + 1)}G(4n + 2) 2 Gar 7 han(2), 

obtained by termwise performance of the operation G(6,) on (8.3.3), converges 
for all values of z. This depends exclusively upon the asymptotic behavior of 
G(4n + 1) for large values of n. 
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8.4. Example for Theorems 6.1 and 6.1. The following example really refers 
to Theorem 6.1 but it is also a counter example for that part of Theorem 5.1 
in which p > 2. We suppose then that p > 2 and let p and o be conjugate 
orders and a and 8 conjugate types. Corresponding to a given entire function 
G(w) of order o and type 8 we shall show the existence of an entire function f(z) 
of order p and type a, such that G(é,)-f(z) does not exist. By assumption 
1 
k 
as k-—» «. The unfavorable case for us is that in which lim inf \ = 0. It 
is then possible to find a steadily decreasing function A(u) such that A(u) > 0, 
u log \(u) > 0 as u— © but % = A(k) for infinitely many values of k. We 


then form the following modification of our first counter example in formula 
(8.1.2): 


st 





= > (_1* xP [bn + 0) 2! 
It is not difficult to show that this is an entire function of order p and type a. 
On the imaginary axis 


; Cc f(k\"" 
(8.4.3) dsf(iy) > i® (*) ’ 


whence it follows that the series 


(8.4.4) p> 9x5s f(z) 


diverges everywhere on the imaginary axis, because it contains infinitely many 
terms the absolute values of which exceed a positive constant. 

The converse problem: Given any function f(z) of order p and type o, construct 
an entire function G(w) of conjugate order o and conjugate type 8, such that 
G(6,) -f(z) does not exist, appears to be much more difficult. It would be easily 
solved if it were known that for every entire function of order p and type a 
there exists at least one point 2 where 


Pe(ea if) = (26) (ap)"”. 


Whether or not this is actually true is one of the open questions which we cannot 
answer. 

The function defined by (8.4.2) shows that the condition of Theorem 6.1 is 
necessary for the truth of that theorem. It also shows that the condition of 
Theorem 5.1 is necessary when p > 2. If we set co = 1 in (8.4.2), we obtain an 
entire function of order 2 for which the series (8.4.4) diverges on the imaginary 
axis. Thus the condition of Theorem 5.1 is also necessary when p = 2. That 
it is not necessary when p < 2 follows already from Theorem 6.3. 
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8.5. Examples for Theorems 6.2 and 6.3. We have first to prove formula 
(6.5). For this purpose we consider the function f(z; 0, a, 1), a special case of 
the function defined by formula (8.1.2). Here we can sharpen (8.1.6) and deter- 
mine the exact type of the function. We have” 

n! 


S(t; 0, a, 1) = 7 (—1)" Gnyi en iy)e““"*P* 


> e > (—1)" 


eC 


= bal |! 2 
= ware exp [4 coth 2a y’]. 
In the opposite direction we get, for instance, by a suitable use of Cauchy’s 
inequality, that 
S(iy; 0, a, 1) < C(a) | y| exp [} coth 2ay’), 
where the exact value of C(a) is immaterial. It follows that 
(8.5.1) a = } coth 2a. 


Further, a more elaborate analysis shows that we can sharpen (8.1.7) in the 
present case to 


(8.5.2) lim k7| st f(y; 0, a, 1)" = 2. 
k-eo ae 


Thus the functional F; (z; f) defined by formula (6.4) has a sense for S(z; 0, a, 1) 
at least on the imaginary axis. By virtue of (6.3) this leads to the simple 
inequality 
(8.5.3) Bla) <a=tlg@ti a>}, 
2a — 1 

of which (6.5) is an immediate consequence. We notice that (a) also satisfies 
the inequality (8.5.3). 

We next have to prove that the quantity & introduced in Theorem 6.3 is less 
than or equal to one. This follows from the fact that 


exp (—£6,) “1 
does not exist at the origin for any 6 = 1 since (—1)"(62"1)z-0 > (2v)!. 


8.6. Examples for Theorem 7.1. We shall show that if p > 20, the order and 
type of G(é,)-f(z) may actually coincide with those of f(z). We restrict our- 
selves to the case p 2 2. The function f(z; 0, a, b) of formula (8.1.2) is an 


% The second equality follows from the Abel-Hermite kernel also known as Mebhler’s 
generating function for Hermite polynomials. 
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entire function of order b’ and type a’ (see formula (8.1.3)). We take G(w) = 
E,;.(w), the Mittag-Leffler E-function, where ¢ < b. Then 


Eyjo(52) f(z; 0, a, b) = p> (—1)" Ey.(4n + 1) 
(8.6.1) 
¥ by 
-exp [—a(4n + 1)'] ny! hen(z), 
and with the aid of the methods of §8.1 it is a simple matter to prove that this 
is also an entire function of order b’ and type a’ as long aso < b. Ifo = b 
but a > 1, the order is still b’ but the type increases to infinity asa— 1. The 
transform does not exist fora < 1. 
Finally, we shall give an example to show that if p < 20, the transform may 
be of order 2c and have the same type as G(w). We take f(z) = 1 and 


= ° (aw)“ 
(8.6.2) G(w) = > Td + ake)’ 
If a > 0, this is an entire function of order o and type a’.” We assume o < 1, 
and apply formula (1.15), obtaining 
4k 


C) 2k 

a m 8k—4m 
(8.6.3) G(6,)-1 = > iF ake) a (—1)"Aoszm2"™. 
Here the operator G(é,) satisfies condition (1.16), so we can use the remarks 
made in connection with this condition. As the class § we can take either §2,o or 
simply $, the class of all polynomials. In either case the class is left invariant 
by transformations which affect merely the arguments of the derivatives at the 
origin, leaving their absolute values unchanged. Ifo < 1 it is known that the 
operator G(é,) applies to the class §; if ¢ = 1 the assumption of applicability 
imposes a condition on a. If G(é,) does apply, we know that the series (8.6.3) 
is absolutely convergent for all z. Hence we have 


= Spe” Y Assam gt 
(8.6.4) G(6,)-1 = x ( 1)"2 2 i + dhe) ° 


This expression reaches its maximum on the lines y = +2. Substituting 
z = wr, where w is a primitive eighth root of unity, and noting that the A’s are 
positive integers, we find readily that 


(8.6.5) G(s,)-1 = G(r’) > C(e) exp (a’r’’). 


It follows that G(6,)-1 is an entire function whose. order is exactly 20 and whose 
type is a’. This conclusion is valid when ¢ < 1. If o = 1 the existence of 
the transform is ensured only for sufficiently small values of a. For such values 
the order of the transform equals 2c = 2, but the type exceeds a and tends to 


26See formula (4.6). G(w) is evidently a linear combination of Mittag-Leffler 
E-functions. 
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infinity as a approaches the maximal value beyond which the transform does 
not exist. 


8.7. Discontinuity of G(é.) on §,,.. Let us suppose that G(w) is an entire 
function of order o (¢ S o S 1) such that 


(8.7.1) lim sup n™ log | G(2n + 1)| = +0. 


If 26 < p < o’, the conjugate of o, the operator G(6,) defines a linear trans- 
formation on §,,2 to itself. Suppose in addition that p 2 2. I say that the 
transformation G(é,) is not continuous and a fortiori not bounded on §,,« - 

By virtue of (8.7.1) we can find a positive monotone increasing function \(u) 
tending to infinity with u, such that 


(8.7.2) | G(2n + 1) | > exp [(2n + 1)*X(n)] 


for infinitely many values of n. We can assume, without restriction of the 
generality, that there are infinitely many even values of n for which (8.7.2) is 
true. Put u(u) = [A(u)]', and define 


(8.7.3) fale) = nat exp [—(4n + 1)'(2n)) han(2). 


Since p = 2, these functions belong to §,..,” and by virtue of formula (8.2) 
and the properties of u(u) the sequence {f,(z)} converges to zero as n — @, 
uniformly in any fixed circle |z| S R. On the other hand, 


(8.7.4) G(6,)-fa(z) = G(4n + 1)fn(2) 


obviously does not converge to zero anywhere and lim sup | G(é,)-f,(z) | = © 
everywhere outside of the real axis. This proves that G(é,) is not continuous 
at f = 0 and hence nowhere in §,.< . 


9. Additional comments on G(é,) and related operators. Let us first point 
out that the investigation given here of the operator G(é,) also extends to the 
more general operator 


(9.1) Pema om oom } a,2’G,(3), 


where the a’s are given constants and the G,(w) given entire functions. This 
operator is equivalent to 


(9.2) > Pate, 


where {P;(z)} is a given sequence of polynomials of degree S m. 


27 If p = 2, this requires a 2 }. 
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We find that the operator G(é, , z, m) applies to all analytic functions if and 
only if all G,(w) «Gio. The operator applies to all functions of §,., p 
fixed 2 2, if and only if all G,(w) ¢ G,.o , where o is the conjugate of p, and so on. 

Our remaining remarks are devoted to a comparison between the two operators 
G(d/dz) and G(é,). The former operator is fairly well known, having been the 
object of much research in the past. There is much similarity between the two 
theories and we have called attention to such features in several places above. 
But there are also considerable differences. The applicability questions are 
much easier to solve for the operator G(d/dz) than for G(é,). This is of course 
essentially because of the fact that it is much easier to discuss the rate of growth 
of f*(z) than of s'f(z). But the difference is not merely a difference in degree 
of accessibility to customary analytical technique. This would not be so in- 
teresting if the general situation were fundamentally the same in both cases. 
Actually there seem to exist differences of more profound nature. 

One such difference is reflected in the different character of the order relations 
which govern the applicability of these operators to entire functions. These 
relations are™ 


(9.3) 4 tet 1+. et 
p o¢ p 2 


for d/dz and 6, respectively. The difference in the coefficients of the formulas 
is immaterial. More essential is the fact that the first formula is valid whenever 
it has a sense, i.e., for 1 S ¢ S ©, while the second one holds only for 4} S 
¢@ <1. Thus there is always a class §,,. of entire functions f(z) to which the 
operator G(d/dz) applies when G(w) is an entire function. Not so with G(é,). 
Here we can find a class §,,. to which it applies only if G(w) « Gs for 
0 S o S 1 and not for any ¢ > 1. Moreover, if G(w) is merely holomorphic 
in a finite circle | w| < R, the operator G(d/dz) always applies to the class §:1,0 , 
while the class of functions to which G(é,) applies appears to be highly special 
and certainly does not contain any class §,,. as acore. Thus the phenomenon 
of a critical p-order and a maximal o-order affects the operator G(6,) profoundly 
and there is no correspondence in the theory of G(d/dz). 

‘This phenomenon is intimately connected with the difference in behavior 
between the two basic functionals 


seit ay ae 
(9.4) ,(z; f) lim sup Td + k/e)| ’ 


; 5° f(z) 1/(2k) 
. ¢ > = l a A ne 
@5) ee ee re + k/s) 
We observed in §3 that if f(z) is holomorphic at a point z whose distance from 
the nearest singularity is R(z), then 
em 
R(z)’ 


(2; f) = RG)’ Fi@e;f) s 


28 See H. Muggli [5], p. 152, for the first operator. 


~~ > * -— Fe = | — OF 


oo he thy eh OR ed ll OU COD 


= «= bee 
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and the former functional is a continuous function of z within the domain of 
holomorphism while the latter need not be. If f(z) ¢ §,.<. (1 < p), and oa is 
determined from the first formula under (9.3), then ,(z; f) exists and is a func- 
tion of p and a, independent of z and f(z). On the other hand, if f(z) ¢ §,.. 
(2 < p), and a is determined from the second formula under (9.3), then F(z; f) 
exists as a finite quantity but depends upon f(z) and may be a discontinuous 
function of z. No matter what value o has (0 < o S @), there is always a 
class of entire funetions for which ®,(z; f) is bounded everywhere. In particular, 
fore = ©, (2; f) S a whenever f(z) € Fi,2, i.e., for every function of expo- 
nential type in Pélya’s terminology, the type being less than or equal to a. 

F,(z;f) shows an entirely different behavior. In particular, the class of entire 
functions for which F,,(z; f) S a seems to be quite special and connected with 
the more intricate part of the theory of the Hermite-Weber equation. Any 
solution of the equation 


w'+(2+1—2)w=0, |2e+1| Sa’, 


belongs to this class and other functions of the class can be generated by cus- 
tomary analytical devices from such solutions. 

The determination of the class of functions for which F(z; f) S a would 
seem to be of some importance. Indeed, the classical theory of the differential 
equation G(d/dz)-W = F(z) has been largely concerned with the class of func- 
tions for which %,(z; f) S a, i.e., the class §:... It is essentially this class 
which serves as the basis of the investigations of R. D. Carmichael, H. T. Davis, 
E. Hilb, H. von Koch, O. Perron, G. Pélya, and I. M. Sheffer, to mention only 


a few.” Moreover, F. Schiirer [8] has developed a general theory of L-opera- 
tions, satisfying certain postulates, which includes also the theory of the func- 
tional equation G(L)-W = F(z). He determines all solutions of this equation 
within the class of functions for which 


(9.6) lim sup | L*f() |" = q. 


It is easy to formulate conditions under which Schiirer’s postulates are satisfied 
for L = 6,, but as long as the class of functions for which F..(z;f) < ¢° is not 
well defined, the existence theorems given by the Schiirer theory are not of 
much interest in the present case. 

Let us finally call attention to one more feature that makes for a distinct 
difference between the operators G(d/dz) and G(é,). It goes back to the charac- 
teristic functions of the operators d/dz and 6,. Since 
(9.7) oes = re, 
we can say that every complex number ) is a characteristic value of the operator 
d/dz with e“ as the corresponding characteristic function. The growth prop- 


29 See R. D. Carmichael [1] and H. T. Davis [2] for further references and an outline 
of the results obtained by these writers. 
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erties of the characteristic functions are determined entirely by the characteristic 
value in question and the operator d/dz does not single out any particular value 
of \ or any particular direction in the z-plane. 

The operator 4, shows a different behavior. The equation” 


(9.8) 5.f(z2) = (2x + 1)f(z) 


is satisfied by the Hermite-Weber functions of order x. Again all complex num- 
bers are characteristic values. But now all odd integers are exceptional in the 
sense that some of the corresponding solutions have exceptional growth proper- 
ties, namely, h,(z) when «x = n and h,(iz) when x = —n — 1. Moreover, the 
growth properties are governed by « only when it comes to the fine structure. 
In the first approximation it is much more important to know which particular 
solution is considered than the value of «x. The lines y = +2 divide the plane 
into four sectors in each of which there is a solution of (9.8) which tends expo- 
nentially to zero as z — © regardless of the value of x which contributes only a 
minor correction. As a rule these four subdominant solutions are pair-wise 
linearly independent and dependence occurs if and only if « is an integer. 

Thus the operator 6, is strongly oriented in the complex z-plane and gives a 
certain preference to the odd integers among the characteristic values. This 
orientation and preference shows itself in many ways in the properties of the 
operator G(é,) and becomes particularly important in the theory of the differ- 
ential equation G(é,)-W = F(z) which will be taken up for study in a later 
paper. 


[The prototype of Theorem 4.2 for the operator G(d/dz) is due to J. F. Ritt [7], pp. 34-35. 
I use this opportunity to amend some statements in my paper [4]. In footnote 4 credit 
for the first application of finite order differential operators to analytic continuation should 
not have been assigned to H. Cramér as the publication of Ritt’s thesis preceded that of 
Cramér’s by five months. Ritt also has the honor of having proved the first general gap 
theorem for Dirichlet series, preceding both Carlson-Landau and Sz4sz, and this should 
have been pointed out in footnote 28. I apologize for these unintentional oversights. It 
should be observed, however, that my Theorems 4.3 and 5.7 are analogues of theorems due 
to Cramér and Carlson-Landau-Szdész and not of related theorems due to Ritt. My meth- 
ods, aside from the basic differential operator approach, have very little in common with 
those of Ritt. I expect to make extensive use of Ritt’s methods in later papers, however. 
Added November 15, 1940.] 


BIBLIOGRAPHY 


1. R. D. Carmicnak., Linear differential equations of infinite order, Bulletin Amer. Math. 
Soc., vol. 42(1936), pp. 193-218. 

2. H. T. Davis, The Theory of Linear Operators from the Standpoint of Differential Equa- 
tions of Infinite Order, Bloomington, Ind., 1936, xiv + 628 pp. 

3. P. FLaMant, La notion de continuité dans l’étude des transmutations distributives des 
fonctions d’une variable complexe et ses applications, Bulletin des Sci. Math., 
(2), vol. 52(1928), pp. 26-48, 77-96, 104-128. 


30 For the properties of the solutions of the Weber-Hermite equation see E. T. Whittaker 
and G. N. Watson [11], Chapter XVI. -They refer to them as the functions of the parabolic 
cylinder. 





DIFFERENTIAL OPERATORS OF INFINITE ORDER. I 495 


. E. Hitiz, Contributions to the theory of Hermitian series, this Journal, vol. 5(1939), 
pp. 875-936. 

. H. Muaeu, Differentialgleichungen unendlich hoher Ordnung mit konstanten Koeffi- 
ztenten, Commentarii Math. Helvetici, vol. 11(1938), pp. 151-179. 

. G. PéLya, Untersuchungen tiber Liicken und Singularitéten von Potenzreihen, Math. 
Zeitschrift, vol. 29(1929), pp. 549-640. 

. J. F. Rirt, On a general class of linear homogeneous differential equations of infinite order 
with constant coefficients, Trans. Amer. Math. Soc., vol. 18(1917), pp. 27-49. 

. F. Scnttrer, Eine gemeinsame Methode zur Behandlung gewisser Funktionalgleichungs- 
probleme, Berichte d. Saichsichen Ges. d. Wiss. zu Leipzig, Math.-Phys. K1., 
vol. 70(1918), pp. 185-240. 

. G. Vatrron, Lectures on the General Theory of Integral Function, Toulouse, 1923, xi + 
208 pp. 

. G. Vatrron, Sur les solutions des équations différentielles linéaires d’ordre infini et a 
coefficients constants, Annales de |’Rcole Norm. Sup., (3), vol. 46(1929), pp. 
25-53. 

. E. T. Wairraker AnD G. N. Watson, Modern Analysis, 4th edition, Cambridge Uni- 
versity Press, 1927, x + 608 pp. 


Yate UNIVERSITY. 





FUNCTIONS WITH POSITIVE DIFFERENCES 
By R. P. Boas, Jr. anp D. V. WippER 


This note had its origin in an effort to make accessible in the literature the 
proof of a lemma used by Widder’ in the study of the bilateral Laplace transform. 
The result in question was that a continuous function which has all differences 
of even order non-negative in an interval is necessarily analytic there. That it 
was true was fairly evident from earlier work of S. Bernstein,’ though the 
details required for its demonstration seemed not to be available. Following 
a very natural inductive method we were easily able to supply a proof. But 
we soon saw that our method would prove a great deal more. We were able to 
show in fact that a continuous function which has a single difference, say of 
order k, of constant sign throughout an interval is of class C*~* there, has 
right-hand and left-hand derivatives of order k — 1, and is convex or concave 
in pieces‘as if it had a k-th derivative of constant sign. This proved, it is clear 
that the function of the lemma has derivatives of all orders. A theorem of 
S. Bernstein? then guarantees its analyticity. But a new proof of this and 
related facts will be given by Boas in a separate note. 

After completing our proof we discovered that the result had been proved 
earlier by T. Popoviciu.’ Since our method is simpler and more direct for the 
purpose in hand, we believe its publication will be of value. We point out one 
main difference in the two methods of attack. Popoviciu makes his discussion 
depend on divided differences involving unequally spaced points, whereas we 
deal entirely with differences involving only equally spaced points. 

DEFINITION 1. 


Asf(x) = f(z), 
Aif(z) = Asf(x) = f(x + 8) — f(z), 
Aif(z) = AS f(z + 8) — AF f(z) 


It is easy to establish by induction the useful formula 


k 
asta) = (0 (*) pe + a). 


i=0 


Received September 21, 1940; presented to the American Mathematical Society, Sep- 
tember 10, 1940. 

1D. V. Widder, Necessary and sufficient conditions for the representation of a function by 
a doubly infinite Laplace integral, Bulletin of the American Mathematical Society, vol. 
40(1934), pp. 321-326. 

2S. Bernstein, Lecons sur les propriétés extrémales et la meilleure approximation des 
fonctions analytiques d’une variable réelle, Paris, 1926, pp. 190-197. 

*T. Popoviciu, Sur approximation des fonctions converes d’ordre supérieur, Matie- 
matica (Cluj), vol. 8(1934), pp. 1-85, especially pp. 54-58. 
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We remark that A operators are evidently permutable: Aj[A! f(x)] = Aj[Aif(z)]; 
hence we regularly omit the brackets from such expressions. 

DEFINITION 2. A real function f(x) satisfies condition H, (k = 1, 2,---) in 
a < x < b provided that (i) f(x) is continuous in a < x < b and 


(ii) Akf(z) = 0 (a<x2x<2+ks <b). 


Turorem. If f(x) satisfies H, (k > 2) ina < 2x < b, f(z) exists in 
a < x < b, is continuous and conver, and has non-decreasing right-hand and 
left-hand derivatives. 


We prove the theorem by a series of lemmas, some of which state well-known 
properties of convex functions; the proofs of these are included for completeness. 
Lemma 1. If f(x) satisfies H, (k 2 2) ina < x < b, then for any k positive 
numbers 6,, 52, --- , d 
As, 4s, «+: As, f(z) 20 


provided thata <x<xr+h+& +--- + & <b. 


The proof is by induction on k. If h > 0, n is a positive integer, and 
rt+h/n+(k—-1)h<b, 


n—l 


Aif(z) = p> Annf(x + ih/n), 


n—l n—l 


Af) = DO -.-- LD ape t+ la t+ --- + ieulh/n), 


i;=0 ip—-1;=0 


n—l n—l 


(1) Anadk f(z) = Do --- 2s Miunfle + li + +++ + ixulh/n) 2 0. 


i,=0 ip-1™ 
If z + mh/n + (k — 1)h < b, we apply (1) toz,z + h/n, --- , 2+ (m— I)h/n, 
obtaining 
(2) Ax f(z) S Ak f(z + h/n) S --- S Ax f(x + mh/n). 
If z + 6; + (k — 1)h < b, we choose a sequence of rational numbers m/n such 
that z + mh/n + (k — 1h < b and m/n — 34,/h; since f(x) is continuous, 
At f(x + mh/n) > Ax “f(z + &), 
and (2) yields 
Ak f(z) S Ax f(z + &), 
or 
(3) Ay As, f(z) 2 0. 


If k = 2, (3) is the desired conclusion. If k > 2, we suppose the lemma 
established for k — 1 and prove it for k. Inequality (3) shows that A;,f(z), 
with fixed 6, (0 < 5; < b — a), satisfies Hi..ina < 2<b—46,. Then 


As, As, ta As, 43, f(z) 2 0, 
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provided that a < x + 4 + & + --- + & < b; since 4, is arbitrary, the con- 
clusion of Lemma 1 follows for k. 

Lemma 2. If f(x) satisfies H, (k = 2) in (a, b), A “f(xz) and At “f(x — 6) 
are non-decreasing functions of rina <x <b — (k — lheanda+e<2r< 
b — (k — 2)e respectively. 

Ifa<y<z<b— (k — le, write} = z—y. In Lemma], take 6, = 6, 
& = --. = & =. Then A,At f(y) 2 0, or AY ¥(z) = AT f(y); this proves 
the first part. 

Ifate<y<z2<b— (k—2)e,writed=z—y,h =~5h =--- =~ hk =. 
Then A,A* "f(y — «) = 0, or AF “f(z — 6.) = AP 'f(y — ©); this proves the 
second part. 

Common hypothesis of Lemmas 3-6: f(z) satisfies Hz ina < x < b. 

Lemma 3. Ifa <x <b, h 'Asf(z) is a non-decreasing function of hina — x < 
h<b—z. 

Remark. Since Asf(z) = —Asf(x — h), we can also say that h’A,f(x — h) 
is a non-increasing function of h in 0 < h < z — a. 

Suppose 0 < «<< 6,2 +6< 56. Then 


AjnS (x) = 0, Ainf(z + 8/n) = 0, --- , Abmflz + (n — 2)6/n] 2 0, 
(4) Asinf (2) S Aanf(a + 8/n) S --- S Aynflz + (n — 1)8/n). 


If 0 < m < n, the average of the first m terms of (4) does not exceed the average 
of the first n terms. Hence 


Sic + mb/n) — fix) — fe +) — f@) 
(5) ma/n s 7 





Choose a sequence of rational fractions m/n such that m/n — ¢€/5; from (5) 
we deduce 


* asia) < = Aaf(a) (0<e <8). 


This proves the lemma for positive h. We have similarly, if 0 < « < 6 and 
z-—é>a, 
Asmf(z — 8) S Aafia — (n — 1)8/n] S --- S Agnf(z — 6/n), 


Asf(x — 8) < Amsinf(x — mb/n) 
% mi/n ‘ 








delle c ) < Safe = €) (0 <« <8), 





A-sf(z) < A_.f(z) (-—8 < —e < 0). 
—6 —€ 
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DEFINITION 3. 


f(a) = tim SO, 
f(a) = lim sue) lim “@ — 4) 


50 be 6 
Lemma 4. f(x) and f_(x) exist and are finite and non-decreasing ina < x <b. 


Lemma 3 shows that f(x) and f_(z) exist (finite or infinite). If 0 < 8 < «, 
anda<z-—e<2r-—-ex<r<cxr+e<y+e <b, we have by Lemmas 2 
and 3 (using the remark after Lemma 3), 


(6) ASe— ©) <AS@—e) < Afle — 8) — Af) < AS(z) < “fe. 


ieee: Se Die sen: pile 





Let 6 — 0+; (6) shows that 
(7) SMe 98 sw stm se. 


Hence f,(z) and f_(z) are finite. Now let « — 0+; (7) shows that 
£-@ sf) <h@ sf (a<z<z<y<b). 
Hence f,.(x) and f_(x) are non-decreasing. 


Lemma 5. f(x) approaches a limit or becomes positively infinite as x — a and 
as x — b. 


By Lemma 2, A,f(z) is a non-decreasing function of z in (a, b — 5). Hence 
lim A,f(z) exists unless A;f(z) - — © (x a+). Thus 
zat 


lim As f(z) = iim [f(z + 6) — f(x)] = f@) — flat) < +, 
so that f(a+) exists unless f(r) — + asz— a. 

Similarly, as z — b — 6 —, Asf(x) = f(x + 6) — f(z) approaches a limit or 
becomes positively infinite; f(x) — f(b — 6); hence f(b—) exists unless f(z) — + 
as x — b. 

Lemma 6. If f(at+) < @ and f(a) = f(at+), fi(a) exists (finite or +). 
If f(b—) < @ and f(b) = fb—), f(b) exists (finite or — ~). 

By Lemma 3, h”'A,f(z) is a non-decreasing function of h in 0 < h < b — z. 
Since f(a) = f(a+) < «, h”’A,f(a) is the limit of a sequence of non-decreasing 
functions, and consequently i is non-decreasing; the first conclusion follows. 

Similarly, h’A,f(b — A) is a Pa function of h, and the second 
conclusion follows. 


Common hypothesis of Lemmas 7-14: f(x) satisfies H;, in (a, b), with k > 2. 


Lemma 7. Ifa < zx < b, h**ax f(z) is a non-decreasing function of h in 
0<h < (6 — z)/(k — 1). 
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By Lemma 1 with 5; = & = 6, 63 = --- = & = Ah, 
Ajak f(z) = 0 (x > a,x + 25 + (k — 2)h <b). 


Thus if h is fixed, Ay “f(x) satisfies H, ina < z <b — (k — 2)h. By Lemma 3, 
if z is fixed, 


(8) ; A,Ak f(z) is a non-decreasing function of 6 in0 <6 <b — (k — 2)h — 2. 


By Lemma 1 with 6; = & = --- = d1 = 6, & = h, 
Ay ‘Asf(x) = 0 (x > a,x +6 + (k — Ih <b). 
Thus if 6 is fixed 
(9) Asf(z) satisfies Hi. ina <x <b— 6. 


We now assume Lemma 7 for k — 1 and prove it for k. If z is fixed, 
z+ i(k - je < b, and O <5 <«, 


. Arf@) _ 1 AAT S@) , 1 MAT *F@) _ 1 Ar af) 
(10) ghar Mise Tee “Tye 
by (8). By (9) and the induction hypothesis, 
LAT *Asf(z) . 1 AFP AS) _ AF “f(z) 
(11) j= *j - - 
Combining (9) and (10), we have the conclusion of Lemma 7 for k. Since 
Lemma 7 is true for k = 2 (Lemma 3), it is true for all k > 2. 


Lemma 8. There is a point c,a S c & b, such that f(x) satisfies Hy. in 


c<2z<b(ifc < b), and --f(z) satisfies His ina <2 <c(ife>ay). 
Divide the points z of a < x < b into classes A and B as follows: 
zeA if A; f(z) => Owhenever 0 < (k — 1)5 < b — 2, 
zeBif A; ‘f(xz) < 0 for some 8,0 < (k — 1)8 <b —-2z. 








A’and B are mutually exclusive and exhaust (a, b); either may be empty. If 
_ neither is empty, and ze A, ye B, then y < z. For, since y ¢ B, there is an «¢ 
such that y < y + (k — lye < b and At¥(y) <0. By Lemma 2, if z < y, 


At-¥(z) < AF Yf(y) < 0, 


and this contradicts z¢A. Hence y < z. 

From these properties of A and B it follows that there is a real number c 
such thata ScSb,2 ScifreB,x 2cifzxeA. Ife < b, f(x) satisfies 
Hi-1 ine < x < b, by the definition of A. 

Ife > aanda <2 <c, At f(z) < Oforsome ez < 2+ (k —1l)he<b—-z. 
By Lemmas 7 and 2, Ar Y¥ly) < Oifa < y < zand0 <6 <.«. Thus for 
each z in a < x <c there is a positive ¢(z) such that Ay 'f(z) < 0 for0 <8 < 
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e(z), and ¢(x) is a non-increasing function of z. Now leta < x < cand0 < 
(k — 1)6 < ¢ — a, and choose y, x + (k — 1)8 < y < c. Take an integer n 
so large that 6/n < e(y). Then 


AS f(z) = = AtraS(x + 18/n) <0, 


since 6/n < e(y) S e(x + 18/n) (i = 0,1,---,n — 1). Thus —f(z) satisfies 
H,-1 in (a, c). 


Lemma 9. There are points %,%1,--+,%,@=%m<mi<---<2,=b, 
1 < p S 2", such that in each interval x; < x < Xj: either f(x) or —f(z) 
satisfies He . 


This follows from Lemma 8 by induction on k. 
Lemma 10. f(x) exists and is finite ina < x < b. 


By Lemmas 9, 4, and 6, f(x) exists in (a, 6), and is finite except perhaps at 
the points z; (j = 1, 2,---,p) of Lemma 9. Suppose that for some j 
(I sjsp-—1)fi(e) = +. If Sd satisfies z;. <2; — kb <2; +8 < 21, 


As ‘f+ lz; — (& — 2)8] = —@; 
Tim 5 AF *Aaflay — (k — 2)8] = — 0; 
Ands ‘fla; — (k — 2)8] <0 
for all small positive h. This contradicts Lemma 1 (with 6, = h, & = & = 
... = 8). 
If ie) = —, 
Ai fiz; — (k — 1)8] = —@ (a1 < 2; — (k — 1)8 < x), 
and consequently 
AAs ‘fz; — (k — 1)8] < 0 
for small positive h, and again Lemma 1 is contradicted. 
Lemma 11. f’(x) exists and is finiteina < x < b. 


For fixed z, leta <a+kh<2<b— 2h. Let pbe either k — 1 ork — 2. 
Then 


k 
atyle — ph) =O (-) (§) ste + G— ph z0. 


t 


i=0 


. i (k\ fiz + Gi — p)h) — f(a) -. 
~ (--1) (‘) G pyh G — p) 20. 


iyép 


k 
D> (-1)*"* (‘) =(-1)‘(1-1)* =0, 
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Letting h — 0+, we deduce 
(12) A,f_(z) + Byf+(z) 2 0, 


where 
4= Eu (He-p, B= dv (H)a-p, 
A, + By = © (-1)* ()e-m 


k 
=k (-1)*"* (' ae ¢ +p > (— 1)** (‘) = 0. 
i—1 t i=0 1 
If p = k — 1, B, = land A, = —1; from (12), 
f(x) = f(z). 
Ifp =k —2,B, = —k +2 <0 (sincek > 2), and A, = k — 2 > 0; from (12), 
f(z) = fila). 
Hence f_(z) = f,(z). That is, f’(x) exists; it is finite by Lemma 10. 
Lemma 12. Ax'f’(z) => 0ifa<-z <2+ (k— Ih <b. 
For, 


ak" f'(z) én lim as As An f(z) > 0 


by Lemma 1. 
Lemma 13. f'(z) is continuous ina < x < b. 


Since f’(z) is monotonic, f’(r+) and f’(x—) exist. Let xz be fixed, let 
a<2z—kh<2z<2z+ 2h < b,andlet pbek —lork — 2. By Lemma 12, 


k—-1 py = k-i-1 k-1 , . 
aryte—-@- p= L-we'(*7"\re + G- p+ onze. 


Let h-> 0+. Then 
(13) A,f'(x—) — A,f'(z+) 2 0, 


where 
yea (kh - 1 Fy _ypyeia(k-1 
a= Eur (*Z)=- Ewe (F753). 
i=0 1 i=p t 
Ifp=k-—1,A,= -l;ifp=k-—2,4,=k-—2>0. Hence 
f'(e—) = f(z) 
follows from (13). 
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Moreover, 


Ax f(z — ph) 2 0, 


and hence 
—B,f'(z+) + B,f'(x) 2 0, 


where 
B, = (-r7(* >t) = - Ec (*3), 


For p = k — 1 and p = k — 2, B, is respectively +1 and —(k — 1); hence 
S'(xz) = f'(e+) = f'(x—); that is, f’(z) is continuous. 

Lemma 14. f'(x) satisfies Hy, in (a, b). 

The lemma follows from Lemmas 12 and 13. 


Proof of the theorem. We prove the theorem with the aid of Lemmas 14 and 
4, using induction on k. 


Douxse UNIverRsITY AND Harvarp UNIVERSITY. 





SYMMETRIC TRANSFORMATIONS IN HILBERT SPACE 
By J. W. CaLkKIN 


At various points in the further development of the abstract theory of bound- 
ary conditions [1],’ and in the applications of this theory to differential equa- 
tions, certain elementary questions concerning symmetric transformations’ in 
Hilbert space have arisen which have escaped formal notice in the previous 
literature. It is the purpose of this note to dispose of these matters. 

The questions with which we are concerned refer to a closed linear symmetric 
transformation H with the property that (H — J)~ exists and is bounded for 
some real X. Such a symmetric transformation always possesses a self-adjoint 
extension, and here we show that the deficiency-index of H is (n, n), where n 
is the dimension number of the manifold of solutions of the equation H*f — 
Af = 0. In addition, we show that under the condition stated, H has a self- 
adjoint extension S with A in its resolvent set. Finally, assuming one such 
extension to be known, we obtain a characterization of all maximal symmetric 
extensions of H in terms of maximal symmetric transformations in the manifold 
of zeros of H* — XJ and its subspaces. 

We use throughout the paper the notation and terminology of the treatise 
of Stone [6], except for minor modifications; in particular, we denote the domain, 
range, and graph of a transformation T in Hilbert space 5 by D(7T), R(T), 
and 8(T7), respectively. 

Before proceeding, we note a simple theorem which permits us, without affect- 
ing the generality of the results, to reduce our problem to the case that the 
number A appearing in the condition described above is zero. 


TueoreM 1. Let H be a closed linear symmetric transformation in Hilbert 
space $. Then S is a symmetric extension of H if and only if S — XI is a sym- 
metric extension of H — XI (Y(A) = 0). Moreover S and S — XI have the same 
deficiency-indez. 


The first assertion is obvious, and the second is an immediate consequence 
of elementary facts in the general theory of symmetric transformations.” 

We consider then a closed linear symmetric transformation H such that H™' 
is bounded and proceed to construct a self-adjoint extension S of H, also with 
bounded inverse: In order to effect this construction we first note that since 
H™ is bounded, ®(H) is closed. Thus H™ can be regarded as a linear trans- 


Received January 27, 1939; in revised form, September 3, 1940. 

1 Numbers in brackets designate the references listed at the end of the paper. 

2 For the general theory of symmetric transformations see [4], especially pp. 80-91, or 
[6], Chapter 9. 

3 [6], Theorem 9.8. 
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formation from the space R(H) to § in the sense of Murray [3] and possesses 
in this sense an adjoint 7 with domain in § and range in R(H). Moreover, 
the boundedness of H™ implies that 7 is bounded and has domain identically 
©, while the fact that H~’ has range dense in § implies that T” exists.“ But 
T~' can also be regarded as a linear transformation in § and from this point 
of view we have clearly T' ¢ H*. 

Now let f be an element of D(H) which is also in (7). The latter assump- 
tion implies that f is in R(H) and since 


(9, f) ee (H~'g, Hf) =0 


for ali g in R(H), it follows that Hf is in D(T) and that f = THf. Thus, where 
H and T" are both defined they are equal, and the linear transformation S with 
domain D(H) + D(T~’) which is equal to H on D(H) and to J on O(T") 
is single-valued. Moreover, H | S and R(S) = §. 

We shall now show that S is symmetric. That its domain is dense in 5 
follows from the relation H & S; accordingly we have to prove that 


(1) (f, Sg) — (Sf, 9) = 0 


for all f and gin D(S). Todo this we set Sf = w+ v,, Sg = ue + v2, where 
u; and uz are in R(H), vy; and yin § © R(A). Then, by virtue of our definition 
of S, we have 


f=H'wt+T, g9 =H wt Tr, 


and the condition (1) becomes 
(H~'uy + Toi, we + v2) — (ur + 1, Hue + Tr) = 0, 
or 
[((H™'us , ue) — (ur, H'ua)) + ((A ‘ur , v2) — (ur, T'r2)] 
+ [(Tv1, ue) — (vi, H~'us)] + (Tr, v2) — (v1, Tre) = 0 


But in (2) the first bracketed expression vanishes because of the symmetry of 
H, while the other two vanish by reason of the adjoint relationship between 
H™ and T. Finally, the last two inner products vanish because of the fact 
that v; and v2 are in § © R(A), while R(T) | R(A). Thus (2) is true and 
therefore (1) is also. Hence S is symmetric and this fact coupled with the 
previous result, R(S) = ©, allows us to conclude that S is self-adjoint’ and, 
at the same time, that its resolvent set contains the origin. 
Hence, taking account of Theorem 1, we have 


THEoREM 2. Let H be a closed linear symmetric transformation in $ such that 
(H — XI)” exists and is bounded for some real \. Then there exists a self-adjoint 
extension of H with d in its resolvent set. 


4 [3], Theorem II. 
5 [6], Theorem 2.19. 
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Returning to the assumption that H' exists and is bounded, we observe that 
Theorem 2 implies that the deficiency-index of H is of the form (n, n), and 
recall that by definition n is the dimension number of the manifold D* of solu- 
tions of the equation H*f = if.° We then invoke a result of Teichmiiller [7]' to 
conclude that 8(S) © B(A) consists of all elements of § ® § which have the 
form {f* — Vf", i(f* + Vf*)}, where f* is in D* and V is the (unitary) Cayley 
transform of S. Hence it follows that 6(S) © 8(H) has the dimension number 
n and that 8(S') © B(H~") does also. But the latter manifold clearly has 
the same dimension number as R(S) © R(H) = H O R(A) and this is precisely 
the manifold of zeros of H*.* Accordingly, again generalizing our conclusion 
by means of Theorem 1, we obtain 


TueorEM 3. If the hypothesis of Theorem 2 is satisfied, the deficiency-index of 
H is (n, n), where n is the dimension number of the manifold of zeros of H* — XI. 


We proceed now to a constructive characterization of the maximal symmetric 
extensions of a closed linear symmetric transformation H with bounded inverse. 
Theorem 2 provides us with an extension S of H with the origin in its resolvent 
set; alternatively, any other extension S with that property may be taken as 
basic in the construction. To begin, we consider an arbitrary maximal sym- 
metric extension R of H and denote by It the manifold of zeros of R*, observing 
that the maximality of R implies Rf = 0 whenever R*f = 0. By Ro, we desig- 
nate the transformation induced in § © M by R; evidently Ry is maximal sym- 
metric and hence Ro’, which clearly exists, is maximal also, and self-adjoint 
if and only if R is. 

Now let E be the projection with range © © M, and let S) be the transforma- 
tion induced in © O M by ESE. Clearly, Sp is self-adjoint in § O M, and 
since its range is § © M, S>’ exists and is bounded. Moreover, the bounded- 
ness of S;' implies (Ro’ — So')* = (Ro')* — So’, and therefore Ke = Ro’ — 
So" is self-adjoint if and only if R is. To obtain a more precise result let us 
consider the deficiency-index (n, m) of R. Then (n, m) is evidently the defi- 
ciency-index of Ry also, and by straightforward algebraic calculation (m, n) is 
the deficiency-index of Ro’. Now let A be an arbitrary reduction operator for 
(Ro')*, W the unitary operator in the range-space of A associated with A.’ 
Then A is also, in effect, a reduction operator for (Ro' — So')*, by Theorem 1.3 
of the paper just referred to. But by Theorem 3.7 of the same paper, the defi- 
ciency-indices of both Rj’ and Ro’ — S,' are completely determined by W; 
that is to say, Ke and Ro’ have the same deficiency-index. Finally, we note 
that Kez = 0 in R(H); thus its character is completely determined by its behav- 
ior in © O (R(X) © M). 

Now let 22 be an arbitrary closed linear manifold in § © R(H), the manifold 


6 [6], Theorem 9.3 and Definition 9.1. 

7 See also [1], Theorems 2.8 and 4.2. 

8 By [5], Satz 7, for example. 

* For the definition of these concepts and theirelementary analysis, see [1], Chapter 1. 
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of zeros of H*, and let K be an arbitrary maximal symmetric transformation 
in § © M which has R(H) in its manifold of zeros. Let E be the projection . 
with range © M and let Sp be the transformation induced in § O M by ESE, 
where S is a self-adjoint extension of H with bounded inverse. Let L = 
So’ + K. Then Lf = 0 implies that Kf is in the domain of S) , but since Kf is 
also in § O R(H), we have H*Kf = 0 which implies Sof = 0, and this in turn 
implies f = 0. Thus L™ exists. But, on R(H), L = Sj’ = EH'E, and 
hence L™ is an extension of EHE in § © M. Moreover, by a repetition of the 
argument of the preceding paragraph, the deficiency-index of L™ is (n, m), 
where (m, n) is the deficiency-index of K. Finally, let R be the transformation 
which is equal to L~' in © © M and takes every element of M into zero. Then 
R has the same deficiency-index as L~ and thus is a maximal symmetric exten- 
sion of H; moreover, if Kz is the transformation in © © M associated with R 
above, then Keg is identical with K. Thus, summing up in a formal statement, 
we have 


Turorem 4. Let H be a closed symmetric transformation in such that H™ 
exists and is bounded, and let S be a self-adjoint extension of H with the same 
property. Let It be an arbitrary closed linear manifold in $ © R(H), the mani- 
fold of zeros of H, E the projection operator of $ © M. Then the class Sy» of all 
maximal symmetric extensions R of H which have M as characteristic manifolds 
corresponding to the characteristic value zero is in one-to-one correspondence with 
the class Ky of all maximal symmetric transformations K in $ © M which are 
equal to zero on R(H). If R and K are corresponding members of Sy and Ke , 
respectively, and Ry is the operator induced in $ © M by R, So the operator induced 
in S$ © M by ESE, then 


K = Ry — Sy". 


The deficiency-index of R is (0, n) or (m, 0) according as the deficiency-index of 
K is (n, 0) or (0, m). In particular, R is self-adjoint if and only if K is, and has 
a bounded inverse if and only if M = [0] and K is bounded. 


While the direct proof of Theorem 4 which we have given is more straight- 
forward and no more complicated, it is nevertheless interesting to note that 
another proof can be based on the general analysis of [1]. To obtain this, one 
begins by considering the operator A with domain 8(H*) which takes {f, H*f} 
into {—f + S“H*f, —EH*f}, where E is the projection operator of the mani- 
fold Ui of zeros of H*. It can then be established that R(A) = U @ U and 
that A is in fact a bounded reduction operator for H* with range-space Ul @ Ul. 
The isometric transformation W associated with A by Definition 1.1 of [1] is 
simply the transformation which takes {u, v} into {v, —u}. Thus Theorem 
4.1 of [1] provides a characterization of the maximal symmetric extensions of 
H in terms of W-symmetric manifolds in 1 @ U and the analysis of these mani- 
folds provided by Theorem 2.10 of the same paper yields at once Theorem 4 
above. 
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It is worth while also to point out in connection with Theorem 4 that a 
. slight elaboration of the construction on which it is based yields an analogous 
characterization of all closed linear symmetric extensions of H. This becomes 
even more clear on the basis of the remarks of the preceding paragraph. 

In conclusion, we call attention to certain implications of the preceding 
analysis. 

First, it may be noted that the familiar theorem that every definite closed 
linear symmetric transformation possesses a self-adjoint extension [4, 6, 2] is 
an immediate corollary of Theorem 2; in fact, von Neumann’s proof of the former 
theorem makes essential use only of the hypothesis of our Theorem 2 and 
suggests an alternative proof of our Theorem 3. 

Secondly, it is worth observing that the hypothesis of Theorem 2 is equivalent 
to the somewhat more complicated hypothesis of Theorem 9.21 of the book of 
Stone; in fact, although quite different in motivation, Theorem 2 lies very close 
to the latter theorem. The equivalence of the hypotheses, however, does not 
appear to be obvious except on the basis of the conclusions of the two theorems. 

Finally, we wish to point out that, except for those portions of the analysis 
which are concerned with establishing the relation between the constructions 
of the present paper and the von Neumann theory of Cayley transforms, no 
essential use has been made of the fact that we are dealing with complex Hilbert 
space. Accordingly, precise analogues of the preceding constructions are pos- 
sible for both the real and quaternionic cases. 
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